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PEEFAOE. 



This edition is intended for teachers, and for them only. 
The publishers will under no circumstances sell the book except 
to teachers of Wentworth*8 Trigonometry ; and every teacher 
must consider himself in honor bound not to leave his copy 
where pupils can have access to it, and not to sell his copy except 
to the publishers, Messrs. Gian & Co. 

It is hoped that young teachers will derive great advantage 
from studying the systematic arrangement of the work, and that 
all teachers who are pressed for time will find great relief by not 
being obliged to work out every problem. 

G. A. WENTWORTH. 
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ExEKciSB I. Page 2. 



1. Reduce the following angles to 
circular measure, expressing the 
results as fractions of K: 00°, 45°, 
150°, 195°, 11° 15', 123° 45', 37° 30'. 

60°=xVff* = i«. 

150°={|g;r=|*.. 
l»6°=HJ«=||;r. 

123°45' = ^*=H*- 



-^'-i,^. 



37° 30'= -J* = 



2. How many degrees are there 
ill J 7t radians ? | «" radians ? | ^ 
radians ? \^n: radians ? /s 7f radians ? 

J;r = 120°. f;r = 112°30'. 

};r=136°. j|«'=168°45^ 

3. What decimal part of a radian 
isP? r? 

It .S 1 41 A 



1'= 



0.0174533 
60 



= 0.00029089 radian. 



4. How many seconds in a radian? 

1 radian = 67° 17' 46" 

= 206266 seconds. 

5. Express in radians one of the 
interior angles of a regular octagon ; 
dodecagon. 

The sum of all the interior angles 
of a regular octagon is 8 x 180° 
— 360° = S7C — 2ic = Q7C. Hence 
each interior angle 
6£_37r 
8 4 



= -r- = -T radians. 



The sum of all the interior angles 
of a regular dodecagon is 12 x 180° 
— 360° = 12 ;r — 2 ;r = 10 ;r. Hence 
each interior angle 

10 7f dit ^. 
= "i2" = T'^^*°^ 

6. On a circle of 60 ft. radius an 
arc of 10 ft. is laid off. How many 
degrees does it subtend at the centre? 



It subtends 
67° 17' 45' 



ii = l radian, 
= 11° 27' 33". 



or 
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7. The earth's equatorial radius 
is approximately 3903 miles. K two 
points on the equator are 1000 miles 
apart, what is their difference in 
longitude ? 

Their difference in longitude is 
lU^ radian, or ^SSS x ^7° 17' 45" 
= 14° 27' 27". 

8. If the difference in longitude 
of two pomts on tlie earth's equator 
is 1°, what is the distance between 
them in miles ? 

By Ex.3, 1°= 0.0174533 radian. 
Hence 1° on the earth's equator is 
equal to 0.0174533 x 3963 miles 
:^ 69.167 miles. 

9. What is the radius of a circle 
if an arc of 1 ft. subtends an angle 
of 1° at the centre ? 

Since 1° of arc = 1 ft., 1 radian, 
57° 17' 45", = 57^ ft. = 57 ft. 3.55 
in. = the radius. 

10. In how many hours is a point 
on the equator carried by the earth's 



rotation through a distance equal 

to the earth's radius ? 

The earth turns through 360° 

= 2 ;r radians in 24 hours. Hence 

24 
it turns through 1 radian in z— 

2 7t 

= g-^ hours = 3 hrs. 49 min. 11 sec. 

11. The minute-hand of a clock 
is 3 ft. 6 in, long. How far does 
its extremity move in 25 minutes ? 

(7f=V-) 

The circumference which is passed 
over in 00 minutes is 2 0" X 3i ft. 
Hence the arc passed over in 25 
minutes is 25x2;rx3i={|;r 
= Ti X V=9ft. 2 in. 

12. A wheel makes 15 revolutions 
a second. How long does it take to 
turn through 4 radians ? (7C= -^K) 

The wheel turns through 2 7f 
radians in ^-^ of a second. Hence 
it turns through 4 radians in 

4. 1 7 1 7 

-— x-, = :,^ X— - = — — second. 
2ic 15 11 15 165 
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1. What are the functions of the 
other acute angle B of the triangle 
ABC (Fig. 2) ? 



sin J5= - 



tan5=-» 
a 



8GcB= - 



cos B = - 



cot J5 = r» 





CSC J5= : 



2. If -4 + JB = 90°, prove that 

sin -4 = cos B, 
tSLuA = cotJ5, 

sec :A = CSC B, 

cos A = sin J5, 
cot A = tan J?, 
CSC -4 = sec J5, 
vers A = covers J5, 
covers A = vers B. 
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Sin ^ = - » 
c 



cos-4 = -» 
c 

A ^ 

tan A = -» 



cot -4 = » 
a 



sec -4 



cosB = 



sin ^= » 
c 

cot I? = , » 





tanJ5 = -» 
a 

esc B = -» 



CSC -4 = -' 
a 



secZ?= -» 
a 



vers A = — > covers B - 



covers -4 = 



c 



c 
a 

c-b 
c 



versZ? = 
c c 



3. Find the values of the func-. 
tions of ^, if a, 6, c respectively 
have the following values : 

(i.)3, 4, 6. (iv.)9, 40, 41. 
(ii.)5, 12, 13. (v.) 3.9, 8, 8.9. 
(iii.) 8, 16, 17. (vi.) 1.19, 1.20, 1.69. 



(i.)8in^ = | (ii.) 8m^=~ 



. 4 

C08-4 = -» 

o 

♦ A 3 

tan^ = » 

4 

cot -4 = »i 



sec -4 = ^ » 
4 

. 6 
csc-d = „• 



(iii.)8in^ = — » 



cosA = 



^^ = 12 



cot A = 
sec-4 = 



CSC-4 = — ' 
o 

cotA = - 



cos^ = 
tan^ = 



16 
17' 
_8^ 
16* 



sec-4 = 



csc-4. = — 



(iv.) sin A ■ 
coaA ' 
itaiA : 

cot -4 : 

sec^ : 

CSC A •■ 

(vi.) sin A 
tan .4 
sec A 



. 9 

'41 
40 
41 

.9^ 
40 
40 
9 

.41 
40 

.41 
9 



(V. 






119 
169 

120' 

1??, 
120' 



) sin A - 
iaaA - 
see A ■• 
cosA - 

cot A ■- 

C8CA - 

cos A ■ 
cot A •• 
cacA ■■ 



39 

"89* 

"80' 
.89^ 
"80* 

89' 

39* 

-§?. 
39* 

. 120 ^ 
169' 

. 1?2, 
111)' 

_ 160 

'il9 



4. What condition must be ful- 
filled by the lengths of the three 
lines a, 6, c (Fig. 2) in order to 
make them the sides of a right tri- 
angle? Is this condition fulfilled 
in Example 3 ? 

It is a3 + 62 = c2. 

5. Find the values of the func- 
tions of -4, if a, 6, c respectively 
have the following values : 



(i.) 2mn, m^ — n^. 



(ii.) 



2xy 



x + ] 



x — y 

(ui.) pqr, qrs, rsp. 

.. . mn mv nr 
(iv.) — » — » — • 
^ ' pq sq p8 



x^ + y^ 
X— y 



I _ 2mn 

I ~ 7/t2 + n2 ' 

b 7n2 — n2 
cos -4 = - = o I Q » 



sin-4 = 



TRIGONOMETRY. 



. a 2mn 
tan.4 = . = 





cot-4=-= ^ 

a 2 inn 



c nfi + n2 

sec ^ = , = — T T 1 

6 m^ — n^ 

c m^ + n^ 

cscA = = — r 

a 2mn 

(ii.) 

'T. — fl/ 0*2 — 1/2 

COS -4 =(x+y) X 

cot A = 
sec -4 = 
csc-4 = 



»2 + y2 z2 4. y2 

1 _ 2 ay 



X — y 
x — y 

2xy 

1 
x + y 
x — y 

2xy 



x+y x2 — ys 



x<x + y) = - 



rr.a — y2 



2xy 

X2 4- y2 _ g2 4- y2 

x — y ~ x3 _ y2 
x2 + yg _ xg + y2 



2xy 



x — y 

(iii.) 

sin -4 = ^^^ = ^ » cos^ = ^— = ■ 
rsp 8 rsp p 

qrs 8 pqr p 

A rsp p ' . rsp 8 
sec-4 = -^=-» csc-a = -^~- 



qrs 



pqr q 



(iv.) 



mn ps ms 
sin ^ = — X ^^ = — » 
nr 



pq 
mv 



qr 



mv ps mpv 
cos -4 = — X ^^-- = -^^ > 
sq nr nqr 

ns 
- — > 
pq mv pv 



A mn ^ sq 
tan A = — X ^ : 
mv 



cot ^ = =^-^ X = ^— » 

mn sq ns 

= «2.x ]E.= I!3L, 
mv ps mpv 

esc A — — X ^ — — 7 • 



sec A 



6. Prove that the values of a, 6, 
c, in (i.) and (ii.), Example 5, satisfy, 
the condition necessary to make 
them the sides of a right triangle. 

(i.) 
a2 4- 62 = c2, 

(2 mn)2 + (m2 - n2)2 = (m^ + n2)2, 

4 w2n2 + m* — 2 m2n2 + n* 

= m*^-2m2n2+n^ 

m* +2 m2n2+n* = m* + 2 m2n2 + n*. 



(ii.) 
- + x2 4.2xy + y2 



(|?,)V<.+«-=(|if)'. 

4x2y2 



x2 — 2xy + y2 

_ x* + 2x2y2 + y* ^ 
x2 — 2xy + y2 ' 
4x2y2 + x*-2x2y2 + y4 

= x* + 2x2y2 4.y4, 
X* + 2x2y2 + y* = X* + 2x2y2 -f y*. 

7. What equations of condition 
must be satisfied by the values of 
a, b, c, m (iii.) and (iv.) Example 5, 
in order that the values may repre- 
sent the sides of a right triangle ? 

(iii.) 

p2g2r2 + g2r2«2 = r2«2p2^ 
or p2g2 + g2s2=p252. 

(iv.) 

p^q^ "*" a2g2 - ^2^2 ' 
or m2n282 4- m2p2t,2 = n^h^, 

8. Compute the functions of A 
and B when a = 24, 6 = 143. 



mn 



ps 7W5 



c = V(24)2 4. (143)2 
= V21026 
= 146. 
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24 

sin 4 = 777 = COS B, 

145 

COS A = 777 = Sin B, 
i4o 

24 

tan-4 = — = cotBy 

143 
cot ^ = — = tan B, 

sec ^ = — = CSC B, 

A 145 
CSC A = -— - = sec B. 
24 



9. Compute the functions of A 
and B when a = 0.264, c = 0.265. 

62 = c2 — a2 

= 0.070225 - 0.069696 
= 0.000529. 
.-.6=0.023. 
. . a 264 
'^^^ = c=265 = "^^' 
>i ft 23 

^ . a 264 

^^ = 6=2Sr=^^^^' 

6 23 

^^'^ = a=264 = '*'^^' 

>! c 265 

"^'^ = 6=^ = ^^' 

VI c 265 
CSC ^ = = -— - = sec B. 
a 264 



10. Compute the functions of A 
and B when 6 = 9.5, c = 19.3. 

a2=c2-62 

= 372.49 - 90.25 
= 282.24. 
.-. a - 16.8. 
. . a 168 



A ft 95 . ^ 
'^^ = = 193 = '"'^ ^» 

^^ = 6=95"=^°^^' 

>. c (93 
'^''^ = 6= 95" = ^^' 
.. c 193 



11. Compute the functions of A 
and B when 

a = Vpa + g2^ 6 = >y^i)^. 

a2 + fc2=c2, 
p2 + 2i)g4-g2=c-2. 
.-. p + g = c. 

sm 4 = - = , ^ = cos B, 
cos^ = - = — r^ =sinB, 



tan^ = 



_ a _ y/p^+q'i _ 



ft V2pg 



/2p7_ 



cot B, 



cot^ = = — ^^'-'*- = tan B, 
« yp2 + ^2 

sec 4 = . = ^.--1 = CSC B, 
ft V2pg 

CSC -4 = = f ' — = sec B. 



« Vp2 + q2 



12. Compute the functions of A 
and £ when 



a = yp2 -f pqr^ c = p + g. 
62 = c2 — a2 
= g' + pg^ 

.-. 6 = V92 -f pg. 

sm ^ = = -^---^* = cos J5. 
c p + g 
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. b V^2 + pq ^ 
cosA = - = — , = sin B, 
c p-^q 

cot ^ = = ^;- ^^ = tan J5, 
« Vp'-^ + pq 

sec A = r = — - - - = CSC J5, 

^ Vg'^ + pq 
CSC A = - = = sec J5. 

^ Vp2 -f p^f 



13. Compute the functions of A 
and B when 

6 = 2Vpg, c = p + g. 



a2 + 62 : 
a2 + 4pg: 

a2: 

a: 

. A « 

sin ^ = - : 
c 

6. 
c 
a 
6 

6. 
a 
c . 
6 ' 



cos -4 = 
tan^ = 

cot -4 = 
sec^ = 



:p2+2pg + g2^ 
:p2 — 2pg+ q% 
-p-q. 

:^^ = cobB, 

p+q^ 

2^pq . „ 
: — r^ = sin B, 

p + q 



2y/pq 
. 2 Vpgr . 



cot J5, 



CSC A = - = 



= tanJ5, 
p-g 

2yJpq 

P + q . 



■ CSC J5, 



p-q 



■ sec i?. 



14. Compute the functions of A 
when a = 2 6. 

a = 2 6» 
a2 + lyi = c2, 

4&2 + 52 = 02, 

6 62 = c2, 
c = 6V6. 



sin^ = "* = -^ = I V6 = 0.89443, 

cos ^ = = — r = \ Vs. 

tan-4 = , = — r— = 2, 
6 

cot -4 = = ^ » 
a 2 

. c 6V5_^/- 
sec -4 = , = — r = V 6, 
6 6 

. c 6V5 -^z- 
csc ^ = - = -^TT- = i Vo. 
a 2-6 



15. Compute the functions of A 
when a = f c. 

c=|a, 
62 = c2 - a2, 

& = Vc2^^, 



= V J a2 - a2, 

. . a a 2 
sm ^ = =-— = -» 
c 2 a 3 . 



«_V5 



6 2 r- 

cosA = - = -J-— = i V6, 



A C '^ 

csc^ = = -• 
a 2 
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16. Compute the functions of A 
when a + 6 = I c. 

a -f 6 = I c, 
a2 + 6=» = c\ 
a2+62-f-2a6 = f|c2, 
2a6=i\c2, 
a2~2a6 + 6-^= ^^c^, 

a + 6 = I c, 

c 



26 = 






2o= Jc + ^Vf, 
a=Jc + ^V7, 



sin ^ = = Q— 



8 5 + Vt 

_ 8a 
^ ~ 5 + Vf 

a 6 + Vt' 



8 



5+V7 
-tc-|V7" 



^ 6 «- 8 
cos ^ = = 
c 



^ c 

^ . a 5 + V7 
tan-d. = , = — P» 
& 5-V7 

^ ^ 6 5-V7 
cot ^ = = 
a 



6 — V7 

: 1 

8 



sec J. = - = 



&+ V7 
8 



^ 6 - V7 

c 8 

CSC ^ = = ■ 



a 5 + V7 



17. Compute the functions of A 
when 

c 



a-6 = 



a2-2a6+&^ = 
a2 



c2 
+ 62 = ri 



206 = ~ 



■\-\i^-(^ 



31 c2 



sin A = 

cos^ : 

tan A ■ 
cot ^ : 

sec A ■■ 

CSC ^ ■ 



a2 + 2a6 + 6^= 'J^- 


a+6 = ^V31, 


1 c 
a — 6= . » 
4 


2a = ^V3T + ^- 


.•.a = g(V3i+l), 


26 = ^V31-^ 
4 4 


.•.6 = ^(V31-1). 


a ^^-^^^^^^ V3I+1 


c c 8 


, U^^'-') V3-T-, 


c c 8 



a V31 + 1 



V3T-I 

V3T - 1 ^ 

V3I + 1 ' 

8 

— 1 

-1 



a 

c _ 
^ ~ V3T 
.c ___§__ 
"«~ V31 + I 
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18. Find a it sin A = I and 


= 20.6. 


8in A = - = -•> 
e 6 




a 3 
20.6 6' 


• 


6a = 61.5, 




a= 12.3. 



19. Find h if cos A = 0.44 and 
c = 3.6. 







c ~ 


0.44, 








b 
3.6 


0.44. 








.-.6 = 


1.54. 






20. Find 


a if 


tan^ 


= 


h 


= 2,V 












a 
b~ 


a 


11 
3 






lla_ 


11 






• • 


27 


3 * 





.-. a=9. 

21. Find 6 if cot .4 = 4 and 
a = 17. 

?^ = ^=4. 
a 17 

.-. h = 68. 

22. Find c if sec a = 2 and 
6 = 20. 

^ = -^ = 2. 
6 20 

.'. c = 40. 

23. Find c if esc -4 =; 6.45 and 
a = 35.6. 

CSC -4 = - = _.— = 6.46. 
a 3o.6 

.-. c = 229.62. 



24. Construct a right triangle; 
given c = 6, tan ^ = J. 

tan -4 = , • 



.-. a = 3 and 6 = 2. 

Draw ^B =. 2, and BC ± to 4Z? 
= 3 ; join C and A. 
Prolong ^ C to D, making AB=(j. 
Draw BE _L to -4U produced. 
Rt. A ADE will be similar to rt. 
/\ACB. 
.-. ADE is the rt. A required. 

25. Construct a right triangle; 
given a = 3.5, cos A — \. 

Construct A A'RC so that 6'= 1, 
c'=2. Then cos -4 = i. 

Construct A ABC similar to 
A'RC^ and having a = 3.5. 

26. Construct a right triangle; 
given 6 = 2, sin ^ = 0.6. 

Construct rt. A A'RC\ making 
a' = 6, c' = 10. 

Then sin A' = y«y. 

Construct ^ ABC similar to 
A'WC, and having B = 2. 

27. Construct a right triangle ; 
given 6 = 4, CSC ^ = 4. 

Construct rt. A A'B'C\ having 
c' = 4, a'= 1. 

Then construct A ABC similar 
to A'B^C\ and having 6 = 4. 

28. In a right triangle, c = 2.5 
miles, sin A = 0.6, cos -4 = 0.8 ; 
compute the legs. 

sm w4 = - • 
c 

.-. a = csin^. 

.-. a = 1.6. 



cos ^ = - • 
c 

.-. 6 = ccosvl. 

.-. 6 = 2. 
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30. Find, by means of the table, 
the legs of a right triangle if -4= 20°, 
c = 1 ; also, if A = 20°, c = 4. 

A = 20°, c = 1. 

sm A — -' cos -4 = - • 

c c 

.-. a = c sin ^. .-.6 = cos -4. 

.-. a = 0.342. .-. h = 0.940. 

^ = 20°, c = 4. 

.-. o = 4 X 0..342 .-. 6 = 4 X 0.040 

= 1.368. = 3.760. 

31. In a right triangle, given 
a = 3 and c = 5 ; find the hypote- 
nuse of a similar triangle in which 
a = 240,000 miles. 



a: c:: 240,000 : x, 

3:5:: 240,000 : x. 

.-. X = ■I00,0(K). 

32. By dividing the length of a 
vertical rod by the length of its 
horizontal shadow, the tangent of 
the angle of elevation of the sun at 
the time of observation was found 
to be 0.82. How high is a tower, if 
the length of its horizontal shatlow 
at the same time is 174.3 yards ? 

tan ^ = ^ = 0.82. 



.-. a = 0.82 6. 

b = 174.3 yards, 
.-.a = 0.82 of 174.3 yards 
= 142.920. 
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1. Represent by lines the func- 
tions of a larger angle than that 
shown in Fig. 3. 

B S 



/ ^ 


^^ 


^ 


/ 


^ 




r 

A 





i 


I 



B' 

Fig. 3. 

2. Show that if x is an acute 
angle, sin x is less than tan x. 

In Fig. 3, OM: PM: :OA:AT, 
but OM<OA. 

..PM<AT. 



3. Show that if x is an acute 
angle, sec x is greater than tan x. 

or = sec, ^r=tan. 

In rt. AOAT, hyp. Or>side^ T. 

.-. sec > tan. 

4. Show that if x is an acute 
angle, esc x is greater than cot x. 

OS = CSC, BS = cot. 

In rt. A BOS, hyp. OS > side BS. 

.'. CSC > cot. 

5. Construct the angle x if tan x 
= 3. 

Let BAM be a unit circle, with 
centre O ; then construct A T tan- 
gent to the circle at ^ = 3 OA ; 
then ^Or is required angle. 



10 
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6. Construct the angle x if esc x 
= 2. 

Let ABM be a unit circle, with 
centre O; construct BT tangent to 
the circle at B = 2 OA ; connect 
OT; then AOT ib required angle. 

7. Construct the angle x if cos z 
= h 

Take OM=i radius OA, At M 
erect a J_ to meet the circumference 
at P. Draw OP. 

Then is POM the angle required. 

8. Construct the angle x if sin x 
= cos X. 

Let PM = sin x and OM = cos x. 
But, by hypothesis, PM = OM. 
.-. by Geometry, x = 45°. 
Hence, construct an Z 45°. 

9. Construct the angle x if sin x 
= 2 cos X. 

Construct rt. Z PMO, making 
PAf = 2 03f. Draw OP. 
Then POM is the angle required. 

10. Construct the angle x if 
4 sin X = tan x. 

Take i of radius O^ to M. At 
^f erect a _L to meet the circum- 
ference at P. Draw OP. 

Then POM is the required angle. 

11. Show that the sine of an 
angle is equal to one-half the chord 
of twice the angle. 

Have given Z POA. 

Construct POB = 2 POA. Draw 
chord PB. Then it is J_ to O^ ; 
and PM, its half, is the sine of POA. 

.*. sin X = ^ chord 2 x. 



Then — r- = 36° or A OC. 



12. Find x if sin x is equal to 
one-half the side of a regular in- 
scribed decagon. 

Let ^ C be a side of a decagon. 
360^ 
10 

Draw OB bisecting AC. Then 
Z.AOC will be bisected, and Z A OB 
= 18°. 
But the sine of AOB = i A C. 
..xotAOB= 18°. 

13. Given x and y, x + y being 
less than 00°; construct the value 
of sin (x + y) — sin x. 

Let AB= sin (x + y) in a circle 
whose centre is O, and CD = sin x. 

Then, with a radius equal to CIJ^ 
describe an arc from B, as centre, 
cutting AB Sit E. 

Then EA will be the constructed 
value of sin (x + y) — sin x. 

14. Given x and y, x -{-y being 
less than 1M)°; construct the value 
of tan (x + y) — sin (x + y) + tan x 
— sin X. 

Let AB = sin (x + y), 
and CD = sin x ; 

also EF = tan (X + y), 

and GF = tan x. 

From F with a radius = AB take 
FH. 

From IT with a radius = GF take 

From I with a radius = CD take 

Then J^fi" will be the constructed 
value of tan (x + y) — sin (x + y) + 
tan X — sin x. 

15. Given an angle x ; construct 
an angle y such that sin y = 2 sin x. 
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liBt ^5 be the sine of the Z x in 
a circle whose centre is O. 

Draw AC perpendicular to the 
vertical diameter. 

Then CO = AB. 

Take CF on vertical diameter 
= CO, Draw FD perpendicular to 
vertical diameter, and meeting cir- 
cumference at D. 

Draw DE perpendicular to OB 
and draw OD. 

OF =2 CO by construction. 

ED = FO; FO being the projec- 
tion of the radius OD. 

.-. DE = 2 AB, and DOB = angle 
required. 

16. Given an angle x ; construct 
an angle y such that cos y = i cos x. 

Let OB = cos AOB, 

Erect a J_ CD at C, the middle 
point of OB, and meeting the cir- 
cumference at D. Draw DO. 

Then DOB is the angle required. 

17. Given an angle x ; construct 
an angle y such that tan y = S tan x. 

Let ABhe the tangent of x. 

Prolong AB to C, making AC 
= ^AB, and draw OC from O, the 
centre of the circle. 

COA is the required angle. 

18. Given an angle x ; construct 
an angle y such that sec y = esc x. 

Since sec y = esc x, 
c__c 
h~ a 
.'. a = b. 
Hence, construct an isosceles right 
triangle. 
The required angle will be 45°. 



19. Show by constniction that 
2 sinA >8in2^. 

Construct Z BOC and Z COA 
each equal to the given Z A. 

Then ylB = 2 sin ^ , and -4 A the 
± let fall from A to 0/i, = sin 2 ^, 
But^/i>yl/). 

Hence 2 sin ^ > sin 2 ^. 

20. Given two angles A and B, 
A + B being less than 90°, show 
that sin {A + B) < sin vl + sin B. 

Construct II OK = ^ A, and COH 
= Z5. 

Then sin (A + B) = CP, sin A 
= ZrJ5r, sm 5 = CD. 

Now CP<CD + DE, 
and nK':>DE. 

.-. CP<CD+ UK. 
.'. sin (-4 + JB)< sin ^ + sin B. 

21. Given sin x in a unit circle ; 
find the length of a line correspond- 
ing in position to sin x in a circle 
whose radius is r. 

1 : r : : sin X : the required line. 
.*. length of line required = r sin x. 

22. In a right triangle, given the 
hypotenuse c, and also sin A = m, 
cos A = n\ find the legs. 



sin 


A 


:^ 


i* 

C ~ 


m. 




a 


= 


cm. 




cos 


A 


= 


b _ 
c 


n. 




.b 


= 


en. 
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Exercise IV. Page 12. 



1. Express the following func- 
tions as functions of the comple- 
mentary angle : 

sin 30°. CSC 18° KT. 

cos 45°. cos 37° 24'. 

tan 89°. cot 82° 19'. 

cot 15°. CSC 54° 40'. 

sin 30° = COS (90° - 30°) = cos 60°. 

cos 45° = sin (90° — 45°) = sin 45°. 

tan 89° = cot (90° — 89°) = cot 1°. 

cot 15° = tan (90° — 15°) = tan 75°. 

CSC 18° 10' = sec (90° — 18° 10') 

= sec 71° 50'. 
cos 37° 24' = sin (90° — 37° 24') 

= sin 52° 36'. 
cot 82° 19' = tan (90° - 82° 19') 

= tan 7° 41'. 
CSC 64° 40' = sec (90° — 64° 46') 
= sec 35° 14'. 

2. Express the following functions 
as functions of an angle less than 45°: 

sin 60°. CSC 69° 2'. 

cos 76°. COS 85° 39'. 

tan 57°. cot 89° 59'. 

cot 84°. CSC 46° 1'. 

sin 60° = COS (90° — 00°) = cos 30°. 
cos 75° = sin (90° — 75°) = sin 15°. 
tan 57° = cot (90° — 57°) = cot 33°. 
cot 84° = tan (90° — 84°) = tan 6°. 
rsc 69° 2' = sec (90° — 69° 2') 

= sec 20° 58'. 
cos 85° 39' = sin (90° - 85° 39') 

= sin 4° 21'. 
cot 89° 59' = tan (90° - 89° 69') 

= tan0° 1'. 
CSC 45° 1' = sec (90° — 45° 1') 
= sec 44° 59'. 



3. Given tan 30° = ^ Vs ; find cot 
60°. 

Un 30° = cot (90° — 30°) 
= cot 60°. 
.-. cot60°=^V3. 

4. Given tan ^ = cot ^ ; find A, 

\An A- cot (90° — A), 
90°-^ = ^, 
2^ = 90°. 

.-. A = 45°. 

5. Given cos ^ = sin 2 ^ ; find A. 

cos A = sin (90° — A), 
* 90°-^ = 2^, 
3^ = 90°. 
.-. A = 30° 

6. Given sin ^ = cos 2 ^ ; find A. 

sin A = cos (90° — A), 
9(y-A = 2A, 
3^ = 90°. 
.-. A = 30°. 

7. Given cos A = sin (45° — ^A); 
find A. 

cos A = sin (90° ^ A), 
90°-^ = 46°-i^, 
180°-2^ = 90°-^. . 
.-. A = 90°. 

8. Given cot | ^ = tan ^ ; find A. 

t&n A = cot (90° — A), 
i^ = 90°-^, 

^ = 180°- 2.4, 
3^ = 180°. 
.-. A = 60°. 
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9. Given tan (45° + ^) = cot^ ; 
find A. 

cot ^ = tan (90° — A), 
tan (90° - ^) = tan (46° + A), 
90° - ^ = 45° + A, 
2A = 45°. 
.-. A = 22° 30'. 

10. Find -4 if sin ^ = cos 4 ^. 

sin ^ = cos (90°— ^), 
90°-^ = 4^, 
5^ = 90°. 
.-. A = 18°. 



11. Find -4 if cot yl = tan 8 ^. 

cotyl = Uin(90° — ^), 
8^ = 1H)° — ^, 
9^ = DO''. 
.-. A = 10° 

12. Find ^ if cot ^ = tan nA. 

cot ^ = tan (JK)° - A), 
9(P-A = nA, 

90°=^(n+l). 
90° 



,A = 



n+1 



Exercise V. Page 14. 



1. Prove Formulas [l]-[3], using 

for the functions the line values in 

unit circle given in § 4. 

[1]. sin2^ + cos2^ = l. 

ron . A sin A 

[21. tan A = 7 • 

•■ ■" cos -4 

[3]. sin A X CSC ^ = 1, 

cos AxaecA= 1, 

tan A X cot A = 1. 

B S 




[1]. 



but 



B^ 

MP=s\nA, 
0M= coaA f 

QF'=1. 
•.SP+03f^=l, 
. sin^A 4. cos^A = 1. 



MP^+OM^'- 



m- 


MP = 


:8mA, 




0M = 


: COS A, 




AT = 


:tanA. 


A OAT And OMP 


are similar. 




.-. TAiOA:: PM : OM. 


Or, 


TA 
OA 


PM 
OM* 


but 


0A = 


■1. 




.'. TA = 


PM 

OM 




.-. tan A = 


sin A 
cos A 


[3]. 


PM = 


sin A, 




0S = 


CSC A. 


In similar A OSB and POM, 




OS: OB:: OP 


:PM, 


or, 


OS 
OB 


OP 
PM* 


but 


0B = 


1, 




0P = 


1. 




os = 


1 
PM 




.-. OSx PM = 


1, 




esc Ax sin A = 


1. 


Again, cos A = 


OM, 




sec A = 


OT. 
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0T = 



or, 
but 



In similar A OTA and 0PM, 
OT:OA::OP: OM. 
0T_ OP 
OA^OM* 
but OA = 1, 

0P=1. 
1_ 

om' 

. . OT X OM = 1. 
.-. sec -4 X cos yl = 1. 
Also, tan ^ = ^ r, 

cot A = BS. 
In similar A S0J5 and TAO, 
BS:BO::AO:AT, 
BS _A0 , 
BO AT' 
B0=1, 
A0=1. 

AT 
.'. BSX AT=1, 
.-. cot ^ X tan ^ = 1. 

2. Prove that 1 + tan2^ = sec2^. 

tan A = -i sec ^ = - > 

b c 

a2 + 62 = c2. 

Dividing all the terms by 62^ 
- + - = £? 

Substituting for ~ and ^ their 
tr 62 

values tan2^ and sec2^, we have 
tan2^ + 1 = sec2^. 

3. Prove that 1 + cot2^ = csc2^. 



cot^ 


a 


CSC A 


_ c 
a 


a2 + 62 


= c2. 



Dividing all the terms by a2, 
a2"^a2 a2' 

62 c2 

Substitutmg for — and — their 
a^ or 

values cot2^ and csc2^, we have 
1 + cot2^ = csc2yl. 



4. Prove that cot A = 



cot A = -t 
a 



COB A 

sin A 



sin ^ = 



Substituting, 



cos A = - 
c 

6 6 



. cot ^ = 



ace 
co&A 



sin A 



5. Prove that sin ^ sec ^ = tan A . 



sin 


A 


= 


- » 
c 


sec 


A 


= 


c 
6' 


tan 


A 


= 


a 
6* 



Substituting, -x^ = ?. 
c 6 6 

.'. sin -4 sec ^ = tan A. 

6. Prove that sin -4 cot -4 = cos -4. 

Bin A = -i 
c 

cot -4 = - » 
a 

A & 

cos A = -' 
c 

Substitutmg, - x - = - • 

.-. sin ^ cot ^ = cos A. 
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7. Prove that cos A esc A = cot A. 



cos -4 


c 


CSC -4 


_ c 
"" a 


cot ^ 


_b 
a 



Substituting, - x - = - • 
^ c a a 

.'. COS A CSC A = cot A. 



8. Prove that tan A cos A = sin A. 
tan A = ~i 



COS A= -t 
c 

Bin A = -• 
c 

Substituting, - x - = - • 

.-. tan A COS A = sin A. 



9. Prove that sin ^ sec ^1 cot il = 1 . 





sm^ 


— ? 
""c 




sec^ 


c 




COt^ 


_6. 
a 


Substituting, 






C 


6 a 


= 1. 



.-. sin -4 sec -4 cot il = 1. 
10. Prove that cos A esc A tan A 



= 1. 



cos -4 = 



CSC -4 = -» 
a 

tan ^ = - » 





Substituting, 

c a 6 
.-. cos ^ CSC -4 tan ^ = 1. 



11. Prove that (1 — sins^l) tanM = sinM. 
From [1], § 6, 1 — sin2^ = cos2^. 

.-. (1 — sinM) tanM = cosM tan^^. 
But from Ex. 8, cos A tan ^ = sin -4. 

.-. C0S2.4 tanM = sinM. 



12. Prove that Vl — cosM cot A = cos A. 
From [1], § 6, 



Vl — cos^J. = sin A. 



But from Ex. 6, 



.-. Vl — cos^Z cot ^ = sin w4 cot A. 
sin .4 cot -4 = cos A. 



.-. Vl — cosM cot A = cos A. 



13. Prove that (1 + tanM) sinM = tan2^. 
Prom Ex. 2, 1 + tan2^ = sec2^. 

.-. (1 + tanM) sin2^ = sec^^ sin^^. 
But from Ex. 5, sec -4 sin -4 = tan A. 

.', (1 + tan2^) sinM = tan^^. 
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14. Prove that csc^^ (1 — sinM) = cotM. 

From [1], § 6, 1 - sinM = coe^^A. 

.'. CBC^A (1 - sin''*^) = cscM cosM. 
But from Ex. 7, esc A cos A = cot A. 

.-. cscM (1 - sin'M) = cotM. 

15. Prove that UnM cos^^ + cosM = 1. 

From Ex. 8, tan A cos A = sm A» 

.'. tan^^ cos^^ = sin^^. 
And tan2^ cos^^ + cos2^ = sm^^ + cosM. 

But from [1], § 6, sin^^ + cos2^ = 1. 
.-. tanM cosM + cos^^ = 1. 

16. Prove that (8in2^ — cos^^)^ =1 — 4 siuM cosM. 

From [1], § 6, sin2^ + cosM = 1. 

.-. (8in2^ + cos2^)2 = 1. 
But from Algebra, (sin2^ - cos2^)2 = (sin2^ + cos2^)2 

— 4shi2^cos2^. 

.-. (sin2^ — cos2^)2 = 1 — 48in2^ cos^^. 

17. Prove that (1 — tan2^)2 = sec*^ — 4 tan*^. 

From Ex. 2, 1 + tan2^ = 8ec2^. 

.-. (1 + tan2^)2=:secM. 
But from Algebra, (1 -- tan2^)2 = (1 + tan2^)2 — 4 tan^^. 

.-. (1 - tan2^)2 = secM - 4 tan2^. 

-. « x^ XT- X sin ^ , cos A . . 

18. Prove that j + - — r = sec -4 esc -4. 

cos A sm A 

sin A cos A __ 8in2^ + cos2A 
cos A sin ^ ~ cos ^ sin -4 
But from [1], § 6, sin2^ + cos2^ = 1. 

And from [3], § 6, :; = see ^, 

•■ -^ ' ' cos -4 ' 

and -: — - = CSC A. 

sm A 

sin A , cos A a a 

.'. + — — 7 = sec A esc A, 

cos A sm A 
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19. Prove that sin^^ — oo^A = sin^^ — coi^^. 

8in<^ - coal^A = (sinM+cofl^^XsinM - coi^A), 
But from [1], § 6, sin^A + cosM = 1. 

.-. 8m*-4 — cos*^ = sinM — coi^A, 

20. Prove that sec ^ — cos ^ = sin -4 tan A, 

1 



From [3], § 6, sec -4 = 



cos J. 



.-. sec J. — cos -4 = ;: —008-4 

_ l-CfMfiA 

COS A 
But from [1], § 6, 1 — co^-4 = smM. 

.-. sec -A — cos A = 7 • 

cos .4 

Also, from [2], § 6, ^^^ = tan A. 

■^ ^ * coSw4 

.*. sec A — cos -4 = sin -4 tan A. 



21. Prove that esc -4 — sin -4 = cos .4 cot yl. 

1 



From [3], § 6, esc -4 : 



sin A 



1 'A 

.-. CSC -4 — sm -4 = -: — - — sm A 
sm A 

_ 1 — sinM 

sin .4 

But from [1], § 6, 1 — sin2-4 = cos^^. 

cosM 



, CSC -4 — sin -4 : 



sin A 



COS A 
Also, from [2], § 6, * - — r = cot A. 

' L j» o » sm -4 

.-. CSC -4 — sin ^ = cos A cot A, 



«« T^ XI. * cos X l + sinx 

22. Prove that : — = • 

1 — sm X cos X 

Clearing of fractions this becomes, 

cos^x = 1 — sin^x, 
which is correct ([1], § 6). 

cosx _ 1 + sin X 
" 1 — sin X "~ cos X 
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ExEBCiSE VI. Page 16. 



1. Find the values of the other 
functions when sin -4 = J j. 

8in2^ + cos2^ = 1, 



cos^ 



=V-(S)' 

\l69* 



...C08^ = ^. 



tan .4 = 



sin^ 



cos -4 
cot A is reciprocal of tan A. 

.•.cot^ = ^- 

sec ^ is reciprocal of cos il. 

.*. sec -4 = -^ • 
o 

CSC A is reciprocal of sin A. 

13 



12 
6 * 



. csc^ = 



12 



2. Find the values of the other 
functions when sin A = 0.8. 

sin2^ + cos2^= 1, 

cos2^ = 1 - (0.8)2, 



cos ^ = Vl — 0.64. 
.cos ^=0.6. 

sin^_a8 
0.6* 



tan^ = 



cos^ 
.-.tan ^ = 1.3333. 



.-. cot A = 0.76. 

«^^^ = ^- 
.-. sec ^ = 1.6667. 

«^^ = ^- 
.-. CSC ^ = 1.26. 



3. Find the values of the other 
functions when cos -4 = jj. 
sin*^ A + cos^ ^ = 1, 

. ^ r 3000 /"m" 11 
«^"^=\l-372i = \372l = 6l' 



tan.4 = 
cot^ = 
sec-4 = 
CSC -4 = 



sin^ 
cos^ 

1 
tan^ 

1 
cos -4 

1 
sin^ 



.11 

'60* 

.60 

11* 
.61 
"60' 
.61 

11* 



4. Find the values of the other 
functions when cos A = 0.28. 

sin2^ + cos2^ = 1. 
sin A = Vl - (0.28)2 = Vo.9216. 
= 0.96. 
sin ^ _ 0.96 
cos^ " 0.28 
1 1 



tan^ = 
cot -4 = 
sec^ = 
csc^ = 



tan^ 3.4286 
1 _ 1 
0.28 

1 
0.96 



cos^ 

1 

sin A 



= 3.4286. 

= 0.29167. 

= 3.6714. 

= 1.04167. 
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5. Find the values of the other 
functions when tan -4 = }. 



tan -4 


s' 




.-. cot -4 


3 
4' 




tan^ 


sin A 
coaA 


» 


4 


sin^ 


3 


Vi- 


sin*^ 


3sin^ 


= 4vr 


- sinM, 


QsinM 


= 16- 


16sin2^, 


25 sin2^ 


= 16, 




5 8in^ 


= 4. 




.-. sin^ 


_4 
5* 




cos A - 


sin A 
tAuA 


_3 
6* 


sec A 


1 
cos -4 


_5 
3' 


CBCA- 


1 
sin^ 


_6 
4* 



6. Find the values of the other 
functions when cot -4 = 1. 



cot ^ = 1, 

tSLUA = 1. 

sin A 
cos -4 ' 
sin A 



taxiA = 



1 = 



Vl — sinM 



sin A = Vl — sinM, 
8in2^ = 1 — sin2^, 
2sinM = l, 

8in2^ = I • 



.-. sin A 



=4=i^2. 



. sm A , /- 

cos^ = : = iv2. 

tan^ 



sec^ = 



1 
cos^ 

1 



■iV2 



= V2. 



esc -4 = -. -*-- = 7-=-= = Wo 

7. Find the values of the other 
functions when cot ^ = 0.6. 

-^=-L = 2 

cot^ 0.5 



tanA = 



. s\n A 

iAuA = 7 = 2. 

cos^ 

2co8^ = sin A. 

4 cosM — sin^^ = (squaring) 

cosM + sinM = 1 



5C082^ 


= 1 

1— 


cos -4 = 


^7 = 0.45. 


4 co82^ + 4 sinM = 4 


4cos2^- 


sinM = 




5sinM = 4 


8m^ = 


^1 = 0.90. 


8ec^ = 


cos^-2-22. 


CSC -4 = 


sin^-^-11- 


8. Find the values of the other 


functions when sec -4 = 2. 


cos -4 = 


1 1 
sec^ 2 


sin^ = 


Vl - C082^ 



sin A = 
tan.4 = 



sin A __ iV3 _ /r 



cos^ 



cot^ = — ^=-i= =iV3. 
tan ^ V3 



CSC ^ = 



sin A 



= *V3. 
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9. Find the values of the other 
functions when esc ^ = V2. 



cos A = Vl-(jV2)2 = Vl - J 

tan ^ = T— — = 1, 

W2 

cot^ = . = 1, 

10. Find the values of the other 
functions when sin A = m. 



cos ^ = Vl — sin'^^= Vl — m2, 

. . sin ^ m 

tan^ = — 



cos^ Vl-m2 



_ mVl — m2 



cot ^ : 
sec -4 = 
csc-4 = 



1 - m2 

1 



1 



tan A m 



cos -4 

1 
sin A 



Vl-m2 



11. Find the values of the other 
2m 



functions when sin A = 



l + m2 



cos ^ = Vl — sin2^ 
.•.cos^=^l- — 



4?n2 



2 m2 + m* 



-4 



iajiA = 



1 - 2 m2 + m* 
l-|-2m2H-m* 

l-m2 

l + m2* 

sin^ __ 2m 

cos A 1 — m2 



cot^ = 



sec-4 = 



CSC ^ = 



tan^ 

1 
cos -4 

1 
sin^ 



1 - ma 
2m ' 
l-fm« 
1 - m* ' 
1 + m« 
2m 



12. Find the values of the other 
2mn 



functions when cos A = 
sin -4 = Vl — cos2^. 



m^+n^ 



-4 



= \l- 



^niW 



m* + 2m2n2 -f- n* 



-4 



tajiA = 



cot^ = 



sec-4 = 



m* — 2 m2n2 -\- n* 

m* + 2m2n2+ n* 
m2 — n2 
m2 -h n2 ' 
sin^ _ m2 — n2 
cos A 2 mn 

1 _ 2mn 
tan^ ~m2 — n2' 

1 m2 + n2 



cos -4 



2mn 



CQCA = — ~ = — -; • 

sni A rn^ — n^ 

13. Given tan 45° = 1 ; find the 
other functions of 45°. 



sin 45° 
cos 45° 



= tan 46°. 



sin 45° _ 

cos 45° "" 
sin2^ + cos2^ = 1. 
By (1), sin 46° = cos 45°. 
By (2), cos2 46° + cos2 46° = 1. 
2cos2 45°=l, 

cos2 46°=L 

cos45"' = -y| = jV2. 
sin 45° = \ \/2. 



<1) 
(2) 
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cot 46° = 



=\=l. 



tan 45'' 1 

14. Given sin 30° = J ; find the 
other functions of 30°. 

sin«30° + co82 30°= 1. 
cos 30° 






16. Given tan 16° = 2 — V3 ; find 
the other functions of 16°. 



= 2-V3. 



CSC 30° = Y = 2. 

15. Given esc 60°=fV3; find 
the other functions of 60°. . 
1 



sin 60° = 



CSC 60°' 
1 



-«>°=i;^=W3. 



sin 15° 
COS 15°' 

8in*16°+co82l6°= 1. 
sin 15°= cos 15° (2 — V3). 

[C06(2-V3)]2+C082=l, 
C082(4-4V5 + .3) + C«82=l, 

co8«(8-4V3)= 1. 

C08M6°= -^ -- = 2_tV3^ 
4(2- V3) 4 

8in« 16° = 1 — COS" 16°. 

8inn5»=l-2±^^ = 2W3^ 
4 4 

sm 16°=i V2-V3. 

cot 15°= ^ ^ 



cos 60° = Vl— sin2 60°, 
cos 60°= Vl-(i V3)2 

\ 4 2 

iV3 
tan60° = ^=V3. 

cot60<'=^=iV3. 

sec 60° = J = 2. 
2 



tan 15° 2 — ^3 
= 2 + V3. 

17. Given cot 22° 30' = >^ + 1 ; 
find the other functions of 22° 30'. 

tan 22'° = — ^ — = — ^ — 
^ cot 22-° V2+I 

= V2-I. 

sin 22i° 

^^.= tan22- (1; 

C082 22J°+ sin2 22i°= 1. (2) 
From (1), 

C08 22J° tan 22 J°=sin 22J° 
Squaring, 

C082 22 J° tan2 22 J°= sin2 22 J° 
From (2), 

= — 8in2 22°+l 



Add, 



C082 22.i° 



cos2 22i° tan2 22^°+cos2 22^°= 1 
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cotf»22i<»(tan2 22;°+l)=l, 
C082 22P(4-2V2)=1, 

cos22ioV4-2>^=l. 
1 



.•.C0822i° = 



V4-2V2 



=v^ 



4 + 2V2 



= i V2 + >^. 



sin 22f 






y/2 



'4 - 2 - V2 



=iV2-\^. 



18. Given sin 0° = ; find the 
other functions of 0°. 



cosO° = 


Vl- 


sin^ 
0. 


0° 


= 


Vl- 




.-. cos 0° = 


1. 






tan 0° = 


sinO° 

CO8 0° 


_0 

1 


= 0. 


cot 0° = 


1 

tanO° 


_ 1 



= 00 


sec 0° = 


1 
cobO° 


_1 
1 


= 1. 


CSC 0° = 


1 
sinO° 


_1 



= 00 



19. Given sin 90° = 1 ; find the 
other functions of 90°. 

sin 90° =1. 



cos 90° = Vl - sin2 90° = 0. 



sin 90° 1 
cos 90° 


= 00 


1 1 


= 0. 


tan90° 00 


1 1 




cos 90° 


— 00 


1 1 


= 1. 


sin 90° 1 



tan 90° = 
cot 90° = 
sec 90° = 
CSC 90° = 



20. Given tan 90° = oo ; find the 
other functions of 90°. 



tan90°=ao. 



cot 90° = 



1 



1 



tan 90° 00 






cos 90° 



= cot 90° = 0. 



sin 90° 
cos 90° = 0. 
sin290°+cos2 90°=l 
sin290° = 1, 
sin 90°= 1. 

sec 90°= =te. 

esc 90°= 1. 



21. Express the values of all the 
other functions in terms of sin ^. 



cos^ = Vl — sin^^, 
sin^ 



tan -4 = 

cot -4 = 
sec -4 = 
CSC -4 = 



Vl--sin2^ 

Vl-sing^ 

sin -4 
1 
Vl — sin2^ 

1 
sin^ 
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22. Express the values of all the 
other functions in terms of cos A, 



sin -4 = Vl — cos^ A, 

Vl — C08«il 



tan^ = 
cot^ = 
sec^ = 
csc^ = 



cos^ 
cos -4 



Vl — C082^' 

1 



COS -4' 

1 



Vl - coa^A 

23. Express the values of all the 
other functions in terms of tan A, 



cot -4 = 



1 



tan^ 



7r= ismA, 
o 

a =b tan^. 
a2=&2tan«^. 

a2 - 6* tan2 ^ = 
a2 + 62 =1 

62(i + tan2^)=l 

1 



62 = 



l + tan2^ 



= C0S2^. 



cos^ 



Vl + tar 



tan2^ 
sin A = Vl — cos2^ 



=v 



=\1- 



H-tan2^ 
tan^ 



sec^ = 



csc^ = 



Vr+tan2Z 

1 



= Vl + tan2^ 



cos^ 



1 Vl + tan2^ 



24. Express the valne^ of all the 
other functions in terms of cot A, 



1 



= tan^. 



= tanil. 



cot^ 
sin^ 
cos^ 
Let X = sin ^, y = coe A. 

z_ 1 

y cot A 
X cot A = y, 
x^coi^A = y2. 
x2cot«i4— y2 = o 

s^ ±y!=i 

«2(l + cOt2^)=l 
1 



X2 = 



sin A = 



l + cot2^ 

1 



Vl-f C0t2^ 



COS -4 = Vl — 8in2 A 



■4 



= \i- 



1 + cofA 



=V 



1 + C0t2^ - 1 

14-cot2^ 
cot -4 



sec -4 = 



Vl -foots ^ 

1 



Vl 4- c ot2^ 

cos A cot A 



sin^ 



tan.4 



CSC^ = ^ -=:Vl + C0t2^. 

sin A 



25. Given 2 sin ^ = cos ^ ; find 
sin A and cos A. 

Bin^A + coa^A = 1. 
sin2^ 4- 4 8in2^ = 1. 
5 sin2^ = 1, 

sin2^ = ^ » 
o 

.-. cos 4 = § Ve. 
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26. 6\^en 4 sin ^ = tan A ; find 
sin A and tan A. 



XahA = 



sin A 



CQ%A 

But tan ^ = 4 sin -4. 

sin ^ 

/. 4 sin -4 = . » 

cos^ 



4 sin ^ X cos A = sin A. 
Bin A _1 
4 sin ^ 4 



.-. cos A = 



sinM + cos^^ = 1. 
.•.8in^=^l-^ = ^ 



tan ^ = 



sin A 
cos^ 



= i-^i5 = Vl5. 



27. If sin yl : cos -4 = : 40, find 
sin A and cos A, 

40 sin -4 = 9 cos A, 
(sq.) 1600 sinM = 81 cosM. 

1600 sinM - 81 cosM = 0. 
But sin*^ -f cosM = 1. 

Multiplying by 81 and adding, 
1681 sin2^ = 81. 
.-. 41 sin A = 9. 
9 



sin A = 



41 



8in2^ -|- cosM = 1. 

cos A = ^/l — sin*^. 



, cos 



/, / 9 \2 40 



28. Transform the expression 
tan^^ + cot?^ — sin*^ — cos^^ into 
a form containing only cos^. 

sinM 1 — cos'^ 



tanM = 



cot«-4 = 



COS2-4 

cos'^ 

sin*-4 1 — cos*^ 



cosM 
cosM 



1 — cos^^ cosM 
cos^^ 1 — cos^^ 

— 1 + cosM — cos2-4 
_ 1 — 2co62^-f 2cos^^ — cos^^ +cos^^ 

cos^^ — cos*-4 
. l--3co8M + 3cos^^ 
cos^^ -- cos*^ 



29. Prove that sin A + cos A = 
(1 + tan ^)cos A, 

sin ^ ^ . 

:, = tan A. 

cos A 

sin A = tan A cos A. 

sin -4+ cos A = tan -4 cos -4+ cos^ 

= (1 + tan A) cos A. 



30. Prove that tan -4 + cot ^ = 
sec Ax esc ^ . 



tan^ = 



cot^ = 



sin A 
cos^ 
cos^ 
sin A 



A , ^ A sin ^ , cos A 

tan ^ + cot ^ = T + -; — 7 

cos A sin A 

_ sinM + cosM 

cos A sin A 

But sin^^ + cos -4 = 1. 

1 



.■.tan^+cot-4= 



cos A sin A 
= sec A X CSC A. 
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Exercise VII. Page 18. 



1. Solve the equation, 


5. 


Solve the equation, 


2 cos X = sec X. 




sin^x = 3 corfx. 


- 




8in«x « 


2C08X= • 




cos^x-'^' 


C08X 




tan"x = 3, 


.-. 2 cos2x = 1. 

COS X = V^. 




tanx= V3, 
.-. X = 60°. 


.-. X = 45°. 








6. 


Solve the equation. 


2. Solve the equation, 




2 8in«x + cos^x = J. 


4 sin X = CSC x. 




sin^x + (sin«x + cas^x) = 3, 


4 sin X = • 




8in2x+l = J, 




sin^x = i. 


sinx 




1 

sin X = — p 

V2 


.-. 4 sin2x = 1. 




sin X = ^. 




.-. X = 30° 




.-. X = 45° 




7. 


Solve the equation. 


3. Solve the equation, 




3 tan2x — sec2x = 1. 


tan X = 2 sin x. 




3tan2x-(tan2x + l) = l, 
2 tan2x— 1 = 1, 


sin X 






^— ^ = 2 sin X, 




2 tan2x = 2, 


cosx 




tan X = 1. 


sin X = 2 sin x cos x. 




.-. X = 45° 


sin X (1 — 2 cos x) = 0. 






.-. sin X = 0, (1) 


8. 


Solve the equation. 


x = 0. 




tan X + cot X = 2. 


1 — 2cosx = 0. (2) 




tan X + — !— = 2, 


cos X = |. 




tan X 


.-. X = 60°. 




tan2x - 2 tan X + 1 = 0, 


.-. X = 0° or 60°. 




(tanx-l)(tanx-l)=0. 
.-. tan X = 1. 


4. Solve the equation, 




.-. X = 45° 


sec X = \^ tan x. 


9. 


Solve the equation, 

sin^x — cos X == i. 


^ =^^«^^^ 




(1 - cos2x) — cos X = i, 


cos X COS X 

1 = V2 sin X, 




cos^x + cos X = f , 




cos^x + cos X + i = 1, 


sin x=-7=» 




cos X + i = 1, 




COS X = i. 


.-. X = 46°. 




.-. X = 60° 
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10. Solve the equation, 

tan^x — 8ecx= 1. 

(1 + sec^x) — sec X = 1, 
sec^ — sec X = 0, 

sec x = orl. 
But sec X is never < 1. 
.-. sec X = 1, 
x = 0° 

11. Solve the equation, 

sin X + V3 cos X = 2, 

VS cos X = 2 — sin x, 
3 cos^x = (2 — sin xf, 

3 (1 — sin^x) = 4 — 4 sin X + sin^X, 

4 sin^x — 4 sin X + 1 = 0, 

(2 sin X - 1)2 = 0, 
sin X = i. 
.-. X = 30°. 

12. Solve the equation, 

tan^x + C8c2x = 3. 

tan2x -f (1 + cot2x) = 3, 

tan^x — 2 + cot2x = 0, 

tan X — cot X = 0, 

tan X -- ; = 0, 

tanx 

tan2x = 1, 

tan X = 1. 

.-. X = 45°. 

13. Solve the equation, 

2 cos X 4- sec X = 3. 

2 cos X H = Zy 

cosx 

2 cos2x + 1 = 3 cos X, 

2 cos2x — 3 cos X 4- 1 = 0, 

(2 cos x--l)(cos X— 1) = 0, 

cos X = 1 or i. 

.-. X = 0° or 00° 



14. Solve the equation, 

cofl%c — sin2x = sin x. 

(1 — sin^x) — sin^x = sin x, 
2 sin^x + sin X — 1 = 0, 
{2sinx-l)(sinx+l) = 0, 

sin X = — 1 or i. 
.-. X = 30°. 

15. Solve the equation, 

2 sin X + cot X = 1 + 2 cos X. 

^ . , cosx ^ , - 
2 sm X + -: — = 1 + 2 cos x, 
sinx 

2 sin2x + cos X 

= sin X + 2 cos X sin x, 

2 sin^x — sin x 

= 2 cos X sin X -- cos x. 

sin X (2 sin X — 1) 

= cos X (2 sin x — 1), 

(sin X — cos x) (2 sin x — 1) = 0. 

.-. sin X = cos X, 

tanx= 1. 

.-. X = 45°; 

sin X = 1. 

. . X = 30°. 

Hence, x = 30° or 45°. 

16. Solve the equation, 
sin2x + tan2x = 3 cos2x. 

. - , sin2x o ., 

sin2x H TT — 3 cos^, 

cos2x 



1 — C0S2X + 



1 — C082X . 
C0S2x 



: 3 COS2x, 



— 4cos2x + — ^ = 0, 

C0S2x 

4 cos*x= 1, 

COS X = V^. 

.-. X = 45°. 
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17. Solve the equation, 

tan 2 + 2 cot X = f C8C X. 
sin X co8X _ 6 
cos X sin X "" 2 sin X ' 
sin^x + 2 cofl^x = J cos x, 
1 — cos^x + 2 cos^x = J cos X, 
cos^x — 5 cos X -H 1 = 0, 
(cos X — 2)(C08X — ^) = 0, 

cos X = 2 or |. 
.-. X = 60^. 



EXEBGISE VIII. 

1. In Case 11. give another way of 
finding c, after b has been found. 



cos A = -t 

c 

b = ccos-4, 

b 
c = -. 

cos^ 

2. In Case III. give another way 
of finding c, after a has been found. 

sin ^ = - » 
c 



csin^ = a, 



sin^ 



3. In Case IV. give another way 
of finding &, after the angles have 
been found. 

COS A = -^ 
c 

6 = ccos^. 

4. In Case V. give another way 
of finding c, after the angles have 
been found. 

sm -4 = - » 
c 

c sin ^ = a, 



- ^ 
sin^ 



Page 23. 

Given B and c ; find A, a, c, 
A = 9QP-B, 

C08B = -t 



sinB = 



a = cco8B. 

b 



b = CBiaB, 



6. Given B and b; find A, a, c, 
A = 9(P'-B, 
cot B = r » 





8inB = 



a = 6 cot B. 

b 



7. 



6 = c sin B, 

_ b 
^ sinJ5' 



Given B and a ; find A, 6, c. 
^ = 90°-J5, 
cot B = r ' 



6 cot J5 = a, 



6 = 



g 
cot 5 
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cobB=-> 

C 

c COS J? = a, 



c = 



— ^ 



C06£ 



8. Given 6 and c ; find ^, li, a. 

C08j4 = -» 

c 

a = Vc2 — 62 
= V(c + 6) (c - 6). 

9. Given a = 3, 6 = 4; required 
^ = 36° 62^ 5 = 6;i° 8', c = 6. 

tan^ = ^ = f = 0.7600. 

.-. ^ = 36° 62'. 
5 = 90°-^ 

= 63° 8', 
c = Va2 + 62 
= 6. 

10. Given a = 7, c = 13; required 
A = 32° 36', B = 67° 26' 6 = 10.964. 

sin^ = ^=^5 = 0.6386. 

.-. A = 32° 36'. 
5=900-^ 
= 67° 26'. 



6 = acot^ 
= 6.3 X 4.6928 
= 24.342. 

f = 8in^, 

— ^ 
Bin A 

6.3 







0.2127 








: 24.918. 




12. Given 

required A = 
14.290. 


a =10.4, J5=43°18'; 
46°42', 6=9.800, c = 




A = 


:90°-i^ 






bZ 
a 


46° 42', 
tanB, 






6 = 


atanB, 






=: 


10.4 X 0.9424 
9.800. 






c "" 


C08J5, 






c = 


a 
cobB 









10.4 





6 = V(c-a)(c + a) 
= Vi20 
= 10.964. 

11. Given a = 6.3, ^ = 12° 17' ; 
required B = 77° 43', 6 = 24.342, 
c = 24.918. 

5=90°-^ 

= 77° 43'. 

6 

-= cot^. 



0.7278 
= 14.290. 

13. Given c = 26, A = 37° 42' ; 
required B = 62° 18', a = 16.900,' 
6 = 20.672. 

B=90P-A 
= 62° 18'. 

- = sin -4, 

a = csinA 
= 26 X 0.6116 
= 15,900. 

^— A 

- = cos -4, 

6 = c cos A 
= 26 X 0.7912 
= 20.672. 
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14. Given c = 140, B = 24« 12' ; 
required A = 66° 48', a = 127.694, 
6 = 57.386. 



; = cos J5, 



; = sin B, 



^ = 90°-i^, 

= 66° 48'. 

2l 
c 

a = c cos B 

= 140 X 0.9121 

= 127.694. 
b 
c 
b = cBiJiB 

= 140 X 0.4099 

= 67.386. 



15. Given & = 19, c = 23; required 
A 34° 18', B = 65° 42', a = 12.961. 

cos^ = ^=21 = 0.8261, 

^ = 34° 18', 
5 = 90°-^ 

= 65° 42'. 
a=V(c-&)(c+6) 

= Vl68 

= 12.961. 



16. Given 6 = 98, c = 135.2 ; re- 
quired A = 43° 33', B = 46° 27', a = 
93.139. 

. & _ 98 
c 
A = 43° 33', 
B=90o-^ 
= 46° 27'. 



^^^=^=ii!2"^-^2^^' 



a = V(c-6)(c-f 6) 
= V8676.04 
= 93.139. 



17. Given 6 = 42.4, 


A^ 


32° 


14: 


required B 


= 57° 46', 


a = 


26.733, 


c= 60.124. 










B = 


= 90°-^ 










: 67° 46'. 








a 
b~ 


: tan-4, 








a = 


■btAnA 










42.4 X 0.6305 






b_ 
c 

c = 


26.733, 

cos -4, 

b 
COS A 










42.4 










0.8459 








= 


50.124. 









la Given 6 = 200, 5 = 46° 11'; 
required A = 43° 49', a = 191.900, 
c= 277.160. 

^ = 00°-J5 
= 43° 49', 

f = cot B, 



a = 


-bcoi B 










: 200 X 0.9595 








191.900, 








b_ 
c 


sin J5, 








c = 


6 
sin B 










200 










0.7216 










277.160. 








19. Given 


a = 95, 


6 = 


37; 


re- 


quired A = 


68° 43', 


B = 


21° 


17', 


c = 101.961. 










tan^ = 


a_96_ 
6 37 


= 2.5676, 




A = 


68° 43', 
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5. Given a = 2, c = 2.82843 ; re- 
quired ^ = i^ = 45°, 6 = 2. 

= V(c -{-ajic — a), 
log 62 = log (c + a) -H log (c — a), 
log (c -f tt) = 0.08^81 
log (c - a) = 9.91820 - 10 
log &2 = 0.00207 
log b = 0.3010:3, 
6=2. 
.-. the A is an isosceles rt. A- 
.'.A = B = 45°. 

6. Given c = 027, A = 23° 30'; 

required B=m° 30', a = 250.02, 

6 = 675.0. 

B=(90°-yl)=00°30'. 

a = c sin A. 

log a = log c -f log sin A. 

log c = 2.79727 

log sin A = 9.00070 

log a = 2.39797 

a = 250.02. 

6= c cos -4. 

log 6 = log c + log cos A, 

log c = 2.79727 

log cos A = 9.90240 

log 6 = 2.75907 

6 = 575. 

7. Given c = 2280, A = 28° 5'; 

required B = 01° 55', a = 1073.3, 

6=2011.0. 

B= (90°-^)= 01° 55'. 

a = c sin A. 

log a = log c -f log sin A. 

log c = 3.35793 

log sin ^ = 9.07280 

log a = 3.03073 

a =1073.3 

6 = c cos A. 
log 6 = log c + log cos A. 



log c 


= 3.36793 




log cos .4 


= 9.94560 




log 6 


= 3.30363 




6 


= 2011.6. 




8. Given c = 


= 72.16, A = 


39° 34'; 


required B = 


60° 26', a = 


45.958, 1 


6 = 55.020. 






B 


= (90°-^) = 


: 50° 26'. 


a 


= c sin A. 




log a 


= log c + log 


sin^. 


log c 


= 1.85824 




log sin A 


= 9.80412 




log a 


= 1.66230 




a 


= 45.968. 




6 


= c cos A. 




log 6 


= log c + log 


cos 4. 


log c 


= 1.85824 




log cos A 


= 9.88699 




log 6 


= 1.74523 




6 


= 55.620. 




9. Given c = 


: 1,^ = 36°; 


required 


B = 54°, a = 0.58779, 6 = 0.80902. 



sin -4 = - » 
c 

a = c sin A. 

log a = log c + log sin A. 

log c = 0.00000 

log sin A = 9.70922 

log a = 9.70922 

a = 0.58779. 

COR A — -' 

c 
6 = c COS A, 
log 6 = log c + log COS A, 
log c = 0.00000 
log cos ^ = 9.90796 

log 6 = 9.90796 - 10 
6 = 0.80902. 
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10. Given c = 200, I? = 2P47'; 
required A = 6fP 13', a =186.72, 
b= 74.219. 



A- 

sin A - 

a- 
loga- 

log c- 

log sin A - 

loga- 



b- 
log 6: 

log c- 

log cos A - 

log 6 = 

6 = 



= (90°~i?)=08°13' 

a 

c , 
= c sin ^. 
= log c + log sin A, 

- 2.30103 
= 9.96783 
= 2.26886 

= 185.72. 

c 

- c cos ^. 

: log c -f log COS A. 

■■ 2.30103 
: 9.56949 
: 1.87052 

74.219. 



11. Given c = 93.4, B = 76° 26'; 
required A = 13° 36', a = 21.936, 
6=90.788. 



12. Given a = 637, yl = 4° ;«>'; 
required B = 86° 25', 6 = 7946, 
c= 7971.5. 

B= (90°-^) = 86° 26'. 

6= acolA. 

log 6 = log a + log cot A . 

log a = 2.80414 

log cot A = UMHMJl 

log b = liAmib 

b = 7946. 
log c = loga + cologsin^. 
log a = 2.80414 
colog sin A = 1.09740 
log c = 3.90164 

c = 7971.6. 



13. Given a 
required B = 
c = 81.144. 

B 



sm ^ = - 



a- 
log a: 



log sin -4 

log a = 1.34116 



(90° -L') =13° 35' 

c sin ^. 

log c + log sin -4. 

1.97035 
9.37081 



a 
b- 

log b ■■ 

log a: 
log cot A - 

log 6: 

6 = 



: 21.936. 

: a cot A. 

: log a -h log cot A. 

■- 1.34116 
: 0.61687 
■■ 1.96803 

■■ 90.788. 



log c 

log a 

colog sin A 

log c 



cos^ = 

6 = 

log 6 = 

log c = 

log cos -4 = 

log 6: 
6 = 



= 48.632,^1 = 36° 44'; 
63° 16', b = 66.033, 

= 90°-^ 

= 90° — 36° 44' 

= 63° 16'. 

a 

c 
a 

sin^ 

loga + colog sin ^. 

1.68603 

0.22328 

1.90926 

81.144. 

b 

c 
■ ccos^. 

10gC+ log COB -4. 

: 1.90926 

■■ 9.90386 

: 1.81312 

66.031. 
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14. Given a = 0.0008, ^ = 86° ; 
required B=4°,b = 0.0000569, c = 
0.000802. 

B=90°-^ 
= 90° -86° 
= 4°. 
a 



sin -4 = ■ 



a 



Bin A 
log c = log a -H colog sin A. 
log a = 6.90309 -10 
colog sin A = 0. 00106 

logc = 6.J)0416-10 
c = 0.000802. 

COS A = -' 
c 

6 = ccos-4. 
log 6 = log c + log cos -4. 
log c = 6.90416 - 10 
log cos A = 8.84>S58 — 10 
log 6 =5.74773 -10 

6=0.0000559. 

15. Given b = 50.937, B = 43° 48'; 
required A = 46° 12', a = 63.116, 
c = 73.69. 

^=(90°- 5) = 46° 12'. 

tan -4 = - • 
o 

a = 6 tan -4. 

log 6=1.70703 

log tan ^ = 0.01820 

loga= 1.72523 

a = 53,116. 

. . a 
BmA = -• 
c 

a 

sin^ 

log a =1.72623 

colog sin A = 0.14161 

logc= 1.86684 

c= 73.693. 



16. Given 6 = 2, J5 = 3° 38' ; re- 
quired ^ = 86° 22', a = 31.497, c = 
31.560. 

^ = (90°--B) = 86°22'. 

tan-4 = ^- 

a = 6 tan A, 

log 6 =0.30103 

log tan^ = 1.19723 

log a = 1.49826 

a = 31.496. 

sin -4 = - • 



sin^ 



log a = 1.49826 

colog sin ^ = 000087 

log c = 1.49913 

c = 31.560. 

17. Given a = 992, B= 76° 19' ; 
A= 13° 41', 6 = 4074.45, c = 4193.55. 

^ = 90°- 76° 19' 
= 13° 41'. 

• A « 

sm -4 = - • 
c 

log c = log a + colog sin A. 

log a = 2.99651 
colog sin A = 0.62607 



log c = 


- 3.62258 


c = 


4193.6. 


smB = 


.6^ 
' c 


log 6 = 


:logc + logsinB. 


log c = 


: 3.62258 


sin 5 = 


0.98760 


log 6 = 


: 3.61008 


6 = 


4074.5. 
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18. Given a = 73, B = 68°62'; 


20. Given 6 = 4, ^ = 37° 66'; re- 


required A = 21° 8', b = 188.86, 


quired B = 52° 4', a = 3.1176, c = 


c = 202.47. 


6.0714. 


^ = (90°--Zf) = 21°8'. 


B=(90°-^) = 52°4'. 


8in^ = ^. 
c 


C06^=^. . 

c 


log c = log a + colog sin A. 


6 = ccos-4. 


loga= 1.86332 


6 

C = 7 • 


colog sin ^ = 0.44305 


cos^ 


log c= 2.30637 


log c = log 6 + colog COS A , 


c = 202.47. 
h 


log 6=0.00206 
cologcos^ = 0.10307 


8inJ5 = -- 
c 


log c = 0.70513 


log 6 = log c + log sin B. 


c= 6.0714. 


log c = 2.30637 


a = 6tan^. 
log a = log6 + log tan A, 
log 6 = 0.60206 


log sin B = 9.96976 

log 6 = 2.27613 

6=188.86. 


19. Given a = 2. 189, B = 45° 25' ; 


log tan^ = 9.89177 


required ^ = 44° 35', 6 = 2,2211, 


log a = 0.49383 


c = 3.1185. 

^ = 90° -45° 25' 


a = 3.1176. 


= 44° 35'. 


21 Given c = 8590, a = 4476 ; 


8in^ = ^. 
c 


required A = 31° 24', B = 58° 36', 
6=7332.8. 


r- ^ . 


Sin ^ = - • 
, c 


^"sin^ 


log c = log a + colog sin A. 


log sin ^ = log a + colog c . 


log a = 0.34025 


log a = 3.65089 


colog 8in^ = 6.16370 


colog c = 6.06001 - 10 


log c = 0.49395 


logsin^ = 9.71690- 10 


c = 3.1185. 


A = 31° 24'. 


. 6 
cos-4 = -• 


.-. 2^=58° 36'. 

cot^ = ^. 
a 


c 
6 = c cos A. 


log 6 = log c + log cos^. 


log 6 = log a -f log cot -4. 


log c = 0.40395 


log a = 3.65089 


log cos ^ = 9.85262 


log cot^ = 0.21438 


log 6 = 0.34657 


log 6 = 3.86527 


6 = 2.2211. 


6 = 7332.8. 
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22. Given c = 86.53, a = 71.78 ; 
required -4 = 66° 3', B = 33° 67', 
6=48.324. 



log sin -4 = log a + colog c. 

log a: 
colog c : 

log sin yl = 9.91883 -10 



: 1.86600 

: 8.06283 - 10 



A- 

\ogb- 

\oga- 
log cot A - 

log 6 = 
b-- 



66° 3'. 

33° 67'. 

log a+ log cot ^. 

: 1.86600 
9.82817 



: 1.68417 
: 48.324. 



23. Given c = 9.35, a = 8.49 ; re- 
quired ^ = 66° 14', 2>' = 24° 46', 
b = 3.917. 



smA = -' 
c 



colog c = 9.02919 -10 
log a = 0.92891 

log sin A = 9.96810 - 10 

A = 65° 14'. 

.-. B = 24° 46'. 

. b 
cos A = -' 
c 

6= ccos^. 

log c = 0.97081 ' 
log cos A = 9.62214 

log & = 0.69295 
b = 3.917. 



24. Given c = 2194, b = 1312.7 ; 
required ^ = 63° 16', i^=36°45', 
a = 1768. 

. 6 
cos^ = -• 
c 

log 6 = 3.11816 
colog c = 6.66876 - 10 

log cos ^ = 9.77092 - 10 

A = 53° 15'. 
£=(90°-^) 
= 36° 45'. 

A « 

sm -4 = - • 
c 

a = csin^. 

log c = 3.34124 
log sin ^ = 9.90377 

log a = 3.24501 

a =1758. 

25. Given c = 30.69, 6 = 18.266 ; 

required ^ = 63° 30', B = 36°30', 

a = 24.67. 

. 6 
cos A = -' 
c 

log cos ^ = log 6 + colog c. 

log 6= 1.26140 
cologc = 8.51300— 10 

log cos A = 9.77440 — 10 

A = 63° 30'. 
.-. Z? = 36°30'. 

a 

tan ^ = r • 



log a = log tan A + log b, 

log tan ^ = 0.13079 
log b = 1.26140 

log a = 1.39219 

a =24.671. 
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26. Given a = 38.313, b = 19.522 ; 
required A = 63°, B = 27°, c = 43. 



log tan ^ = log a + colog h. 

\oga= 1.58336 
colog 6= 8.70948-10 

log tan ^ = 10.29283 - 10 

A = 63°. 
.-. B = 27°. 

sin ^ = - • 
c 

log c = log a + colog sin A. 

log a =1.58335 
colog sin^ = 0.05012 

log c = 1.63347 
c = 43. 



27. Given a 

required A — 
c=15. 

tan^ = 

loga = 
colog b = 

log tan A - 

A- 

.-. B- 

BinA - 

a- 

c- 

\oga- 
colog sin A - 

log c- 
c- 



= 1.2291,6 
4° 42', B = 

— 9l 
~ b' 

0.08959 
8.82536- 



8.91495 - 
: 4° 42'. 
: 85° 18'. 

a 

c 

■ csln^. 
a 

sin^ 
: 0.08959 
: 1.08651 

: 1.17610 
15. 



= 14.950 ; 
: 85° 18', 



10 
-10 



28. Given a = 415.38, b = 62.080; 
required A = 81° 30', 1^ = 8° S(K, 
c = 420. 

tan^=^- 

loga= 2.61846 
colog 6 = 8.207 05 — 10 
log tan ^ = 10.8255() - 10 
A = 81° 30'. 
... B= 8° 30'. 

• A ^ 

sin A = — 
c 

a = c sin A, 

a 
sin A 
log a = 2.61845 
colog sin -4 = 0.00480 
log c = 2.62325 
c = 420. 

29. Given a = 13.690, 6 = 16.926; 
required A = 38° 58', B = 51° 2', 
c = 21.77. 

A -^ 
tan A =-r' 



log tan ^ = log a + colog b. 
loga= 1.13640 
colog 6 = 8.77144 -1 
log tan yl = 9.90784 -10 
A = .38° 58'. 
.-. B = 51° 2'. 

• A —^ 

Bin A = -' 



sin A 

log c = log a + colog sin A 

log a =1.13040 

colog sin A = 0.20144 

log c = 1.33784 

c = 21.709. 
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30. Given c = 91.92, a =2.19; 
required A = r 22', B = 88° 38% 
6 = 91.894. 

c 
log sin ^ = log a + colog c. 
log a = 0.34044 
colog c = 8.03C59 — 10 
log sin A = 8.37703 - 10 
' ^ = 1° 22'. 
B = 88° 38'. 

COB -4 = - • 
c 

6 = c COS ^. 

log 6 = log c 4- log cos A. 

log c = 1.90341 

log cos A = 9. 99988 

log b = 1.90329 

6 = 91.894. 

31. Compute the unknown parts 
and also the area, having given 
a =6, 6=6. 

tan A = Y' 
6 

log tan -4 = log a + colog 6. 

log a = 0.69897 

colog 6 = 9.2 2185-10 

log tan A = 9.92082 - 10 

A = 39° 48'. 

B=60°12'. 

sin j4 = - • 
c 



sm A 
log c = log a + colog sin A. 
log a = 0.69897 
colog sin A = 0.19376 
log c = 0.89272 
c = 7.8112 



32. Compute the unknown parts 
and also the area, having given 
a = 0.615, c = 70. 

• A « 

sm -d. = - • 
c 

log sin -A = log a + colog c. 

log a = 9.78888 -10 

colog c = 8.15490—10 

log sin ^ = 7.94378 - 10 

^ = 30' 12". 
B = 89° 29^ 48". 



l,=:^J(C'^a){c-a) 



log6 = 



log (c -f g) + l og (c — g) 



log (c+g) = 1.84890 
log(c"-g) = 1.84126 
log6 = 1.84608 
6 = 69.997 
F=ig6. 

log g = 9.78888 -10 
log6= 1.84608 
colog 2 = 9.69897 — 10 
log F = 1.33293 
F= 21.625. 

33. Compute the unknown parts 
and also the area, having given 

b = ^, c = V3. 

\^= 1.26991. 
V3= 1.73205. 

cos ^ = - • 
c 

log COS ^ = log 6 + colog c. 

log 6 = 0.10034 

colog c = 9.76144- 10 

log cos ^ = 9.86178- 10 

^ = 4.3° 20'. 

B = 46° 40'. 
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Sin -4 = - 

a = 

loga = 

c = 



log sin A 

log a = 0.07504 

a =1.1886. 
F=ia6. 



o 

c 

csin A. 

log c + log sin A, 

0.23856 
9.83648 



log a 
log 6 
colog 2 
log F= 9.87436 -10 



0.07604 
0.10034 
9.69897 - 10 



F= 0.74876. 

34. Compute the unknown parts 
and also the area, having given 
a=7, ^ = 18° 14'. 

J5=71°46'. 

sin A'=--' 
c 



sin A 
log c = log a + colog sin A. 

log a = 0.84510 

colog sin A = 0.50461 

log c = 1.34971 

c = 22.372. 
tan^ = r* 



b = : 



tan^ 
log 6 = log a 4- colog tan A. 

log a = 0.84610 

colog tan -4 = 0.48224 — 10 

log 6 = 1.32734 

6 = 21.249. 
F=iab. 



log a = 0.84610 

log b = 1.327JJ4 

colog2 = 9.69897 -10 

log F= 1.87141 

F= 74.371. 

35. Compute the unknown parts 

and also the area, having given 

6=12, ^ = 29° 8'. 

^ = 29° 8'. 

.-. B = 60° 62'. 

. b 
COB-4 =-• 



cos^ 

log c = log 6 + colog cos il. 

log 6= 1.07918 

colog cos A = 0.06874 

log c= 1.13792 

c= 13.738. 

8in-4 = -• 
c 

a = c sin ^. 

log a = log c + log sin A. 

-log c= 1.13792 

log sin ^ = 9.68739 

log a = 0.82631 

a = 6.6882. 

F=idb. 
log F = log a+ log 6 4- colog 2. 
log a = 0.82531 
log 6 =1.07918 
colog 2 = 9.69897 - 10 
log F= 1.60346 

F=40.129. 

36. Compute the unknown parts 
and also the area, having given 
c = 68, ^ = 69° 54'. 
A = 69° 54'. 
.-. B = 20° 6'. 
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C 




log a = 1.28781 1 
log 6 = 1.27365 ' 


a = csmA, 




colog2 = 9.69897 -10 


loga = logc-f log sin 


A, 


log F= 2.26043 


log c = l.a3261 




F= 182.16. 


log sin ^ = 0.97271 






log a =1.80622 




38. Compute the unknown parts 


a = 63.869. 




and also the area, having given 


. b 
cobA = -- 
c 




a = 47, J5 = 48°49'. 

A = 41° ir. 


b = ccos^. 




6= acot^. 


log b= logc-f logcofi 


\A. 


log 6 = log a -f log cot ^. 


log c= 1.83261 




loga= 1.07210 


log co8^ = 9.53013 




log cot^ = 10.05803 


log b = 1.30804 




log 6= 1.73013 


6 = 23.369. 




6 = 63.719. 


F=i(ib, 




a 


log a =1.80622 




^~BmA 


log 6= 1.30864 




log c = log a -f colog sin A . 


colog 2 = 9.09897 - 10 




log a = 1.67210 


log F= 2.87283 




colog sin^ = 0.18146 


J?' =740.16. 




log c= 1.86356 
c= 71.377. 


37. Compute the unknown parts 


F=iab. 


and also the area, having 
c=27, J5=44°4'. . 


given 


log a =1.67210 
log 6= 1.73013 


A = 45° 66'. 




colog 2 = 9.09897 — 10 


a=csin^, 




log F= 3.10120 


log a = log c + log sin 


A. 


F= 1262.4. 


log c = 1.43136 






log sin ^1 = 9.85646 




39. Compute the unknown parts 


log a = 1.28781 




and also the area, having given 


a = 19.40. 




6 = 9, J5 = 34° 44'. 


b = c cos A. 




A = 56° 16'. 


log 6 = log c -f log cos A. 


a= 6tan^. 


log c = 1.43136 




log a = log 6 -f log tan A, 


log cos 4 = 9.84229 




log 6 = 0.96424 


log 6 =1.27365 




log tan ^ = 10.15908 


6=18.778. 




loga= 1.11332 


F=iab. 




a = 12.981. 
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log c = loga 4- cologsin A. 

\o%a- 1.11332 

colog sin A = 0.08523 

log c= 1.19855 

c = 15.7i)6 

log a =1.11332 
log b = 0.95424 
colog 2 = ?^0897_-3^1 () 
log F= 1.70053 

F= 58.410. 

40. Compute the unknown parts 
and also the area, having given 
c= 8.462, J5=80°4'. 

^=.3° 56'. 
a= c sin A. 
-log a = log c + log sni A. 

log c = 0.92747 
log sin A = 8.8.3630— 10 
log a = 9.76377 -10 

a = 0. .58346. 

: C cos A. 

: log C + log COS A. 

■ 0.92747 
: 9.99898 



h- 
log b- 

log c- 
log cos A ■■ 
log 6 = 

6 = 

F = 



log a: 

log 6: 
colog 2 : 
10gF=: 

F = 



0.92645 
8.442. 
iab. 
9.76.377 - 



•10 



0.92645 
9.69897 - 10 
0.38919 

2.4501. 



41. Find the value of F 


in terms 


of c and A. 






F = 


lab. 




sin A = 


a 
c 




a = 


c sin A, 




cos ^ = 


h 
c 




6 = 


c cos ii . 




Substitute, 






F = 


\ab 






I (r^ sin A 


cos y) ). 



42. Find the value of F in terms 
of a and yl. 

F= 5 ah. 

cot ^ = - • 
rt 

6 = a cot A . 

Substitute, 

F= 5 ab 

- }, (a2 cot A). 

43. Find the value of F in terms 
of b and ^. 

F=ia6. 

tan A = -• 
b 

a = b tan A. 

Substitute, 

F= I ab. 

= KbnanA). 

44. Find the value of F in tenns 
of a and c. 

F=la6 

62 = c2 - a2. 



6 = Vc2 — a2. 



Substitute, 



F= i(aVc2-a2). 
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45. Given F= 58, a= 10; Bolve 
the triangle. 

a 
log 6 = log 2 F+ colog a 



log2F = 
colog a = 
log b = 1.06446 



2.06446 
9.00000-10 



6 = 
tana = 

log tan A = 



11.6. 

a 

b' 

log a 4- colog 6. 



1.00000 
8.93564 - 10 



log a 

colog b 

log Un -4 = 9.93664 — 10 



A 
B 



- 40° 45' 48". 
= 49° 14' 12". 
a 



sm A 
log c = log a -f colog sin il. 



log a: 
colog sin A ■ 

log C : 



= 1.00000 
= 0.18513 
= 1.18613 

= 15.315. 



46. Given F= 18, 6 = 5; solve 
the triangle. 

2F 

log a = log 2 F+ colog 6. 

log 2 F= 1.56030 
colog b = 9.30103 - 10 
log a = 0.86733 

a =7.2. 



tan^=^- 
log tan -4 = log a -f colog &. 



loga = 
colog b - 



0.85733 
9.30103-10 



log tan ^ = 10.15836 — 10 



A' 
B- 

c- 

lOg C: 

loga = 
colog sin A - 

log c = 



: 65° 13' 20". 
= 34° 46' 40". 
a 

z » 

sin A 
: log a + colog sin A. 

■ 0.85733 
= 0.08646 

= 0.94279 
= 8.7668. 



47. Given F=12, A = 29°; solve 
the triangle. 

J5=61°. 
F= Jo6=12. 
a6=24. 
24 



tan A = 

tan 29° = 

62 = 



6 
24 

6'^' 



24 



tan 29° 
log 6 = i (log 24 -f colog tan 29°). 

log 24 = 1.38021 

colog Un 29° = 0.26625 

2 ) 1.63646 

log 6 = 0.81823 

6 = 6.58. 
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tan 29° = ^- 






log 6= i(log 378.25). 
= 1.28889. 


a = 6tan29o. 




6 = 19.449. 


log a = log 6 -f log tan 29°. 


^ 6 
C08-4 =-• 


log h = 0.81823 




c 


log tan 29° =9.74375 




log COB A = log 6 + colog c. 


log a = 0.56198 




log 6 =1.28889 


a = 3.6474. 




colog c = 8.65758 


n. 




log co8^ = 9.94647 


sm4 = -- 

c 




A = 27° 52'. 


a 




2J = 62° 8'. 


^"" sin 29°* 


8in^=^- 


log c = loga+colog8in29°. 


c 
a = camA. 


log a = 0.56198 




log a = log c -f log sin A. 


colog sin 29° = 0.31443 




log c = 1.34242 


log c = 0.87641 




log sin^ = 9.66970 


c= 7.5233. 




log a = 1.01212 
a =10.283. 


48. Given F = 100, c = 22; 


solve 




the triangle. 




49. Find the angles of a right 




triangle if the hypotenuse is equal 


J7'=^a6 = 100. 




to three times one of the legs. 


oft = 200. 






200 




Let c = hypotenuse, 


„ 40000 




and let c = three times a, one 




of the legs. 


^'= 6^ • 




sin^ = ^. 


a2 + 62 = c2 = 484. 




log sin ^ = log a + colog c. 


Sabstitute, 




log a = 0.00000 


^^ + 52 = 484. 




colog c = 9.52288 -10 
log sin .4 = 9.52288 


40000 + 6* = 484 62. 




A = 19° 28' 17". 


¥ - 484 62 = _ 40000. 




J5=70°3r43". 


6*--() + (242)2 =18564. 






logVl8564 = i(4.268G7) 




50. Find the legs of a right tri- 


= 2.13434; 




angle if the hypotenuse = 0, and 


but 2.13434 = log 136.26. 




one angle is twice the other. 


.-. 62 - 242 = 136.26. 




Let c = hypotenuse = 6, 


6-2 = 378.25. 




and let B = twice A ; 
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tlicn n = 00°, 

^=30°. 

Bin yl = - • 

c 

a= csin^. 
log a = log c •+ log ^n A, 

log c = 0.77815 
log sin yl =0.00807 

log a = 0.47712 

a = 3. 

sin /? = - • 

c 

6 = c sin li. 
log 6 = log c + log sin B. 

log c = 0.77816 
log sin B = 0.0;J753 

log 6 = 0.71508 

6=6.1901. 

51. In a right triangle given c, 
and A = nB; find a and 6. 



ij = oo« - 


yl 


= 90°- 


nB. 


J5(n+1) = 90°. 
n+ 1 




cos B = - • 
c 




90° a 
cos —7— = - • 
n+ 1 c 

a = c cos 

sinJ5=-- 
c 


90° 

n+1 


. 90° 6 
sin — -- = -• 
n+ 1 c 




6 = c sin 

1 


90° 

n+ 1 



52. In a right triangle the differ- 
ence between the hypotenuse and 
the greater leg is equal to the differ- 
ence between the two legs ; find the 
angles. 

c — a = a — 6. 
2a-6 = c. (1) 

a2 + 62 = c2. (2) 

Squaring (1), 

4a2-4a6 + 62 = c2 
aa + 6^ = c* 



3a2-4a6 =0 



3a2 = 4a6. 

3a =46. 

46 
a = -7r' 



tan^ = ^ = 3. 



log tan -4 = log 4 + colog 3. 

log 4= 0.00206 
colog 3= 9.52288-10 

log tan ^= 10.12494 

^ = 63° 7' 48". 
B= 36° 62' 12''. 



53. At a horizontal distance of 
120 feet from the foot of a steeple, 
the angle of elevation of the top 
was found to be 60° 30' ; find the 
height of the steeple. 

tan -4 = r * 


a = 6 tan A, 

log a = log 6 -f log tan ^. 

log 6= 2.07918 
log tan ^ = 10.24736 
loga= 2.32654 
a = 212.1. 
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54. From the top of a rock that 
rises vertically 326 feet out of the 
water, the angle of depression of a 
boat was found to be 24° ; find the 
distance of the boat from the foot 
of the rock. 

cot A = -' 
a 

b= a-\- cot A. 

log 6 = log a + log cot A, 

\oga= 2.51322 

log cot A = 10.35142 

log b = 2.86464 

b = 732.22. V 

55. How far is a monument, in 
a level plain, from the eye, if the 
height of the monument is 200 feet 
and the angle of elevation of the 
top 3^^ 30'. 

cot A = -• 
a 

b= acot^. 

log 6 = log a + log cot A. 

log a = 2.30103 

log cot^= 1.21351 

log 6=3.51464 

b = 3270. 

56. In order to find the breadth 
of a river a distance AB was meas- 
ured along the bank, the point A 
being directly opposite a tree C on 
the other side. The angle ABC was 
also measured. If AB = 96 feet, 
and ABC = 21° 14', find the breadth 
of the river. 

IiABC = 45°, what would be the 
breadth of the river ? 

iAjiB = AC-rAB. 
AC=ABX tsLnB. 



log AC = log AB^ log tan B. 
log AB= 1.98227 
log tan Z^ = 0.68044 
log^C= 1.67171 
^C = 37.3 feet 



log^C = log^2^+ log tan B. 
log AB= 1.98227 
log tan B = 10.00000 
log^C= 1.98227 
^C = 96 feet. 

57. Find the angle of elevation 
of the sun when a tower a feet high 
casts a horizontal shadow b feet long. 
Find the angle when a= 120, 6= 70. 

a 

b' 

120 



tan -4 = : 



tan A = 



70 



log tan A = log 120 + colog 70. 

log 120 = 2.07918 
colog 70 = 8.1549 0-10 
log tan A = 10.23408 

^ = 59° 44' 35". 

58. How high is a tree that casts 
a horizontal shadow b feet in length 
when the angle of elevation of the 
sun is A° ? Find the height of the 
tree when b = 80°, A = 60°. 

tan A = rr- 



a = 6 tan -4. 
log a = log 6 + log tan A. 
log b = 1.90309 
log tan ^ = 10.07619 
log a =1.97928 

a =05.34. 
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59. What is the angle of eleva- 
tion of an inclined plane if it rises 
1 foot in a horizontal distance of 40 
feet? 

tan^ = T-' 



log tan ^ = log a 4- colog b. 

log a = 0.00000 
colog 6= 8.39794-10 
log tan ^ = 8.39794 

A = r 25' 66". 

60. A ship is sailing due north- 
east with a velocity of 10 miles an 
hour. Find the rate at which she is 
moving due north and also due east. 

Let AB be the direction of the 
vessel, and equal one hour's progress 
= 10 miles. 

AC = distance due east passed 
over in one hour. 

As the direction of the ship is 
northeast, 

A = 45°. 

6= ccos^. 

log 6 = log c + log cos A. 

log c = 1.00000 

log cos ^ = 9.84949 

log b = 0.84949 

6= 7.0712 miles due 
east, and also due north, since 
AP=Aa 

61. In front of a window 20 feet 
high is a flower-bed 6 feet wide. 
How long must a ladder be to reach 
from the edge of the bed to the 
window ? 

tan^ = T* 



log tan A = log 20 -f colog 6. 



log 20= 1.30103 
colog 6 = 9.22185—10 
log tan ^= 10.52288 
A = 7dP 18'. 



c = • 



sin^ 
log c = log 20+ colog sin -4. 

log a = 1.30103 
colog sin A = 0.01871 
log c = 1.31974 
c = 20.88. 

62. A ladder 40 feet long may be 
so placed that itvnll reach a win- 
dow 33 feet high on one side of the 
street, and by turning it over with- 
out moving its foot it will reach a 
window 21 feet high on the other 
side. Find the breadth of the street. 



cos J5 = — 



log 33 = 

colog 40 = 

log cos B - 

2J = 

tan£ = 

6 = 

log 33 = 

log tan B = 

log 6 = 

b- 



cos B'= t;; 

log 21 = 

colog 40 = 

log cos W = 

BT- 



40 
1.51851 
8.39794 - 10 
: 9.91645 - 10 
34° 24' 46". 

b_ 

33* 
: 33 tan £. 

1.51851 

9.83571 . 

1.35422 
: 22.605. 

21 

40* 

1.32222 

8.39794-10 



9.72016 
: 58° lO' 54". 
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tan^=-. 

log 21 = 1.32222 

log tan B^ = 0.20982 

log 6' =1.53204 

b' = 34.044 

h = 22.605 

6 + 6' = 56.649 

63. From the top of a hill the 
angles of depression of two succes- 
sive milestones, on a straight level 
road leading to the hill, are observed 
to be 5° and 15°. Find the height 
of the hill. 




5280 



sm6<» = 



a 

log 5280 
log sin 5° 

log a = 2.66293 



a 
5280* 

5280 sin 5°. 
3.72263 
8.94030 - 10 



sin 10°: 
a: 



a 
c 
' c sm 10°. 

^^ sin 10°* 

log a = 2.66293 

colog sin 10° = 0.76033 

log c = 3.42326 

cos 75° = -- 
c 

6 = c cos 75°. 



log c = 3.42326 

log cos 75° = 0.41300-10 

log 6=2.83620 

6 = 685.9 feet 
= 228.63 yards. 

64. A fort stands on a horizontal 
plane. The angle of elevation at a 
certain pouit on the plane is 30°, 
and at a point 100 feet nearer the 
fort it has 45°. How high is the 
fort? 

B 




A 100 ft. A' 



Let B represent the fort, A C the 
horizontal plane, BC a ± from fort 
to plane. 

BAC = angle made by line from 
eye of observer = 30°. 

BA'C = 45° = angle of elevation 
100 feet nearer. 
From A' draw A'N ± to AB, 
In rt. A AA'N, 
L NAA' = 30°, 
and Z NA'A = 60° 

.-. NA' = 50 feet. 
.-. ^JV = V(100)2-(50)a 
= V7600 = 50V3 
= 86.602. 
In rt. A BNA% 

^ = cot NBA'- cot 15°, 

NA' 



48 



TRIGONOMETRY. 



and 



BN =NA' cot W, 



\oeNA'= 1.00897 

log cot 15° = 0.57105 

log BN = 2.27i)d2 

BN ^ISQ.OO 
AN= 86.60 
AB = 273.20 

In rt. A ^BC, 
IBAC=S0°, 
and Z^^^C^OO^. 

.'.BC=iAB=iX 273.20 
= 136.60 feet. 

65. From a certain point on the 
ground the angles of elevation of 
the belfry of a church and of the top 
of a steeple were found to be 40° 
and 51° respectively. From a point 
300 feet farther off, on a horizontal 
line, the angle of elevation of the 
top of the steeple is found to be 
33° 45.'. Find the distance from 
the belfry to the top of the steeple. 

A 



log 300 = 2.47712 

log sin 38° 45' = 9^4474 

log ED = 2.22186 

I EAD=1S(P- 33° 45' - (180° 
- 51°) = 17° 15'. 

In A ^^^, 

ED_ 
AD 

AD = 



sin 17° 15'. 

ED 

sin 17° 15'' 



log ^/) = 2.22186 

colog sin 17° 15' = 0.52791 

log ^2) = 2.74977 




~ 300 ft. D G 

Draw DE ± to ^J5 from D. 

In A BED, 

^ = sin 33° 45'. 
BD 

ED = 300 X sin 33° 45'. 



In A -iDC, 

DC _ 
AD~ 
DC-- 



cos 61°. 
: AD cos 61° 



log ^D= 2.74977 

log cos 51° = 9.79887 

log DC = 2.54864 



In A ADC, 

AC ^ 
DC 
AC = 

log DC = 

log tan 51° = 

log^C = 

AC = 

In A FDC, 

FC_ 
DC' 
FC- 

log DC -- 

log tan 40° = 

log FC -- 

FC-- 
AC-FC- 



tan 61°. 

: DC tan 61°. 

: 2.54864 

: 10.09103 — 10 

: 2.64027 

436.79. 

: tan 40°. 

: DC tan 40°. 

: 2.54864 
= 9.92381 
: 2.47246 

: 296.79. 
= 140. 
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66. The angle of elevation of the 
top of an inaccessible fort C, ob- 
served from a point A, is 12°. At 
a point J5, 219 feet from A and on 
a line AB perpendicular to AC, the 
angle ABC is 61° 45'. Find the 
height of the fort. 




In rt. A CAB^ 
AB 
AC" 

..AC = 



log AC = log AB 

log AB = 

colog cot ABC = 

log AC = 2.61021 

In rt. A ADC, 
CD 
AC 
CD^ 
log CD = log AC 
log AC = 
log sin CAD = 
log CD = 
CD = 



-cot ABC, 

AB 
"cot ABC' 
-f colog cot A ^C 
= 2.a4(H4 
= 0.26977 



■TTi = sin CAD, 

AC sin CAD. 
+ log sin CAD. 
2.61021 
9.3178 8 - 10 
1.92809 
84.74 feet 



1. In an isosceles triangle, given 
a and A ; find C, c, h. 

C=180°-2A 

= 2 (90°- A). 

— = cos A. 
a 

c = 2a cos A. 

^ . A 

- = sm A. 
a 

h= aainA. 



2. In an isosceles triangle, given 
a and C ; find A, c, h. 

C + 2A = 180°. 

^ = 90°-|C.' 

— = cos A. 



Exercise X. Page 32 
h 



c = 2a cos A. 



= sin A. 

a 

A = a sin A. 

3. In an isosceles triangle, given 
c and A ; find C, a, A. 

C=180°-2A 

= 2 (00° -A). 

— = cos A. 
a 

2a = 



a = 



cos A 

c 
2 cos A 



-= sm A. 

I 

i = asinA. 
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4. In an isosceles triangle, given 
c and C; find A, a, h, 

A^WP-iC. 

^— = cos^, 
a 



2co8^ 



- = sin A, 
a 

h = asin^. 



5. In an isosceles triangle, given 
h and A ; find C, a, c. 



C=2(90°-^). 



sin^ = - 



a = 



sin A 



.ice 

cos il = ^^ = r— • 

a 2a 
.-. c = 2a cos -4. 



6. In an isosceles triangle, given 
h and C ; find A, a, c. 

^ = 90°-iC. 
h 



sin 


A 


a 




••• 


a 


h 

sin^ 


• 


cos 


A 


a 


c 
2a 


,», 


c 


= 2 a cos 


^. 



7. In an isosceles triangle, given 
a and h ; find A^ C, c, 

BmA = h-ra. 

C=2(90<>-^). 

cos A = — = r— • 
a 2a 

.-. c = 2 acos^. 



8. In an isosceles triangle, given 
c and h ; find A, C, a. 

tan -4 = 7-- 



sin A = 



= 2(90°-^). 



sin A 

9. In an isosceles triangle, given 
a = 14.3, c = 11 ; find ^, C, A. 

cos ^ = ^— • 
a 

log cos ^ = log i c + colog a, 

log ic= 0.74036 

colog a = 8.84466—10 

log cos^ = 9.68602 — 10 

A = 67° 22' 60". 

C=2(90°-^) 

= 46° 14' 20". 

• A ^ 
Bin A = - • 

a 
A = a sin A. 
log A = log a + log sin A, 
log a =1.15634 
log sin A = 9.96524 
log A =1.12058 
h = 13.2. 

10. In an isosceles triangle, given 
a = 0.296, A = 68° 10'; find c, h, F. 

sin ^ = - • 
a 

h = asm A, 
log A = log a + log sin A. 
log a =9.46982 -10 
log sin A = 9.96767 - 10 
logA= 9.43749 — 10 

A =0.27384. 
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COS -4 = — • 
a 

ic= acos^. 

log i c = log a + log cos ^. 

log a =9.46982-10 

log cos A = 9.67044 — 1 

logic = 9.04026- 10 

ic = 0.109713. 
c = 0.21943. 

F=\ch. 
2F=ch, 
log 2 F = logc + log h, 

log c = 9.34130 - 10 
log h = 9.43749-10 
log 2 F= 8.77879- 10 

2 F= 0.060089. 
F= 0.03004. 



11. In an 
c= 2.352, C 

siniC 



log a 



logic 
cologsin^C 

log a =0.31281 



isosceles triangle, given 
= 69° 49'; find rt, h, F. 

= 34° 54' 30''. 

a 

sin^ C 
= log I c+ colog sin i C. 

= 0.07041 
= 0.24240 



cosiC 

h 
\ogh 

log a 

log cos i C 

log A 

h 



= 2.0555. 

a 
= a cos i C. 
= loga + log cosiC 

= 0.31281 
= 9.91385 
= 0.22666 

= 1.6852. 



F=icA. 
2F=ch. 
log 2 F = log c 4- log /i. 

logc =0.37144 
log A =0.22«(J6 
log 2 F= 0.59810 

2 F= 3,9637. 
F= 1.9819. 

12. In an isosceles triangle, given 
A = 7.4847, yl = 76° 14'; find a, c, F. 

sin -4 = - • 
a 



log a 

log A 
colog sin A 

log a = 0.88683 

a = 7.706. 



sin A 

log A + colog sin A. 

0.87417 
0.01266 



tan -4 = 



ic = 



A. 



logic 

log A 
colog tan A 

logic = 0.26335 



tan A 

logA + colog tan^. 

0.87417 
9.38918 - 10 



ic-- 
c- 

F = 
logF = 

logic = 
log^ = 
logF = 

F = 



1.8338. 
3.6676. 

log i c + log h, 

0.26335 
0.87417 
1.13752 

13.725. 
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13. Id an wtfu-fU'S triangle, given 
a - 0.71, h = 0.«) ; find A, C, c. 

Bin -4 = - • 
a 

log sin yl = log A + colog a. 

log h = ().Hl«54 

colog a = ». 17328 -^10 

log Kin A = l>.lW»2h2 — 10 

A = 71H ;)«' 30". 

C = 20^ 47'. 

cos A = — • 
a 

}c= a cos A . 

log I c = log a -H log cos yl. 

log a =0.82672 

log cos A = 0.25617— 10 

logic = 0.08281) 

ic= 1.2103. 

c = 2.4200. 

14. In an isosceles triangle, given 
c = 0, A = 20 ; find A, c, a. 

log tan i C = log i c + colog A. 
logic = 0.05321 
colog h = 8.008 07 - 10 
log tan iC= 9.35218 

i C = 12° 40' 40". 
C = 26° 21' 38". 
2A = 180°- C. 
A = 77° 10' 11". 

a 

h 
a = -: — r • 

sni A 
log a = log A + colog sin A. 
log h = 1.30103 
colog sin A = 0.01072 
loga= 1.31175 
a = 20.5. 



sin A 



15. In an Isosceles triangle, given 
c = 147, F= 2672.5 ; find A, C, o, A. 

F=icA. 

c 
log A = log 2 F + colog c. 

log 2 F= 3.71130 
colog c= 7.83268 -10 
log h = 1.54407 
A = 36. 



tan^: 

log tan ^ : 
log A: 

colog i C : 

log tan A •■ 
A- 
C 



log a: 

log A: 

colog sin A ■ 

log a: 

a- 



A^ 

: log A + colog i C. 

: 1.54407 
: 8.13371 -10 
: 9.67778 - 10 
: 25° 28'. 
: 2 (90° - ^) 
: 129° 4'. 

._A 

sin A 

: log A + colog sin A, 
■■ 1.54407 
: 0.36655 
: 1.91062 
: 81.40. 



16. In an isosceles triangle, given 
h = 16.8, F= 43.68 ; find A, C, a, c. 

F=icA. 
F 



ic = 



A 



log i c = log F + colog^. 
log F = 1.64028 
colog h = 8.77469-10 
logic = 0.41497 

ic = 2.60. 
c = 5.2. 
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tan A = 

log tan A = 
]ogh = 
cologne = 
log tan A = 
A- 

ic-- 

C- 

cos A - 
log a : 

log^C: 

colog COS A - 
log a = 



A 

: log A -f colog i C, 

1.22531 
: 9.58503-10 
10.81034 - 10 
8P12' 9". 
8° 47' 51". 
17° 35' 42". 

:i£. 
a 

: log i C + colog COS A . 

: 0.41497 
0.81547 
1.23044 
17. 



17. In an isosceles triangle, find 
the value of F in terms of a and c. 
F=ich. 



»=vKt 



=V'-^ 



-C2 



= iV4a2-( 



F=ic(iV4a2-c2) 
= icV4a2 — c2. 

18. In an isosceles triangle, find 
the value of F in terms of a and C 

F=ich, 
^ c = a sin ^ C 
A = a cos i C 
F = a sin i C X a cosi C. 
= a^sin i C cos i C. 

19. In an isosceles triangle, find 
the value of F in terms of a and A. 

F =ich. 
ic = a cos A, 



A = a sin A. 
F = a COS ^ X a sin yl 
= a^sin A cob A. 

20. In an isosceles triangle, find 
the value of F in terms of h and C. 

F=ich., 
i c = A tan i C. 
F=h{hX&niC) 
= A2UniC. 

21. A bam is 40 X 80 feet, the 
pitch of the roof is 45°; find the 
length of the rafters and the area 
of both sides of the roof. 

40-r2 = 20 = ic. 

A ic 20 
cos A = ^^ = — ' 
a a 

20 = a cos A, 

20 
a= T- 

cos A 

log a = log 20 + colog cos A. 

log 20 = 1.30103 

colog COS A = 0.15051 

log a =1.45154 

a = 28.284. 
28.284 X 80 = 2262.72. 
2262.72 X 2 = 4526.44. 

22. In a unit circle, what is the 
length of the chord corresponding 
to the angle 45° at the centre ? 



sin^ 



c = i^ 



log i c = log a + log sin i C. 
log a = 0.00000 
log sin i C = 9.58284—10 
logic =9.58284-10 
i c = 0.382683. 
c = 0.76537. 
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23. If the radius of a circle = 30, 
and the length of a ch5rd = 44, find 
the angle at the centre. 

8iniC = *-- 
a 

log Bin i C = log i c + colog a. 

log i c = 1,.34242 

colog a = 8.5228 8—1 

log Bin i C = 9.8(5530 - 10 

i C = 47° 10'. 

C = 94° 20^. 

24. Find the radius of a circle if 
a chord whose length is 5 subtends 
at the centre an angle of 133°. 

siniC=i^- 
a 

log a = log i c + colog sin ^ C 

log! c = 0.39794 

colog sin iC = 0.03760 

log a = 0.43554 

a =2.7261. 

25. What is the angle at the cen- 
tre of a circle if the corresponding 
chord is equal to f of the radius ? 



Let a = 3, then c = 2, and ic = 1. 

8iniC = |- 

log sin 4^ C = log 1 + colog 3. 
log 1 = 0.00000 
colog 3 = 9.52288 -10 
log sin i C = 9.52288 - 10 
i C = 19° 28' 17". 
C= 38° 66' 33". 

26. Find the area of a circular 
sector if the radius of the circle =12 
and the angle of the sector = 30°. 

Area = leR^. 

SOwRs 



Area sector = 



300 



log area sector = log 30 -f colog 

360 4- log w + 2 log R. 

log 30 =1.47712 

colog 360 = 7.44370 - 10 

logJT =0.49715 

21ogB = 2.15836 

log area = 1.57633 

Area = 37.699. 



Exercise XI. Page 34. 



1. In a regular polygon, given 
n = 10, c = 1 ; find r, h, F. 

ic = 0.5. 
A = 72°. 
h = ic tan A. 
log ^ = logic + log tan A. 
logic= 9.69897-10 
log tan ^ = 10.48822 - 10 
log^ = 0.18719 
A =1.5388. 



log r = log i c + colog cos A, 

logic = 9.69897 -10 

colog cos -4 = 0.51002 

logr =0.20899 

r= 1.618. 
F=ihp. 



\ogh 
logp 



= 0.18719 
= 1.00000 



log2F= 1.18719 

2F= 15.388. 
F= 7.694. 
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2. In a regular polygon, given 
n = 12, p = 70 J find r, h, F. 

iC= 15° 
A = 76°. 

c = 70 -r 12 = 6.833. 
ic = 2.917. 

h = ic tan A, 

logic= 0.46494 
log tan ^ = 10.67196 
log A = 1.03689 
h = 10.886. 
r = ^c co8^. 
log ^ c = 0.46494 
colog cos ^ = 0.68700 
logr =1.06194 
r= 11.269 
F=ihp. 
log A =1.03689 
logp = 1.84610 
log2F= 2.88199 
2F= 762.07. 
F= 381.04. 

3. In a regular polygon, given 
71 = 18, r = 1 ; find h, p, F. 

iC= 10°. 
A = 80°. 
A = r sin ^. 
logr =0.00000 
log sin A = 9.99336 - 10 
log A =9.99336-10 
h = 0.9848. 
ic = r cos A, 
logr =0.00000 
log cos ^ = 9.23967 — 10 
logic = 9.23967 -10 

ic = 0.17366. 
p = 6.2514. 



F=ihp. 
log A =9.99a%-10 

log J) = 0. 79598 

log2F= 0.78933 
2F= 6.1564. 

F= 3.0782. 

4. In a regular polygon, given 
n = 20, r = 20 ; find A, c, F, 

iC= 9°. 
A = 81° 
A = r sin A, 
logr =1.30103 
log sin ^ = 9.99462 — 10 
log h = 1.29666' 
A =19.764. 
ic = r cos A, 
logr =1.30103 
log cos ^ = 9. 19433 -10 
log I c = 0.49536 
ic = 3.1286. 
c = 6.257. 
p= 125.14. 
F=ihp. 
logh =1.29665 
logp =2^09740 
log2F= 3.39305 
2F=2472 
F= 1236. 

5. In a regular polygon, given 
n = 8, /t = 1 ; find r, c, F. 

iC=22°30'. 

n 
log ic = log A 4- log tan | C. 
\ogh =0.00000 
log tan i C = 9.6172 2-10 
logic = 9.61722 — 10 
ic = 0.41421. 
c = 0.82842. 
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C08iC=-- 

r 
log r = log A +cologco8 i C. 

log A =0.00000 

cologcoB i C = 0.03438 

logr =0.03438 

r = 1.0824. 

F=ihp 
= 3.3137. 

6. In a regular polygon, given 
n=ll, F=20; findr, A, c. 



COBiC = 



h 



2F = 


:ph. 




40 = 


■ph. 




c = 


■S' 




h- 


40^ 

P 




iC = 


16° 


22' 


iC = 


h 





log A = log r + log cos i^ C, 

log r = 0.41384 

log cos i C = 9.98204 

log h = 0.39688 

k = 2.4882. 

7. In a regular polygon, given 
n=7, F=7; find r, A, p. 
U = ph. 

P 
iC=26°43'. 



Substituting values of A and c, 

taniC = ^-^=-^. 
22 p 880 

logp = i (log 880 + log tan i C). 

log 880= 2.94448 
log tan i C = 9.4678 8- 10 
2)2.4123 
logi)= 1.20618 

p= 16.076. 
c = 1.4615. 

siniC = t^- 

r 

log r = log 4^ c + colog sin i C. 

logic = 9.86376- 10 
colog sin i C = 0.55008 
log r = 0.41384 

r = 2.592. 



taniC = 

taniC=,^--l*=^. 
14 p 196 

log P = i (log 196 + log tan i C). 

log 196 = 2.29226 

log tan i C = 9.68271 — 10 

2 )1.97497 

logp = 0.98749 

P = 9.716 

ic = 0.694. 

taniC=t^- 
n 

log h = \ogic + colog tan i C. 

logic =9.84136 -10 
colog tan i C = 0.31729 
log A =0.15865 
h = 1.441. 

sini(7=i^- 

r 

log r = log i c + cologsin i C, 

logic = 9.841.36— 10 
colog siniC= 0.€ 



log r = 0.20395 
r= 1.5994. 
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8. Find the side of a regular 
decagon inscribed in a unit circle. 

r 
logc = log 2 + log sin i C. 
log2 = 0.30103 * 
log sin i C = 9.48998 

log c = 9.79101 - 10 
c = 0.6181. 

9. Find the side of a regular 
decagon circumscribed about a unit 
circle. 

iC'=18°. 

taniC = i;^- 

log i c = log h + log tan \ C. 
log A =0.00000 
log tan i C = 9.51178 

logic = 9.61178 -10 

ic= 0.32492. 

c = 0.64984. 

10. If the side of an inscribed 
regular hexagon is equal to 1, find 
the side of an inscribed regular 
dodecagon. 

Let O be the centre of the circle, 
BC a side of the hexagon, and BA 
a side of the dodecagon. Also let 
OJD be J_ to BA, 
Then 0B=BC=1. 

L BOD = 16°. 
In rt. A ODB, 
sin BOD =iAB^ OB 

AB = 20BX sin BOD. 
log AB = log 2^0B + log sin BOD. 
log 2 OB = 0.30103 
log sin 15° = 9.41300 
log AB = 9.71403 - 10 
^5=0.51764. 



11. Given n and r, and let 6 
denote the side of the in8<Tibed 
regular polygon having 2 n sides ; 
find 6 in terms of n and r. 

Let O be the centre of the circle, 
BC the side of the polygon having; 
n sides, BA the side of the polygon 
having 2 n sides. Then OA is J. to 
BC at its middle point D. 

^BOA = ^='-^. 
2n n 



L OBC = 90° - 



180° 



The A BOA is isosceles. 
90° 



= 90°-- 



LABC^ L OBA- 


-Z OBC 


=(—'?)-(— ^ 


_90f 




n 




ic 90° 

—- = cos 

b n 




.-. i c = 6 cos — 
n 




Whence, 

;>- *' - 
^ ~ 90° ~ 
cos- - 
n 


c 


2 cos — 
n 



12. Compute the difference be- 
tween the areas of a regular octa- 
gon and a regular noniigon if the 
perimeter of each is 16. 



ic: 






2n 16 



1QAO 

^ = ^^^^=22°30^ 
n 

log h = log i c + log cot A. 
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logic- 

log cot A - 

log A - 

logi'' = 

log* : 

logip = 
logF = 

F -- 
A'- 

log A' : 

logic': 
log cot A' '■ 

log A' : 

log F' : 

log A' : 
lOgip: 

log F' : 

F' : 

F'-F : 



0.00000 
= 10.38278 - 10 
: 0.38278 

: log A + log ip. 

: 0.38278 
= 0.90309 
: 1.28687 
: 19.3139. 

,-^. = § = 0.8889. 



180° 



= 20*'. 



' log i c' + log cot A'. 
■■ 9.04886-10 
: 10.43898 - 10 
: 0.;]8778 

: logA'+logip. 

: 0.38778 

: o.oasoo 



= 1.29087 

= 19.6377. 

= 19.6377-19.3139 

= 0.2238. 



13. Compute the difference be- 
tween the perimeters of a regular 
pentagon and a regular hexagon if 
the area of each is 12. 



F = 


12, 


n = 


6. 


iC = 


180° 
5 


= 36^ 


> 


F = 


ihp. 






* = 


24. 
P 






ic = 


P _ 
2n 


-P.. 
10 

P 




tan i C = 




10 _ 
24 ~ 


Pi 

240 



log 240 = 
log tan i C = 



240 tan i C. 

2.38021 
: 9.86126-10 



2)2.24147 
logp= 1.12074 



P 



taniC'=~ = 



: 13.205. 

:6, iC'=30° 

It 
1?_ P^ 



P' 

log 288 
log tan i C 



r2z=i 



24 288 

288 tan i C\ 

2.46939 
9.76144 - 10 



2 ) 2.22083 
logi)'= 1.11042 



P"- 
P-P'- 



■ 12.896. 

: 0.310. 



14. From a square whose side is 
equal to 1 the comers are cut away 
so that a regular octagon is left. 
Find the area of this octagon. 

^ = 90°- 22^30' 
= 67° 30'. 

tan-4 = T— • 
\c 



ic = 



h 



tan^ 



log i c = log h Tf- colog tan A, 

log A =9.69897-10 

colog tan ^ = 9.61722 — 10 

logic = 9.31619 — 10 

p = icX 2n = nc. 
F=iph = icX in. 
log F= logic 4- login. 
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logic = 9.31619- 10 
login = 0.60206 
logF =9.91825—10 

F= 0.82842. 

15. Find the area of a regular 
pentagon if its diagonals are each 
equal to 12. 




^AOD = ^^ = m 



^AOC= 180° - 36° = 144°. 
Z^CD=i(180°-144°) 

18°= ICAO, 

90°— Z^OD= 64°. 

54° + 18° = 72° 

AD__i£ 

AC 12 * 
log i c = log 12 + log cos 72°. 

9.48998 
1.07918 



LOAD 
LBAC 

cos BAG = ~^ = ^ 



log cos 72° 
log 12 
logic 



tzuDAO- 
logA = 



logic 
log tan 54° 

log h = 0.70790 



0.56916 
A 

log i c + log tan 54° 

0.56916 
10.13874 — 10 



p = \cx 2n. 
F=ipA = icx nA. 
logF =logic+logn + logA. 
logic = 0.56916 
logn =0.69897 
log A =0.70790 
logF =i.970O3 
F =94.03. 

16. The area of an mscribed reg- 
ular pentagon is ;W1.8; find the 
area of a regular polygon of 11 
sides inscribed in the same cirele. 

Let ^B be a side of a regular in- 
scribed pentagon, and AD the side 
of a regular insciibed polygon of 11 
sides. 

Let R be the radius of the circle 
whose centre is O, and h and h' 
the apothems of the 2 polygons, 
respectively. 

Given F the area of pentagon 
= 331.8. Find F% the area of the 
ll-sided polygon. 

Let p and p' and c and c' repre- 
sent the perimeters and sides of the 
pentagon and the ll-sided polygon, 
respectively. 

F=\ph. 

331.8 = \ph, 

pA= 663.6 

003.6 

P 



h = 



"I 

Z ^0^=36°. 

tan 36° = i;^ = ^ 
h 



10 ^ 663.6 



6636 
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log p2 = log tan 36° +log60.30. 

log 0630 = 3.82191 
log tan 30° = 0. 80120- 10 
logp-^ =3.08317 
logp =1.84169. 

Since | c = j\, of p, 
logic =0.84159. 



-ic 



H 



Bin^AOE = 



log R = log I c 4- colog sin 30°. 

logic =0.84169 

colog sin 30° = 0.2 3078 

log R = 1.07237 

Z^OC=":- =10° 21' 49". 
sin Z^OC = ic'-M?. 

log R = 1.07237 

log sin AOC = 9.44085 — 10 

logic' =6.52222 



tan AOC 



AC 



log h' = log i c'+ colog tan A OC. 
logic' =0.52222 
colog tan AOC=0. 63220 
log A' =1.05442 
F=ip'/i' 
= ic'X 11 X /i'. 



logic' 
log 11 
log /i' 
logF 

F 



= 0.52222 
= 1.04130 
= 1.05442 
= 2.01803 

= 414.90. 



17. The perimeter of an equilat- 
eral triangle is 20 ; find the area of 
the inscribed circle. 




log^B 
log tan 30° 

log r = 0.28432 



0.62288 
9.76144—10 



Area = Ttr^, 



logTt 

logr2 

log area 

Area= 11.636. 



0.49716 
0.66864 
1.06579 



18. The area of a regular poly- 
gon of 16 sides, inscribed in a circle, 
is 100; find the area of a regular 
polygon of 15 sides, inscribed in the 
same circle. 



Let 



,0. = *;=,.. 

AC=h, 

AB=r, 

BC = ic. 

F=ihp. 

100 = i hp. 

, 200 
/i= • 
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p 

32 

p 

p2 = 6400 tan i C. 

log 6400 = 3.80618 
log tan i O = 9.29866 — 10 





2)3.10484 


logp 


= 1.55242 


p 


= 35.68. 


ic 


= 35.68 -r 32 




= 1.115. 


siniC 


_ic_ 1.115 
r r 


log 1.115 


= 0.04727 


colog sin i C 


= 0.70976 


logr 


= 0.75703 


A' 
r 


= cos i C" (12°). 


A' 


= r X cosiC 


logr 


= 0.75703 


log cos i C 


= 9.99040-10 


log A' 


= 0.74743 


r 


= sin i C. 


iC 


= r X sin i C. 


logr 


= 0.75703 


log sin 1 C" 


= 9.31788 


logic' 


= 0.07491 


F 


= 1(5— > 


log F — log 1 c' 4- log n + log h\ 


logic' 


= 0.07491 


log 15 


= 1.17609 


log A' : 


= 0.74743 




1.99843 


F- 


= 99.640. 



19. A regular dodecagon is cir- 
cumscribed about a circle, the cir- 
cumference of which is eciual to 1 ; 
find the perimeter of the dodecagon. 

Given circumference of inscribed 
= 1, n=12; find p. 

2 Ttr = circumference, 
circ. 

tanl5° = *- = ;rc. 
r 

_ tan 15<^ 

^^ 3.1416 ' 

log tan 15° =9.42805 

colog 3. 1416 = 9.50284j- 10 

log c = 8.93089 — 10 

log 12 = 1.07 018 

logp =b;oioo7 

p = 1.0235. 

20. The area of a regular poly- 
gon of 25 sides is equal to 40 ; find 
the area of the ring comprised be- 
tween the circumferences of the 
inscribed and the circumscribed 
circles. 

icA = 1=1.6. 



iC= 7° 12' 
360^ 
2n 



A = ' 



= 7° 12'. 



^ = tan i C, 



A2 = 



tan i C. 

1.6 

tan i C 

log 1.6 = 0.20412 

colog tan i C = 0.89850 

logA-2 =1.10262 

.log A = 0.55131 
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- = COS i C. 
r 

h 



C08^ C 

log A = 0.56131 

colog cos i C = 0.00344 
log r = 0.66476 
logr« =1.10960. 

nr^ = area of circumscribed ©. 



lognr = 0.49716 
log r2 = 1.10950 
logF = 1.60665 

F = 40.426 
log« = 0.49716 
log h^ = 1.10262 
iog7th:^= 1.59977 

Area = 39.790 (inscribed ©). 

40.425-39.790 = 0.636. 



Exercise XII. Page 44. 



1. Construct the functions of an 
angle in Quadrant II. What are 
their signs ? 

Sines and tangents extending up- 
wards from horizontal diameter are 
positive ; downwards, negative. Co- 
sines and cotangents extending from 
vertical diameter towards the right 
are positive ; towards the left, nega- 
tive. Signs of secant and cosecant 
are made to agree with cosine and 
sine, respectively. Hence, 

sin and esc are + 

cos and sec are — 

tan and cot are — 

2. Construct the functions of an 
angle in Quadrant III. What are 
their signs ? 

sin and esc are — 
cos and sec are — 
tan and cot are 4- 

3. Construct the functions of an 
angle in Quadrant IV. What are 
their signs ? 

sin and esc are — 
cos and sec are + 
tan and cot are — 



4. What are the signs of the 
functions of the following angles : 
340°, 239°, 145°, 400°, 700°, 1200°, 
3800°? 

340° is in Quadrant IV. 
sin = — tan = — sec = 4- 

COS = + cot = — CSC = ~ 

239° is in Quadrant III. 
sin = — tan = + sec = — 

cos = — cot = + CSC = — 

145° is in Quadrant II. 

sin = + tan = — sec = — 
cos = — cot = — esc = + 

400° =360° +40°. 
Therefore, 
400° is in Quadrant I. 

sm = + tan = + sec = + 
cos = + cot = + esc = + 

700° = 360° + 340°. 
Therefore, 
700° is in Quadrant IV. 

sin = — tan = — sec = + 
cos = + cot = — esc = — 
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1200° = 3 X 360° 4- 120°. 

Therefore, 
1200° is in Quadrant H. 
sin = + tan = — sec = — 

cos = — cot = — CSC = + 

3800° = Id X 360° 4- 200° 

Therefore, 
3800° is in Quadrant III. 
sin =— tan = 4- sec = — 

CCW = — cot = + CSC = — 

5. How many angles less than 
360° have the value of the sine 
equal to + ^, and in what quad- 
rants do they lie ? 

Since the sine is +, by § 21, the 
angles can lie in but two quadrants, 
the first and second. 

In the first quadrant, by § 4, the 
sine increases from to 1, and in 
the second, decreases from 1 to 0. 
This is a continually increasing and 
decreasing quantity. 

Therefore there can be but one 
angle whose sine is equal to + f in 
each quadrant, the first and second. 

6. How many values less than 
720° can the angle x have if cos x 
= + f , and in what quadrants do 
they lie ? 

720° is twice 360°; hence the 
moving radius will make exactly 2 
complete revolutions. ~ 

The cosine has the + sign in the 
first and fourth quadrants, hence it 
will have four values : two in Quad- 
rant I. and two in Quadrant IV. 



7. If we take into account only 
angles less than 180°, how many 
values can x have if sin x = ^ ? if 
cos X = J ? if cos X = — 5 ? if tan x 
= 1? ifcotx=-7? 

(i.) Sign being +, the angle can 
be in Quadrant I. or II. 

.'. two values, one in Quadrant I. 
and one in Quadrant II. 

(ii.) Sign being +, the angle is in 
Quadrant I. or IV. 

.'. two values, one in Quadrant I. 
and one in Quadrant IV. 

(iii.) Sign being — , the angle can 
be in Quadrant II. or III. 

.*. two values, one in Quadrant II. 
and one in Quadrant III. 

(iv.) Sign being +, tlie angle can 
be in Quadrant I. or III. 

.*. two values, one in Quadrant I. 
and one in Quadrant III. 

(v.) Sign being — , the angle can 
be in Quadrant II. or IV. 

.*. two values, one in Quadrant II. 
and one in Quadrant IV. 

8. Within what limits must the 
angle x lie if cos x = — ? ? if cot x 
=4? if sec x= 80? ifcscx = — 3? 
(x to be less than 3G0°.) 

If cos x= — I, X must lie in the 
second or third quadrant, or be- 
tween 90° and 270°. 

If cot X = 4, X is between 0° and 
90° or l80° and 270°. 

If sec X = 80, X is between 0° and 
90°, or 270° and 360°. 

If CSC X = — 3, X is between 180° 
and 360°. 
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9. In what quadrant does an 
angle lie if sine and cosine are both 
negative ? if coHine and tangent are 
both negative ? if the cotangent is 
lM>sitive and the sine negative ? 

(i.) Sine is negative in Quadrants 
II. and III. ; cosine is negative in 
Quadrants III. and IV. 

.'. angles having both sine and 
cosine negative are in Quadrant III. 

(ii.) Cosine is negative in Quad- 
rants II. and III.; tangent is nega- 
tive in Quadrants II. and IV. 

.'. angles having both cosine and 
tangent negative are in Quadrant II. 

(iii.) Cotangent is positive in 
Quadrants I. and III.; sine is neg- 
ative in quadrants III. and IV. 

.*. angles having cotangent posi- 
tive and sine negative are in Quad- 
rant III. 

10. Between 0° and 3600° how 
many angles are there whose sines 
have the absolute value | ? Of 
these sines how many are positive 
and how many negative ? 

Between 0° and 3600° there are 
10 revolutions, and in each there 
are 4 angles whose sines have the 
absolute value |. .-. there are 40 
angles. The sine is positive in 
Quadrants I. and II., and negative 
in Quadrants III. and IV. .-. there 
are 20 angles with the sine positive, 
and 20 with the sine negative. 

11. In finding cos x b y means o f 
the equation cos x= ±. Vl — sin^a:, 
when must we choose the positive 
sign and when the negative sign ? 



Since cosines only of angles in 
Quadrants I. or IV. are positive, 
we use the sign + only when angle 
X lies within these limits. 

Also, since cosines of angles in 
Quadrants II. and III. are negative, 
we use the sign — , when x is known 
to lie in either of these. 

12. Given cos z = — V^; find the 
other functions when x is an angle 
in Quadrant II. 

sin^ + cos^x = 1. 



sm X 



= Vl — cos^ 



= Vl - {- V|)2 = VJ. 



1 



1 



tanx = 



cot x = 



sin X y/1 
1 ^ 1 
cosx ■" V| 
sin X _ V| _ 
cosx ~ Vi 
1 1 



= V2. 
= -V2. 



— 1. 



tan X — 1 






13. Given tanx = V3; find the 
other functions when x is an angle 
in Quadrant III. 

tan X = Viy. 



cot x = 


^='-* 


tan x = 


sin x^ 
cosx 




tanx X 


cos x = 


= sin X. 


V3 cosx 


= sin X 




3 cos^x 


— sin^x 


= 


cos^x + sin2x 


= 1 


4 cos2x 




= 1 


cos^x 




= i 


cosx 




= ±i 
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The angle being in Quadrant III. 
the cosine is negative. 

.-. cos X = — i. 



sin X 


= Vl-(~i)a 




= Vf=±iV3. 


Sine is negative. 


.-. sin X 


= -iV3. 


sec X 


=^,=- 




_ ^ _ ,w« 


esc X 


--iV3- *^'- 


14. Given sec x = + 7, and tan x 


negative ; 


find the other functions 


ofx. 




X must be in Quadrant IV. 


.-. sine, 


cosine, tangent, and co- 


tangent will be negative, and cosine 


positive, 
cosx 


1 1 
secx 7 


sinx 


=w-^=-Ai 




= -^V3. 




1 1 


CSC X 


sinx — ^V3 




=-AV3. 


tanx 


_sinx_ -Jy/S 
cosx } 




= -4 Vs. 


cotx 


1 1 
tanx 4V3 




--AV3. 



15. Given cot x = — 3 ; find all 
the possible values of the other 
functionBi 



By [3] tanx = — J, and may be 
in Quadrant II. or IV. 

By [1], 

sin^x = 1 — cos^. 



; = Vl — cos^. 



By [2], 



1__ Vl—cos^^ 
3 cosx 

1 _ 1 — cos'x 
9 "~ cos^x 
cos^ = 9 — 9 co8^. 

COS X = — ,_ = A VlO, 
VIO 

and is — in Quadrant II., + in IV. 

By [1], 

8inx=.^/r-| = ^. 

= TVVio, 

and is + in Quadrant II., — in IV. 
sec X = — r- = J VlO. 
cscx = VlO. 

16. What functions of an angle 
of a triangle may be negative ? In 
what case are they negative ? 

When an angle of a triangle is 
acute, its functions are all positive. 
When an angle is obtuse, its func- 
tions are those of an angle in Quad- 
rant II. 

.*. sine and cosecant are positive, 
and cosine, tangent, cotangent, and 
■eoant are negative. 
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17. What functioiiB of an angle I 
of a triangle determine the angle, j 
and what functions fail to do so ? | 

The sine and cosecant being posi- 
tive in the first and second quad- 
rant, leave it doubtful whether the 
angle is obtuse or acute ; but the 
other functions, if positive, deter- 
mine an angle in the first quadrant, 
that is to say, an acute angle ; if 
negative, an angle in the secQnd 
(quadrant, an obtuse angle. 

18. Why may cot mO"" be con- 
sidered equal either to + oo or to 

-00? 

The nearer an acute angle is to 
0°, the greater the positive value of 
its cotangent; and the nearer an 
angle is to 360°, the greater the 
negative value of its cotangent. 
When the angle is 0° or 860°, the co- 
tangent is parallel to the horizontal 
diameter and cannot meet it. But 
the cotangent of 360° may be re- 
garded as extending either in the 
positive or in the negative direction ; 
and hence either + oo or — « . 

19. Obtain by means of Formu- 
las [l]-[3] the other fimctions of 
the angles given : 

(i.) tan 90° = 00. 

(ii.) cos 180° = -1. 

• (iii.) cot 270° =0. 

(iv.) CSC 360° = —00. 

tan 90° =00 = -- 
cot 90° =^ = 0. 



shi 90° 
COS 90° 
cos 90° 
coS»90° 
sin« 90° 
sin 90° 



__1 
0* 
= sin 90° = 0. 
+ sm290°=l. 
= 1. 
= 1. 



(ii.) 

COB 180° = - 1. 

sm2 180° + cos2 180°=l. 

sm2 180°+l = l. 

sm 180° = 0. 

008 180° —1 
=-0. 
,„t ,nn„_ co8l80° _-l 

= — 00. 

(iii.) 
cot 270° = 0. 

tan 270° = i = 00 . 



cos 270° 



= 0. 



sm 270° 

cos 270° = sin 270° = 0. 

8in2 270° + cos3 270° = 1.- 

sin2 270° +0=1. 

sin2 270° = 1. 

sin 270° = -1. 

(iv.) 

CSC 360° = — 00. 

sin 360° = -^ = -0. 

— 00 

sin2 360° + cos2 360°=l. 
cos2 360°=l. 
cos 360°= 1. 

tan 360°= ^ = -0. 
cot 360° =33^ =—00. 
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20. Find the values of sin 450°, 
tan 540°, cos 630°, cot 720°, sin 810°, 
CSC 900°. 

sin 460° = sin (360° + 90°) 

= sin 90° 

= 1. 
tan 540° = tan (360° + 180°) 

= tan 180° 

= 0. 
cos 630°^= cos (360° + 270°) 

= cos 270° 

= 0. 
cot 720° = cot (360° + 360°) 

= cot 360° 

= 00. 

sin 810° = sin (2 X 360° + 90°) 

= sin 90° 

= 1. 
CSC 900° = CSC (2 X 360° + 180°) 

= CSC 180° 

= 00. 

21. For what angle in each quad- 
rant are the absolute values of the 
sine and cosine equal ? 

The sine and cosine of 45° are 
equal in absolute value. Corre- 
sponding to the angle of 45° in the 
first quadrant are the angles (90° + 
46°), (180° + 45°), (270° + 45°) in 
the second, third, and fourth quad- 
i^ants. Hence the sines and cosines 
of 45°, 135°, 225°, 315°, etc., are all 
equal in absolute value. 



22. Compute the value of 
a8in0°+6co8 90° — ctan 180°. 

sin 0° = 0. 
cos 90° =0. 
tanl80° = 0. 

Substituting, 

aX0 + 6x0 — cx0 = 0. 

23. Compute the value of 

a cos 90° — 6 tan 180° + c cot 90°. 
cos 90° = 0. 
tan 180° = 0. 
cot 90° = 0. 

Substituting, 
axO — 6xO + cxO = 0. 

24. Compute the value of 
a sin 90° — 6 cos 360° 

+ (a-b) cos 180°. 
sin 90°= 1. 
cos 360° = 1. ■ 
cos 180°= -1. 

Substituting, 
a X 1 - 6 X 1 + (a - 6) X (- 1) = 0. 

25. Compute the value of 

(a2 - 62) cos 360° -4ab sin 270°. 
cos 360°= 1. 
sin 270° = — 1. 

Substituting, 

(a2-62)x l-4a6x(-l) 
= a2 — 62 + 4a6. 
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Exercise XIII. Page 49. 



2. 

the 
40«. 



3. 

the 
45^ 



4. 

the 
45°. 



5. 

the 
46°. 



6. 

the 

45°. 



7. 

the 

45°. 



8. 

the 
46°. 



ExpreflB sin 172° in terms of 
functions of angles less than 

sin 172° = sin (180° -8°) 
= sin 8°. 

Express cos 100° in terms of 
fimctions of angles less than 

cos 100°= cos (90° +10°) 
= - sin 10°. 

Express tan 125° in terms of 
functions of angles less than 

tan 125°= tan (90° + 35°) 
= — cot 35° 

Express cot 91° in terms of 
functions of angles less than 

cot 91° = cot (90°+ 1°) 
= - tan 1°. 

Express sec 110° in terms of 
functions of angles less than 

sec 110° = sec (90° +20°) 
= — CSC 20°. 

Express esc 157° in terms of 
functions of angles less than 

cscl67° = c8c(180°-23°) 
= CSC 23°. 

Express sin 204° in terms of 
functions of angles less than 

sin 204°= sin (180° + 24°) 
--sin 24°. 



9. Express cos 359° in terms of 
the functions of angles less than 
45°. 

cos 359° = cos (360° - 1°) 
= COB 1°. 

10. Express tan 300° m terms of 
the functions of angles less than 
45°. 

tan 300° = tan (270° + 30°) 
= — cot 30°. 

11. Express cot 264° in terms of 
the functions of angles less than 
45°. 

cot 264° = cot (270° - 6°) 
= tan6°. 

12. Express sec 244° in terms of 
the functions of angles less than 
45°. 

sec 244° = sec (270° - 26°) 
= — CSC 26°. 

13. Express csc 271° in terms of 
the functions of angles less than 
45°. 

csc 271°= CSC (270° + 1°) 
= — sec 1°. 

14. Express sin 163° 49^ in terms 
of the functions of angles less than 
45°. 

sin 163° 49^ = sm (180° - 16° 11^) 
= sin 16° 11'. 

15. Express cos 195° 33' in terms 
of the functions of angles less than 
45°. 

cos 195° 33' = cos (180° + 15° 33') 
■» - cos 16° 83'. 
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16. Express tan 269° 16' in terms 
of the functions of angles less than 
45°. . 

tan 269° 16' = tan (270° - 460 
= cot 46'. 

17. Express cot 139° 17' in terms 
of the functions of angles less than 
45°. 

cot 139° 17' = cot (180° — 40° 43') 
= - cot 40° 43'. 

18. Express sec 299° 46' in terms 
of the functions of angles less than 
45°. 

sec 299° 46' = sec (270° -h 29° 46') 
= CSC 29° 46'. 

19. Express esc 92° 26' in terms 
of the functions of angles less than 
46° 

CSC 92° 26' = CSC (90° + 2° 26') 
= sec 2° 26'. 

20. Express all the functions of 

— 76° in terms of those of positive 
angles less than 46°. 

sin (- 76°) = sin (270° + 16°) 

= — cosl6°. 
cos (- 76°) = cos (270° + 16°) 

= sin 16°. 
tan (- 76°) = tan (270° + 16°) 

= — cotl5°. 
cot (- 76°) = cot (270° + 16°) 

= — tanl5° 

21. Express all the functions of 

— 127° in terms of those of positive 
angles less than 46°. 

sin (— 127°) = sin (270° - 37°) 

= -cos37° 
cos (— 127°) = cos (270° - 37°) 

= -sm37°. 



tan (- 127°) = tan (270° - 37° 

= cot 37°. 
cot (- 127°) = cot (270° - 37°) 

= tan 37°. 

22. Express all the functions of 

— 200° in terms of those of positive 
angles less than 46°. 

sin (- 200°) = sin (180° - 20°) 

= sin 20°. 
cos (- 200°) = cos (180° - 20°) 

= — cos 20°. 
tan(- 200°) = tan (180° - 20°) 

= — tan20°. 
cot (- 200°) = cot (180° - 20°) 

= — cot20°. 

23. Express all the functions of 

— 346° in terms of those of positive 
angles less than 46°. 

sin (- 346°) = sin 16°, etc. 

24. Express all the functions of 

— 62° 37' in terms of those of posi- 
tive angles less than 46°. 

sin (- 62° 37') = sin (270° + 37° 23') 

= - cos 37° 23'. 
cos (- 62° 37') = cos (270° + 37° 2.r) 

= sin 37° 23'. 
tan (- 62° 37') = tan (270° + 37° 23') 

= - cot 37° 23'. 
cot (- 62° 37') = cot (270° + 37° 23') 

= - tan 37° 23'. 

25. Express all the functions of 

— 196° 64' in terms of those of posi- 
tive angles less than 46°. 

sin (-196° 54')= sin (180°- 16° 64') 
= sin 16° 54'. 

cos (-196° 64')= cos (180°-16° 64') 
= - cos 16° 64'. 
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tail (- 100« 64')= tan (180°-16« 64') 
= - tan 16° 54'. 

cot (-196<»54')= cot (180°- 16° 64') 
= - cot 16° 64'. 

26. Find the functions of 120°. 

sin 120° = sin (90° + 30°) = cos 30° 

= lV3. 
cos 120° = cos (90° + 30°) 

= - sin 30° = - J. 
tan 120° = tan (?K)° + 30°) 

= - tan 30°=- Vs. 
cot 120° = cot (90° + 30°) 

= -cot30°=- jV3. 
sec 120° =—2. 
CSC 120°= J V3. 

27. Find the functions of 135°. 

sin 135° = sin (90° + 45°) 

= cos 45°= ^V2. 
cos 135° = cos (90° + 45°) 

= — sin45°=— J>^. 

^ ,«_o sin 135° 

tan 135°= ——=— i. 

cos 135° 

^ioro-C08l35° , 

cot 135° = -.-^r^T^ = — 1. 



sec 135° = 
CSC 135° = 



sm 135° 

1 
cos 135° 

1 
sin 135° 



= -V2. 
= V2. 



28. Find the functions of 150°. 

sin 150° = sm (180° - 30°) 

= sin30°=i. 
cos 150° = cos (180° - 30°) 

= — cos 30° = — J Vs. 
tan 150° = tan (180° - 30°) 

_ sin 30° 

~ — cos 30° 

= -iV3. 



cot 150° = cot (180° - 30°) 
__ — cos 30° 

sin 30° 
=-V3. 
sec 160° = sec (180° — 30°) 
_ 1 

— cos 30° 
= -}V3. 
CSC 160° = CSC (180° - 30°) 
_. 1 

sin 30° 
= 2. 

29. Find the functions of 210°. 
sm 210° = sin (180° + 30°) 

= — sin30°=— j. 
cos 210° = cos (180° + 30°) 

= — cos30° = — iV3. 
tan210°= tan (180° + 30°) 

= tan30°=iV^. 
cot 210° = cot (180° + 30°) 

= cot 30° = V3. 

30. Find the functions of 225°. 
sin 225° = sin (180° + 46°) 

= — sin45°=— i>^. 
cos 225° = cos (180° + 45°) 

= — cos45°=— 4^V2. 
tan 225° = tan (180° + 46°) 

= tan 45° = 1. 
cot 225° = cot (180° + 45°) 

= cot45°=l. 

31. Find the functions of 240° 
sm 240° = sin (270° — .30°) 

= — cos30°=— iV3. 
cos 240° = cos (270° — 30°) 

= -sin30° = -i. 
tan 240° = tan (270° — 30°) 

= cot 30° = V3. 
cot 240° = cot (270° — 30°) 

= tan30°=iVS. 
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32. Find the functions of 300"^. 

sin 300° = sin (270° + 30°) 

= -cos30°=-iV3. 
cos 300° = cos (270° + 30°) 

= sin 30° = i. 
tan 300° = tan (270° + 30°) 

= — cot30°= — V3. 
cot 300° = cot (270° + 30°) 

= -tan30°=-iV3. 

33. Find the functions of — 30°. 

sin — 30° = — sin 30° = — i. 
cos - 30° = cos 30° = i\^. 
tan- 30° = - tan 30° = - iV3. 
cot — 30° = - cot 30° = — V3. 
sec — 30° = sec 30° = f Vs. 
CSC — 30° = — CSC 30° = — 2. 

34. Find the functions of — 225° 
- 225° = 90° + 45°. 

sin - 225° = sin (90° + 45°) 

= cos45° = i\^. 
cos - 225° = cos (90° + 45°) 

= -sin45°=-i>^. 
tan - 225° = tan (90° + 46°) 

= —cot 45°= — 1. 
cot — 225° = cot (90° + 45°) 

= — tan 45° = — 1. 
1 



sec — 225° = 



cos (90° + 45°) 
= -V2. 



CSC — 225° = 



sin (90° + 45°) 



= V2. 



35. Given sin x = — V^, and 
cos X negative ; find the other func- 
tions of X, and the value of x. 

Since sin 45° = Vl, and the signs 
of both the sine and cosine are neg- 
ative, the angle must be in Quadrant 
III., and must be, therefore. 



180° + 46° = 226°. 
Then cos 46° = Vf. 
Hence cos (180° + 46°) = - V*. 
tan(180°+46°) = ?i5.226° 
^ ' cos 226° 

= ^i = l. 
cot (180°+ 46°) = ; ^ 



sec 225° = 



1 



tan 226° 
1 



= 1. 



-Vi 



CSC 226° = 



cos 226° 
= -V2. 

1 1 



sin 226° — y/^ 
= -V2. 

36. Given cot x = — V3, and x 
in Quadrant II.; find the other 
functions of x, and the value of x. 

Since cot 30° = V3, and the sign 
Is negative, the angle is 180° — 30° 
= 160°. 

1 1 



tanx = 

cosx 

sin X = — i*^ cos X. 

sin^x = i cos^x. 

But sin2x + cos^x = 1. 

.*. i cos^x + cos^x = 1; 

and 



and 



.= -iV3. 



cos^x 


_3, 

4* 




cosx 


= -iV3 




sin^x 


_ 1, 
4* 




sinx 


_1^ 
2* 




secx 


1 

cosx 


■2V3. 


cscx 


1 

sin X 


2. 
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37. Find the functions of d64<^. 
3640° = OX 3«0*>+30(y». 
Bin 300° = sin (360° - flO°) 

= - sin 60° = - i Vs. 
cos 300° = cos (360° - 60°) 

= cos 60° = |- 

tan3oo° = ^"^^ = ::i^ 

cos 300° i 



cot 300^ = 



= -V3. 

1 



1 



tan 300° — V3 
= -iV3. 



sec 300° = 



-i- = ^ = 2. 

cos 300° i 



CSC 300°=- 



1 



sin 300° 
= -fV3. 



-iV3 



38. What angles less than 300° 
have a sine equal to — i ? a tangent 
equal to — V3 ? 

(i.) Since sin 30° = i and the sign 
is negative, the angle must be in 
Quadrant III. or IV., and must be 
therefore 180° + 30°= 210°, or 360° 
- 30° = 330°. 

(ii.) Since tan 00°= V3 and the 
sign is negative, the angle must be 
in Quadrant II. or IV., and must 
be therefore 180° — 60° = 120°, or 
300° - 60° = 300°. 

39. Which of the angles men- 
tioned in Examples 27-34 have a 
cosine equal to — Vf ? a cotangent 
equal to — V3 ? 

(i.) Since cos 46° = Vjf and the 
sign is negative, the angle must be 



in Quadrant II. or III., and must 
be therefore 180° - 46° = 136°, or 
180° + 46° = 226°. Also, the func- 
tions of — 226° are the same as the 
functions of 360° — 226° = 135°. 
Hence the angles are 136°, 226°, or 
-226°. 

(ii.) Since cot 30° = V3 and the 
sign is negative, the angle must be 
in Quadrant II. or IV., and must 
be therefore 180° - 30° = 160°, or 
360° -30° = 330°, or -30°. Hence 
the angles are 150° or — 30°. 

40. What values of z between 0° 
and 720° will satisfy the equation 
8inx= + i? 

Since sin 30° = i and the sign is 
positive, the angle must be in Quad- 
rant I. or II., and must be therefore 
30° or 180° - 30° = 160°, the first 
revolution. In the second revolu- 
tion these angles must be increased 
by 360°. Hence the angles are 30°, 
160°, 390°, and 610°. 

41. In each of the following cases 
find the other angle between 0° and 
360° for which the corresponding 
function (sign included) has the 
same value : sin 12°, cos 26°, tan 45°, 
cot 72° ; sin 191°, cos 120°, tan 244°, 
cot 357° 

In order that the sign shall be 
the same, 
sin 12° must be in Quadrant II. 

= sin (180° - 12°) = sin 168°. 
cos 26° must be in Quadrant IV, 

= cos (360° - 26°) = cos 334°. 
tan 45° must be in Quadrant III. 

= tan (180° + 46°) = tan 226° 
cot 72° must be in Quadrant III. 

= cot (180° + 72°) = cot 262° 
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sin 191** must be in Quadrant IV. 

= sin (360° - ir) = sin 349°. 
cos 120° must be in Quadrant IIL 

= cos (180° + 60°) = cos 240°. 
tan 244° must be in Quadrant I. 

= tan (244°— 180°) = tan 64°. 
cot 367° must be in Quadrant II. 

= cot (367°- 180°) = cot 177°. 

42. Given tan 238° = 1.6 ; find 
sin 122° 

tan 238° = (tan 180° + 68°) 

= tan 68°. 
sin 122° = sin (180° - 68°) 
= sin 68°. 
But tan 238° =1.6. 
.-. tan 68° = 1.6. 

sin 68° 



tan 68° = 
1.6 = 



cos 68° 
sin 68° 



Vl-sin268° 
2.66 — 2.66 8in2 68° = sinS 68°. 
3.66 sin2 68° = 2.66. 
L66 
1.66 
= 0.848. 



sin 68' 



\3.6 



43. Given cos 333° = 0.89 ; find 
tan 117°. 

cos333° = 0.89. 

= cos (270° + 63°) 
= sin 63°. 
.-. tan 117° = tan (180° - 63°) 
= — tan63°. 
sin2 63°+cos2 63°=l. 
(0.89)2 + C082 63°= 1. 
cos263° = 0.2079. 
cos 63° = 0.456. 

sin 63° 



— tan 63° = • 



cos 63° 



0.89 
= -0-:466=-^-^^^- 



44. Simplify the expreasion 

a cos (90° - X) + 6 cos (90° + x) 
= a sin X + 6 (— sin x) 
= (a — 6) sin x, 

45. Simplify the expression 
m cos (90° — X) sin (90° — x). 
co8(90°-x)=sinx. 
sin(90° — x) = co8X. 

.-. the expression = m sin x cos x. 

46. Simplify the expression 
(a -^) tan (90° -X) 

+ (a + 6)cot(90°+x). 
tan (90° - X) = cot x. 
cot(90° + x)=-tanx. 
' .'. the expression equals 
(a — b) cot X — (a + 6) tan X. 

47. Simplify the expression 
a2 -f 62 - 2 a6 cos (180° - x) 

= a2-h62-2a6(-cosx) 
= a2-h62-f.2a6cosx. 

48. Simplify the expression 
sin (90° + X) sin (180° + x) 

+ cos (90° + X) cos (180° — X) 
= (cosx) (—sin x)-h (— sinx) (— cosx) 
= — sin cos X + sin cos x 
=0. 

49. Simplify the expression 
cos (180° + X) cos (270° - y) 

- sin (180° + X) sin (270° - y). 
cos (180° -hx)=- cosx. 
cos(270°-2/)=-siny. 
sin (180°-hx)=-smx. 
sin (270° -y)=- cosy. 
Hence the expression 
= cos X sin y — sin x cos y. 
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50. Simplify the expression 

tan a; + tan (— y) — tan (180°— y). 
tan (— y) = — tan y. 
— tan (180'=' - y) = tan y. 
Hence the expression = tan x, 

51. For what values of x is the 
expression sin x + cos x positlTe, 
and for what values negative ? Rep- 
resent the result by a drawing in 
which the sectors corresponding to 
the negative values are shaded. 

If X be any angle in Quadrant I., 
sin X + cos X must be positive since 
both the sine and cosine are posi- 
tive. In Quadrant II. the sine is 
positive and cosine negative ; hence, 
so long as the sine is greater than, 
or equal to, the cosine, the expres- 
sion sin X + cos X is positive ; but 
after passing the middle of Quad- 
rant II., viz., 136°, the cosine of 
X is greater than sine, and the ex- 
pression is negative. In Quadrant 
III. both sine and cosine are nega- 
tive, and hence their sum must be 
negative. In Quadrant IV. the 
sine is negative and cosine posi- 
tive. The sine and cosine are equal 
at 316°, after which the cosine is 
greater than sine. Hence the ex- 
pression sin X + cos X is negative 
from 136° to 316°, and positive be- 
tween 0° and 136°, and 316° and 
360^. 



52. Answer the question of last 
example for sin x — cos x. 



As X increases from 0° to 46°, the 
sine increases in value, and cosine 
decreases, until at 46° sin = cosine. 
Hence up to this point sin x — cos x 
is negative. For the remainder of 
Quadrant I. sine is greater than co- 
sine, and consequently the expres- 
sion sin X — cos X is positive. In 
Quadrant II. sine is positive and 
cosine negative, so the expression 
sin X — cos X is uniformly positive. 
In Quadrant III. sine is negative 
and cosine negative ; hence, so long 
as sine is less than cosine, the ex- 
pression is positive, viz., to 226°; 
after that point, sine is greater than 
cosine, and sin x — cos x is negative. 
In Quadrant IV. sine is negative 
and cosine positive : therefore sin x 
— cos X is uniformly negative. The 
expression is, then, negative be- 
tween 0° and 46°, and 226° and 
360°; positive between 46° and 
225°. 



53. Find the functions of (x— 90°) 
in terms of the functions of x. 

X - 90° = 360° - (90°- X) 
= 270° + X. 

sin (X - 90°) = sin (270° + x) 
= — cos X. 

COS (X - 90°) = cos (270° + x) 
= sin X. 

tan (X - 90°) = tan (270° + x) 
= — cot X. 

cot (X - 90°) = cot (270° + X) 
= — tan X. 
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54. Find the functions of 
{x — 180^) in terms of the functions 
of X. 

X - 180° = 360°- (180° - x) 
= 180° + X. 
sin (x - 180°) = sin (180° + x) 
= — sinx. 



C08(X - 180°) = 008 (180° + X) 
= — cos X. 

tan (X - 180°) = tan (180° + x) 
= tan X. 

cot (X - 180°) = cot (180° + X) 
= cot X. 



Exercise XIV. Page 56. 



1. Find the value of sin (x + y) 
and cos (x + y) when sin x = |, cos x 
= 1, smy= r\iC08y = ||. 

sin (x + y) = sin x cosy + cos x sin y 

__ 36 20 _ 56 
66 65 66 * 
cos (x + y) = cos X cos y— sin X sin y 

_48_15_33 
65 66 66 ' 



2. Find sin (90° — y) and cos 
(90° — y) by making x = 90° in 
Formulas [8] and [9]. 

(sin 90° — y) 

= sin 90° cos y — cos 90° sin y. 
sin 90° = 1. cos 90° = 0. 
.-. sin (90° — y) 

= (1 X cosy) — (Ox sin y) 

= cos y. 
cos (90° -y) 

= cos 90° cos y + sin 90° sin y 

= (0 X cosy) + (1 X siny) 

= sin y. 



3. Find, by Formulas [4] -[11], 
the first four functions of 90° + y. 

sin (90° + y) 

= sin 90° cos y + cos 00° sin y 
= (1 X cos y) + (0 X sin y) 
= cosy. 

cos (90° + y) 
= cos 90° cos y — sin 90° sin y 
= (0 X cos y) — (1 X sm y) 
= — sin y. 

(tan 90° + y) 

cosy 

= : — ^ = — coty. 

sm y 

cot (90° -f y) 

_ sin y __ 

cosy 



— tany. 



4. Find, by Formulas [4]-[ll], 
the first four functions of 180° — y. 

sin (180° - y) 

= sin 180° cos y — cos 180° sin y 
= (0 X cos y) — (— 1 X sin y) 
= sin y. 

cos (180° — y) 

= cos 180° cos y + sin 180° sin y 
= (- 1 X cos y) + (0 X sin y) 
= — cos y. 
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Un (180° - y) 

_ Bmy_ 
— — = — tan V. 

cosy ^ 

cot(180° — y) 

_ cosy 

— . = — cot y. 

sm y " 

5. Find, by Formulas [4]-[ll], 
the first four functions of 180° + y. 

sin (180° +y) 

= sin 180° cos y + cos 180° siny 
= (0 X cos y) + (— 1 X sin y) 
= — sin y. 

cos (180° + y) 

= cos 180° cos y — sin 180° sin y 
= (— 1 X cos y) — (0 X sin y) 
= — cos y 

tan (180° 4- y) 

_ — sin y ^ 
— — = tan y. 

— cos y ' 



cot (180° + y) 

__ — cos y 
— — . - = cot y. 
— sm y " 



6. Find, by Formulas [4]-[ll], 
the first four functions of 270° — • y. 

sin (270° — y) 

= sin 270° cos y — cos 270° sin y 
= (— 1 X cos y) — (0 X sin y) 
= — cosy. 

cos (270° — y) 

= cos 270° cos y + sin 270° sin y 
= (0 X cos y) -f- (— 1 X sin y) 
= — sin y. 

tan (270° — y) 

— "-cosy 

■- : = cot y. 

— sm y * 

cot (270° - y) 

_ —sin y ^ 
= tan y. 

— cos y ^ 



7. Find, by Fomulas [4]-[ll], 
the first four functions of 270° 4- y. 
sin (270° + y) 

= sin 270° cos y + cos 270° sin y 

= (- 1 X cos y) + (0 X sm y) 

= — cos y. 
cos (270° + y) 

= cos 270° cos y- sin 270° siny 

= (0x cosy)-(-l X siny) 

= 8iny. 
tan (270° + y) 

_ —cosy 

cot (270° + y) 

_ amy _ 

= — tan y. 

— cosy ^ 

8. Find, by Formulas [4]-[ll], 
the first four functions of 360° — y. 

sin (360°— y) 

= sin 360° cos y — cos 360° sin y 
= (0 X cos y) - (1 X sin y) 
= — smy. 

cos (360° — y) 
= cos 360° cos y + sm 360° sin y 
= (1 X cosy) 4- (0 X sin y) 
= cos y. 

tan (360°— y) 

__ — sin y _ 

— = — tan y, 

cos y •«" y 

cot (360° -y) 

cos y 
— : — = — cot y. 

— smy '^ 

9. Find, by Formulas [4]-[ll], 
the first four functions of 360° + y. 

sin (360° + y) 

= sin 360° cos y + cos 360° sin y 
= (0x coay) + (1 X siny) 
= siny. 
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cos (360° + y) 
= cos 360° cosy — sin 360° siny 
= (1 X cosy) — (Oxsiny) 
= cosy. 

tan (360° + y) 

siny ^ 

= = tan y. 

cosy 

cot (360° + y) 

__cosy _ 

""siny 



' cot y. 



10. Find, by Formulas [4]-[ll], 
the first four functions of x — 90°. 

sin (x — 90°) 

= sin X cos 90° — cos x sin 90° 
= (0 X sinx) — (1 X cos x) 
= — cos X. 

cos (X — 90°) 

= cos X cos 90° + sin X sin 90° 
= (0 X cos x) -*- (1 X sin x) 
= sin X. 

tan (X — 90°) 
— cosx 



sin X 
cot (X - 90°) 
— sin X 
— cosx 



= — cot X. 



= — tan X. 



11. Find, by Formulas [4]-[ll], 
the first four functions of x — 180°. 

sin (X - 180°) 

= sin X cos 180° — cos x sin 180° 
= sin X ( — 1) — cos X X 
= — sin X. 

cos (x — 180°) 

= cosx cos 180° -f- sin x sin 180° 
= cos X (— 1) + sin X X 
= — cos X. 

tan (X - 180°) 
— sinx 



^oos« 



= tanxt 



cot (X — 180°) 
— sinx ~ 



- cot X. 



12. Fmd, by Formulas [4]-[ll], 
the first four functions of x — 27<>"^. 

sin (X - 270°) 

= sin X cos 270° — cos x sin 270^ 
= sin X X — cos X X (—1) 
= cos X. 

cos (x — 270°) 

= cos X cos 270° + sin x sin 270° 
= cosxX0 + 8mx(— 1) 
= — sin X. 

tan (x — 270°) 
cosx 



— sm X 
cot (X - 270°) 

— sin X 



= — cot X. 



cos X 

13. Find, by Formulas [4]-[ll], 
the first four functions of — y. 

sm (0° - y) 

= sin 0° cos y — 0° sin y 
= (0 X cos y) - (1 X sin y) 
= — sin y. 

cos (0° — y) 

= cos 0° cos y + sin 0° sin y 
= (1 X cos y) + (0 + sin y) 
= cos y. 

tan (0° — y) 

_ — siny 

= — tan y. 

cos y ^ 



cot (0° — y) 
_ cos y 



— sin y 



= — cot y. 



14. Find, by Formulas [4]-[ll], 
the first four functions of 46° — y. 

sin (46° — y) 

= sin 45° cos y — cos 45° sin y 
=^ iV^ cos y — i V2 sin y 
^ i V2 (cob y — sin y). 
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COS (45° — y) 

= cos 45° cos y + sin 45° sin y 
= i \^ cos y + i V2 sin y 
=■ iy/2 (cos y + sin y). 

tan (45° — y) 
_ cos y — sin y _ 1 ~ tan y 
cosy + siny^l + tany 

cot (46° -y) 

__ cos y -f sin y __ cot y -M. 
cos y — sin y "" cot y — 1 

15. Find, by Formulas [4]-[ll], 
the first four functions of 45° + y. 

Bin (45° + y) 

= sin 45° cos y + cos 45° sin y 
= i V2 cos y + i>^ sin y 
= 4^ V2 (cos y + sin y). 

cos (45° + y) 

= cos 45° cos y — sin 45° sin y 
= i V2 cos y ~ i n/2 sin y 
= i ^/2 (cos y — sin y). 

tan (45° + y) 

__ cos y -f- sin y _ 1 -f tan y 
cos y — sin y ~" 1 — tan y 

cot (45° + y) 

__ cos y — sin y _ cot y — 1 
cos y 4- sin y ~ cot y + 1 

16. Find, by Formulas [4]-[ll], 
the first four functions of 30° + y. 

sin (30° + y) 

= sin 30° cos y + cos 30° sin y 
= i (cos y + V3 sin y). 
cos (30° + y) 

= cos 30° cos y — sin 30° sin y 
= i(V3 cosy — sin y). 
tan (30° + y) 

_ cos y -fv/s sin y . 
V3 cos y — sin y 
divide each term by Vs cos y, 
_ iV3-f- tany 
1 — iVstany 



cot (30° + y) 

_ V3 cos y — sin y . 
cos y + V3 sin y 
divide each term by sin y, 
— V3 cot y — 1 
cot y + VI 

17. Find, by Formulas [4]-[ll], 
the first four functions of 60° — y. 

sin (60°— y) 

= sin 60° cos y — cos 60° sin y 
= i ( Vs cos y — sin y). 

cos (60° — y) 

= cos 60° cos y + sin 60° sin y 
= i (cos y + VS sin y). 

tan (60° - y) 

_ Vs cos y — sin y 

cos y + Vs sin y 
_ V3-tany 

1 + V3tany 
cot (60° -y) 

_ cos y -f V3 sm y 

V3 cos y — sin y 
_ iV3coty+l 

coty — iV3 

18. Find sin 3 x in terms of sin x. 
sin 3 X = sin (2 x + x) 

= sin 2 X cos X + cos 2 X sinx. 
sin 2 X = 2 sin x cos x. 
cos 2 X = cos"^ — sin^x. 

Substituting, 
sin 3x = 2 sinxcos^x 

+ sin X cos^x — sin»x 
= 3 sin X cos^x — sin'x. 
But cos^x = 1 — sin%c. 
Substituting, 
sin 3 X = 3 sin X — 3 sin^x — sin'x 
= 3 sin X — 4 sin«x. 
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19. Find cos 3 x in terms of cos x. 
cos3x = cos(2x + x) 

= cos 2 X cos X 

— sin 2 X sin x. 
sin 2 X = 2 sin x cos x. 
cos 2 X = cos^x — sin^x. 
Substituting, 

cos 3 X = cos^x — sin2 x cos x 
— 2sin2x cosx 

= cos^x — 3 8in2 X cos x. 
But sin^x = 1 — cos^x. 
Substituting, 
cos 3x = cos'x— 3 cosx + 3 co8»x 

= 4 cos'x — 3 cos X. 

20. Given tan ^x = 1 ; find cosx. 

V I -- cos X 
1 + cosx 



tan^x 
1 



=vi^ 



cosx 



1 = 



cosx 
l — cosx 



1 + cosx 
1 + cosx= 1 — cosx. 
2cosx = 0. 
cosx =0. 

21. Given cot i x = V3 ; find 
sinx. 

«^x 1 ^ _^ /I + cos X 

cotix=\/- 

\ 1 — cos X 



= 1-1 = ?. 
4 4 



^x=^^ = iyfS, 



22. Given sin x = 0.2 ; find sui | x 
and cos|x. 

sin X = 0.2. 

cos2x= 1 —sin'x 

= 1-0.04. 

cos X = VCUJO. 



sin^x 



-^- 



— cosx 



2 

VoVqg 



'^'-^ 



= ^/l_-_0.4V(J 



= 0.10051. 

/iTcc 

C08ix=^ ~ 



^=# 



3 = 



cosx 
1 + cosx 



1 — cosx 
3 — 3 COS X = 1 + cosx. 
— 4 cos X = — 2. 

1 

C08X= -• 

8in2x= 1 — cos^x 



- ^l + 0.4>^ 

^ 2 
= 0.99404. 



23. Given cos x = 0.5 ; find cos2x 
and tan 2 x. 

cos 2 X = cos^x T sin^x. 



'* =Vi-(iy=*^- 



sin i 

.cos2x = 0.25 — 0.75. 
= -0.50 = -|- 

cosx ^ 

1 — tan^x 1—3 
= -V8. 
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24. Given Un 46'' = 1 ; find the 

fuihtionfl of 22*' 30'. 

Let X = 45°. 

sin X 

tan x = = 1. 

cosx 

.-. sin X = cos X. 

sin^B + cos^x = 1. 

2sin2x = l. 

sin^x = f 

sinx = |>^=co8X. 

sin ix or sin 22° 30' 



= i V2 - V2 
= 0.3827. 
cosixorcos22°30' 



-¥- 



V2 



-V2 
= V2+ 1 = 2.4142. 



25. Given sin 30° = 0.5 ; find the 
functions of 15°. 

sin 30° = 0.5 = i- 



^^ /l-fiV2 
^ 2 



tan ix 



= i V2 + V2 
= 0.0239. 
_ 8in \ x 
cos^x 



\2 + V 



multiply by 



2--V2 . 

2 + V2' 
2-\^ ^ 
2-V2' 



4 



^^ (2-V2)2 
4-2 



= i V(2 - V2)2 X \^ 
= (l-iV2)X V2 
= V2 — 1 = 0.4142. 



^ - cos^x 

cot i X = . y 

sm \x 



_ i V2 + V2 



...cos 30° = ^^/^=^! 
= iV3. 



— cosx . 
2 



sin ix =\/- 
...sinl5°=Vi^ 



=iV2-V3=0.2588. 



cos 15* 



l-f-iV3 



tan 15° 



=iV2+V3=0.96592. 






•iV3 



-V3 



V3 



2^x ^"""^ 
V3 2-V3 



>-V3)g 
3 



cot 15° 



-V 4-; 

= 2 - V3 = 0.2679. 

V' l + iV3 
l-iV3 
■8 2 + V3 = 8.78ai. 
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26. Prove that 

^ ^^ Bin 330 4- Bin 3° 

tan 10 — oon I 00 * 

cos 33*^ + cos 3° 

Let X = 18% 

y=16° 

Then 

(1) 2 sin X cos y 

= sin (x+y)+sin(x— y). 

(2) 2 cos z cos y 

= cos(x+ y) + co8(x— y). 
Divide (1) by (2), 

^^ J. 3^ sm(x+y)+8in(x-y) 
co8(x 4- y)4- cos(x— y) 
Substitute values of x and y, 
sin 33<» + sin 3® 



tan 18° = 



cos 33°+ cos 3° 



27. Prove the formula 
2 tan X 



sin2x = - . „ 

1 + tan^x 

sin 2 X = 2 sin x cos x. 

2 sin X 



2 tan X = - 



1 + tan^x = 1 + 



cosx 

sin^ 

cos^ 
cos^x + sin^x 



cos^ 
But cos^x + sin^x = 1. 

1 



1 + tan2x = 



cos^x 



2 sm X cos?x 

2 sm X cosx = X -— — 

cosx 1 

2 sin X cosx = 2 sin x cos x. 



28. Prove the formula 
1 — tan2x 



cos 2 X = 



1 + tan^X 
sin^x 



1- 



cps 2 X = ■ 



cos^x 



1 + 



sin^ 
cos^x 



cos 2 X = cos^ — 8in*x. 
sin^ 



1- 



coAi — sin^ = 



cos^ 



cos-'x 
_ cos^x — sin% 
"" cos^ + sin-'x 
_ cos^x — sin^ 
■" 1 

= cos-x — sin^. 

29. Prove the formula 

sin X 



UUl fJi — 


1 + COS X 


tanix = 


Vl — COS x^ 


Vl + COS X 


sin X 


Vl — cos'-^ 


1 + cos X 


1 + COS X 


Vl — cos X 


Vl — COS^X 


Vr+"cos"x 


1 + COS X 


1 — cos X 


1 — cos%c 


1 + cos X 


(1 + COS x)a 


__ 


1 — COS X 



1 + COS X 

30. Prove the formula 

^ , sinx 

cot ix = ^ • 

1 — cos X 

sinx= Vl — cos^x. 



cot ix 



-4i 



cosx 



By substituting, 



4 



1 -f COS X _ Vl — cos^ 

1 — cos X 1 — cos X 

1 + cos X 1 — cos^x 



1 — COS X (1 — COS X)2 

— 1 + COS X 
"" I — COS X 
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31. ProTe the formula 



8inix±coflix= Vl±8inx. 

By squaring, 

sin^ |x ± 2 sin i X cos i X +» cos^i X 
= 1 ± sin X. 

But sinix = -v/- 



— coax 



cosx 



and cos i X = •%/ 

Substitute values of sin^x and 
cosix, 

1— cosx ^ ^ . , , , l+cosx 
-±2sinixcosix+ 



2 ' '-• 2 

= 1 ± sin X. 
1 ± 2 sin 4^x cos ix = 1 ± sin x. 
± 2 sin i X cos i X = ± sin X. 
2 sin ^ X cos i X 



— cos^x 



± sinx 






— cos2x 



.■.±2yJ^=±yji 



— cos2x 



1 — cos^x = 



1 — cos 2 X 



Vl - cos^x = -i/- 



— cos 2 X 



.-. sin X = sm X. 

32. Prove the formula 

tan X ± tan y , . 

—. — -r — 7— = ± tan X tan y. 

cot X ± cot y ^ 

tan X ± tan y 
= ± tan X cot X tan y 
4- cot X tan y tan x. 
But tan X cot X = 1, 
and tan y cot y = 1. 
.*. tan X ± tan y = tan x ± tan y. 



33. Prove the formula 

tan(45o-x) = ^""^^- 
^ ^ 1 + tan X 

/jeo V sin (45° — x) 
tan (45*' — x) = )r^ f • 

^ ' cos (46® — X) 

sin (46® — x) 

= sin 45° cos x — cos 45° sin x 

= i>/^ cos X — i V2 sin X 

= iV2(cosx — sin x). 

cos (45° — x) 

= cos 45° cos X + sin 45° sin x 

= iV2 cosx + i>^ sin X. 

= i 'v^ (cos X -f- sin x). 

tan(46°-x) = °°»''-«!°^ . 
cosx + smx 

Dividing numerator and denomi- 
nator by cos X, 

tan(46<'-x) = i^^. 
' 1 -f- tanx 



34. HA.B.C are the angles of 
a triangle, prove that 

sin ^ -f- sin 5 4- sin C 

= 4 cosi^ cosi^cosiC 
sin ^ + sin JB + sin C 

=sin^+sin5-l-sin[180°— (^ + B)] 

= sin^ + sin B -f- sin (A + J5). 
By [20] and [12], 

= 2 sin i (^ + B) cos i (^ - JB) 
+ 2sini(^ + B) cosi (A + B) 

= 2 sin i (^ + B) [cos i (^ - JB) 
+ co8i(^ + i)]. 
By [22], 

= 2 sm i (^+^ 2 cosi ^ cosi B. 
.-. = 4 sin i (^ + 5) cos i ^ cos i B, 
ButcosiC=cos[90°-i(^ + B)] 

= sin i (^ + B). 
.'. sin ^ + sin B + sin C 

= 4 cos i ^ cos i B cos I C. 
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35. liA,B,C are th? angles of 
a triangle, prove that 

cos A + cos B + cos C 

= 1 + 4smi^ siniJBsiniC. 

cos C = cos [180° - (^ + jB)] 

= — cos(^ + J5). 
.*. cos A + cos^ + cos C 

= cos A + cos B — cos ( J. + B). 
By [22], 

= 2 cosi (^ + -B) cosi (^ - J5) 

— cos (A + B), 
By [17], 

= 2 cos i (^ + -B) cosi (^ - B) 

— 2cos2i(^ +^) + l 
= [2cosi(^ + -B)] 

x[cosi(^"-jB)-cosi(^+B)] + l. 

By [23], 

= [2cosi(^ + ^)] 

X [2 sin i^ sin i^ + 1 
= (2siniC7)(2sini^ siniJB)+l 
= 1 + 4 sin 1^^ sin i B sin i C. 

36. If A, B, C are the angles of 
a triangle^ prove that 

tan A + tan B + tan C 

= tan ^ X tan J5 X tan C. 
Since A-hB+ C= 180°, 

C - 180° - (A + B). 
.-. tan C = tan [180° - (^ + B)] 
= — ta>n(A + B). 

Again, 
tan ^ + tan B 

= tan (^ + -B) (1 — tan^ tanB) 

= tan (^ + B) 

— tan (^ + JB) tan^ tan^. 
.*. tan ^ + tan J5 + tan C 

= tan(^ + B) - tan (^ + B) 

— tan(^ + 5)tan^ tanJ5 
= — tan {A -f- B) tan A tan B 
= tan A tan B tan C. 



37. If A, 7i, C are the angles of 
a triangle, prove that 

cot i ^ + cot i B + cot i C 

= cotiAx cotiBx cotiC. 
Since i^ + iB + iC = 00°, 
^C=90°-i(^ + i^). 

.-. cot i C = tan i (^1 + 7^, 
and cotiB= tani(^ + C), 
and cot i^ = tan i{B+ C). 
.-. coti^ + coti5-f-cotiC 

= tani(^ + B) + tani(^ + C) 
+ tani(B+C) 

= tani(^ + B) X tani(^ + C) 
X tan i(B-^C), 
By substitution, 
coti^ + cotiB + cot^C 

= coti^ X cot^I? X cotiC. 

38. Change to a form more con- 
venient for logarithmic computation 
cot X + tan X. 

cot X + tan X 
__ cosx sin X 
sin z cos X 
_ cos^x + s in% 

sin X cos X 
__ 2 (co s'- x + sin^x) 
2 sin X cos x 
2 



sin2x 



[12] 



39. Change to a form more con- 
venient for logarithmic computation 
cot X — tan X. 

cot X — tan X 
__ cosx sin X 
sin X cos X 
cos^x — 8in2x 



sm X cos X 
, cos2x 
sin X cos X 



[13] 
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_. 2C06 2X 
2 8inx COBX 

__ 2 COB 2 a 

sin 2z 

= 2 cot 2 X. 



[12] 



40. Change to a form more con- 
venient for logarithmic computation 
cot X + tan y. 

. C08X ^ sinv 

cotx= . » tany=^^^^- r21 
smx ^ cosy •" ■' 

/.cotx + tany=^^^ + «^ 
sin X cos y 

_ cos X cos y + sin X sin y 
sin X cos y 



_ cos (X— y) 
sinx cosy 



[»] 



41. Change to a form more con- 
venient for logarithmic computation 
cot X — tan y. 

sin y 

tan y = ^ • 

cosy 



cot X = 



cosx 



sinx 
cot X — tan y 

__ cos X sin y 
sin X cos y 
_ cos X cos y — sin X sin y 

sin X cos y 
__ cos (x -f y) 
sin X cos y 

42. Change to a form more con- 
venient for logarithmic computation 
1 — cos 2 X 
1 + cos 2 X 



1 — cos 2 X 
1 — C08 2x 2 * 

1 + cos 2 X "" 1 -f- cos 2 X 
2 

sin^ 

= tan2x. 

43. Change to a form more con- 
venient for logarithmic computation 
1 + tan X tan y. 

1 + tan X tan y 

= 1 I sin X sin y 
cos X cos y 
__ cos X cos y + sin x sin y 

cos X cos y 
__ COB (x — y) 
cos X COS y 

44. Change to a form more con- 
venient for logai'ithmic computation 
1 — tan X tan y. 
1 — tan X tan y 
_. . sin X sin y 
cos X cos y 
_. cos X cos y — sin X sin y 

cos X cos y 
__ cos (x 4- y) 
cos X COS y 

45. Change to a form more con- 
venient for logarithmic computation 
cot X cot y -I- 1. 

cot X cot y 4- 1 
_ cosx^ cosy 
sin X sin y 

__ cos X cos y -h sin X sin y 
sin X sin y 

By[91 = ^^«(^~y). 
sin X sin y 
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46. Change to a form more con- 
venient for logarithmic computation 
cot X cot y — 1. 

cot X cot y — 1 
__ cos X cos y 
sin X sin y 
_ cos X cos y — sin X sin y 
~~ sin X sin y 

— cos (g + y) 
sin X sin y 

47. Change to a form more con- 
venient for logarithmic computation 
tan X + tan y 

cot X + cot y 



tan X -f tan y 
cot X + cot y 

sinx . siny 

_ COS X cos y 

~ coax cosy 

sinx sin y 

sin X cos y -f cos x sm y 

cos X cos y 

~ Bin X cos y -f cos x sin y 
sin X sin y 

_ sin X sin y 
"" cosx cosy 

= tan X tan y. 



Exercise XV. Page 59. 
1. Find all the values of the following functions : sin-^ i Vs, 



tan— 1 -^ » vers-i i, cos-' ( p j» esc -^ V2, tan -' oo , sec -' 2, 



V3 
cos-i(-iV3). 

sin-i^Vs = 60° + 2n3r or 120°+2n;r. 

tan-i^ = 30° + 2n;r or 2\(P-\-2nit, 

V3 

vers-H = 60° + 2n7r or— 60°+2njr. 

cos-i(--^)=135° + 2njr or 226° + 2n;r. 

csc-i V2 = 46° + 2 n;r or 136° 4- 2 rur. 

tan-loo = 90° + 2n;r or 270° + 2njr. 

sec-12 = 60°4-2n;r or — 60° 4- 2 n;r. 

cos-i (- i V3) = 160° -\-2mc or 210° + 2 n;r. 

2. Prove that sin-i (— x) = — sin-i x ; cos-' (— x) = tt — cos-'x. 
sin-i (— x) = the angle whose sine is — x 
= — the angle whose sine is x 
= — sin-i X. 
cosr-i (— x) = the angle whose cosine is — x 
= 7t — the angle whose cosine is x 
^ ic— cos-i X. 
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3. If 8in-i X + sin-* y = jr, prove 
tliat X = 2^. 

If the sum of two angles is 180^, 
the sine of the one is equal to that 
of the other. 

Hence sin (sin-^ x) = ski (sin-* y). 

x = y. 

4. If y = sin-i J, find tan y. 

y = sin-* J. 

.-. sin y = i, 

cos y = Vl — sin^y = V| = } V2. 



tany = 



_Biny_ i 



^y fV2 2V2 



5. Prove that 



cos (sin-* x) = Vl — X*. 
Let sin-* x = y, 
then X = sin y, 

Vl — x2 = cos y 

= cos (sin-* x). 

6. Prove that 

cos (2 sin-i x) = 1 — 2 x*. 

Let sin-* x = y, 
then X = sin y 

cos (2 sin-* x) = cos 2 y 

= 1 — 2 sin^y 
= l-x2. 

7. Prove that 

X ^ 1/ 

tan (tan-* x + tan-* y) = :; ^ • 

^ ' 1 — xy 

Let tan-*x=M, 

and tan-* y = v. 

Then x = tan u, 

y = tan «, 



tan (tan-* x + tan-* y) 
= tan (m + «) 
__ tan u -f tan v 
~~ 1 — tanu tanr 
_ x + y 
1 — xy 

8. If X = Vi, find all the values 
of sin~* X + cos-* X. 

sm-* Vi=46°+2 UTC or 136<»+2 n;r 

cos-* Vi=46°+2n;r or — 45°+2 n;r 

.-. sm-* y/i + cos-i Vi 

= 90°4-2n;r, 2 njr, 

180°+2njr, or90°+2njr 

= 0°, 90°, or ISO*'. 



9. Prove that 



tan-* 



Vl-x2 



= sin-* X. 



Let 
tan-* 



then 



X 



r = tany, 



Vl-X2 

sec^y = 1 + tan^y 

V Vl - a;«/ 
1 

sin^y = 1 — cos^y = x^, 
sin y = X, 
y = sin—* X. 

X 

.-. tan-*— p=^= sin-*x. 
Vl-x2 
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10. 


Find the value of 




sin(tan-iA)- 


Let 


tan-iA = «» 


then 


t\ = tan X, 




sec2x = 1+ tan^ 




= 1 + (A)^ 

C082x = |tJ, 

.-. sin X = ± /j. 


11. 


Find the valae of 




cot (2 sin-i 1). 


Let 


8in-i| = x, 


then 


8inx = i, 




cos X = ± 1, 




cot X = ± J, 


cot 


(2sin-i|) = cot2x. 




cot^x — 1 




2cotx 






12. 


Find the value of 




sin(tan-ii+ tan-4). 


Let 


tan-' i = X, 



then 



tan X = i, 

sec^x =1 + tan^ 

= h 
cos^x = j, 

±2 

cos X = — rr » 

V6 

±1 
sm x = — TT* 

Vs 



cosy = 



sm y = 



±3 ^ 

Vio' 

±1 . 

Vio 



8in(tan-ii + tan-4) 
= sin (X + y) 
= sinx cos y + cos X Bin y 

V5 VlO V6 VlO 

13. If sin-i X = 2 COS-* x, find x. 

sin-J X = 90° — co8-> x. 
. 90° — cos~ix = 2 cos-ix, 
3cos-ix = 90°, 
cos-i X = 30°, 160°, or 270°, 
x= ±iV3, orO. 

14. Prove that 
tan(2 tan-ix) = 



2x 



2x 



l + x« 
Let tan-i x = y, 
then X == tan y, 

tan (2 tan-ix) = tan 2 y 
_ 2 tan y 
""l-tan2y 
__2x_ 
l-x2' 

15. Prove that 
sin (2 tan-i x) 

Let tan-iix = y, 
then X = tan y, 

sin (2 tan-i x) = sin 2 y 

= 2 sin y cos y 

= 2^^ 
cosy 

__ 2 tan y 
sec^y 

_. 2x 
1 + xa' 



l + x2 
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Exercise XVI. Page 63. 



1. What do the formulas of { 33 
become when one of the angles is a 
right angle ? 

B 




If angle C is a right angle, 



a _ 

c ~ 


sin A __ 
sin C " 


sinil 


c _ 
b~ 


sinC__ 
sinB" 


1 
8inB 


a _ 

b~ 


8in^_ 
sin B 


taxiA 


a 
sin^ 


sinC~ 


c; 


h 
sinB 


c 
sine 


c. 



2. Prove by means of the Law of 
Sines that the bisector of an angle 
of a triangle divides the opposite 
side into parts proportional to the 
.adjacent sides. 

Let CD bisect angle C. 
AD __ sin ^C 



Then 



CD sin A 



and 



DB _ 
CD' 



sih i C 
sinB 



But 



By division, 

AD__ 8mB 

DB "■ sm^ 
slnB _ b 
Bin A" a 

AD_b 
''DB a 

3. What does Formula [26] be- 
come when ^ = 90° ? when -4=0°? 
when A = 180° ? What does the 
triangle become in each of these 
? 



Formula [26] is 

a2 = 62 + c2 — 26ccos^. 
When ^ = 90°, cos^ =0° 
... a2 = 62 4- c2. 

When ^ = 0°, cos^ = 1. 
.•.a2 = 62 + c2-26c. 
When A = 180°, cos ^ = - 1. 
.•.a2 = 62 + c2 + 26c. 
B 



a=BC. 
b-AC. 

B 



C 

c-AB, 
a=b— c. 



a=BC. 
b = AC. 



c = BA, 

a = b + c. 



4. Prove that whether the angle 
B is acute or obtuse c = a cos B 
+ b cos -4. What are the two 
symmetrical formulas obtained by 
changing the letters? What does 
the formula become when B = 90°? 
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Case I. When angle B is acute 
(Fig. 1). 
(1) cosB=^^ 



cos-4 = 



a 
AD 



.'. DB = a cos B, 
and AD = b cos A. 

Add, DB+AD = a coa B + h cos A, 
But DB+AD=c. 

.'. c= a cos B + h cos A. 
Case II. When angle B is obtuse 
(Fig. 2). 

(2) ^ = cos^. 

^^ = cos(180°-B) 

= — cos B, 
.'. AD = b cos -4, 
and BD = — a cos B. 

Subtract, observing that the sign 
of cos B is minus. 

AD '-BD= bcoaA + a cos B. 
But AD — BD=c, 

.\ c = acoaB + b cos A. 



The symmetrical formulas are 

6= a cos C + CC08-4, 
a = 6 cos C -h c cos 1^. 

When B = 90*>. 



(3) 



C084 = 5- 

/. C = 6 COB 4. 



5. From the three following equa- 
tions (found in the last exercise) 
prove the theorem of § 34: 

c = a cos B + b cos A^ 

b = a cos C + c cos A, 

a = 6 cos C + c cos B, 

c2= ac cos J5 + 6c cos 4. (1) 

62= a6 cos C + 6c cos A, (2) 

a2= a6 cos C + ac cos B. (3) 

Add (2) and (3), 
a2 + 62 = 206 cos C+ 6c cos 4 
+ ac cos B, (4) 

Subtract (4) from (1), 

c2 - a2 - 62 = - 2 a6 cos C. 
... c2 = a2 + 62 - 2a6 cos C. §34 

6. In Formula [27] what is the 
maximum value ot ^(A — B)? of 
i(A + B)? 

a — b __ i!ini{A — B) 
a+6""tani(^ + 5)* 

The limit of 4 — J5 is 180°. 

.'. the limit of the maximum value 
ofi(A- B) 

= i^° = 90o. 
2 

The limit oiA-\-B\s 180°. 

.'. the limit of the maximum value 

oi\(A + B) 
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7. Find the form to which For- 
mula [27] reduces, and describe the 
nature of the triangle when 

(i.) C=90°; 

(ii.) ^ - J5 = 90°, and B = C. 

a + b tSLni(A'+By 
(i.) When C=90° 
A + B = Wi°, 

7? = 90° - ^. 
a-6_ tanir^~(90°-^)] 
a + i) tan 46° 

_ tan (^ - 46°) 

1 
= tan (^ - 46°). 

Since C is a right angle, the tri- 
angle is a right triangle. 



(U.) When-4— B=90°,andB = C. 
a — b _t&n^{ A — B) 
a+b tani(^ + B)' 
^ + B+C=180°, 
r A + 2B =180° 
A-B =90° 



and 







-.35= 90°, 






B= 30°, 






C= 30°, 






A = 120° 


a 


-6 


tan 46° 


a 


+ 6 


tan 76° 
tan 45° 
cot 16° 

1 



2 + V3 
.•.a + 6=(a-&)(2+V3). 
Since A = B, the triangle is isos- 
celes. 



Exercise XVII. Page 66. 



1. Given Find 


log a = 2.69897 


a = 600, C = 123° 12', 


colog sin ^ = 0.76182 


A = 10° 12', h = 2051.48, 


log sine = 9.92260 


5=46° 36'; c = 2362.61. 


log c = 3.37339 


a = 600. 


c = 2362.61 


A= 10° 12' 


2. Given Find 


B= 46° 36' 


a =796, C=66°20', 


A + B= 66° 48' 


A = 79° 69', b = 667.G88, 


.-. C = 123° 12'. 


5 = 44° 41'; c = 663.986. 


log a = 2.69897 


a = 796. 


colog sin ^=0.75182 


A= 79° 69' 


log sin 5 = 9.86128 


5= 44° 41' 


log 6=3.31207 


^ + 5= 124° 40' 


6 = 2061.48. 


... C = 56° 20'. 
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log a = 2.90037 




log = 2.01381 


colog sin ^ = 0.00667 




colog sin A = 0.65308 


log sin 5=9.84707 




log sin 5 = 9.78960 


log 6 = 2.75411 




log 6 = 3.36729 


b = 667.688 




6 = 2276.63. 


log a =2.90037 




log a = 2.91381 


colog sin A = 0.00667 




colog sin ^ = 0.66398 


- log sin C = 9.91612 




log sin C = 9.02918 


log c = 2.82216 




log c = 3.19697 


c = 663.986. 




c = 1673.89. 


3. Given Find 


5. 


Given Find 


a = 804, C = 35° 4', 


c 


= 1005, C = 47° 14', 


^ = 99° 65', 6=677.31, 


A 


= 78° 19', a = 1340.6, 


i5 = 46°r; , c = 468.93. 


B 


= 64° 27'; 6=1113.8. 


a = 804. 




C = 1005. 


^ = 99° 66' 




A=: 78° 19' 


B= 45° r 




B= 54° 27' 


^ + 5 = 144° 66' 




A+ B= 132° 46' 


.-. C = 36° 4'. 




... c= 47° 14'. 


log a =2.90626 




log c = 3.00217 


colog sin A = 0.00664 




colog sin 0=0.13423 


log sin 5 = 9.84961 




log sin ^ = 9.99091 


log 5=2.76141 




log a = 3.12731 


&= 577.31. 




a = 1340.6. 


log a = 2.90626 




log c = 3.00217 


colog'sin^ = 0.00664 




colog sin 0=0.13423 


log sin 0=9.76931 




log sin B = 9.91042 


log c = 2.67111 




log 6 =3.04682 


c = 468.93. 




6=1113.8. 


4. Given Find 


6. 


Given Find 


a =820, C=26°12', 


6 


= 13.67, A = 108° 60', 


A= 12° 49', 6=2276.63, 


B 


= 13° 57', a = 53.276, 


5=141° 69'; c= 1673.89. 


C 


= 57° 13' ; c = 47.324. 


a = 820. 




6= 13.67. 


A= 12° 49' 




B= 13° 67' 


B = 141° 69' 




0= 57° 13' 


A + B= 164° 48' 




B+C= 71° 10' 


.•.*C= 26° 12'. 




.-. A = 108° 60'. 
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log &= 1.13258 

colog sin £ = 0.61786 

log sin ^ = 9.97010 

loga= 1.72663 

a = 53.276. 

loga= 1.72663 

colog sin ^ = 0.02390 

log sin C = 9.92466 

log = 1.67608 

c = 47.324. 



7. Given 
o = 6412, 
A = 70° 66', 
C = 62° O' ; 

a 

A- 
C: 

A + C: 

log a: 

log sin B - 

colog sin A - 

log 6 = 

6 = 

Ioga = 

log sin C - 

colog sin A - 

logc = 

c = 



Find 

B = 66°66', 

6 = 6686.9, 

c = 6367.6. 

= 6412. 

= 70° 55' 
= 62° 9' 
= 123° 4' 
: 66° 66'. 
= 3.80699 
■• 9.92326 

0.02456 

3.76480 
■ 6686.9. 

3.80699 

9.89742 

0.02456 

3.72896 

6357.6. 



8. Given 
& = 999, 

A = 37° 68', 
C = 65° 2' : 



Find 
J5=77°, 

a = 630.77, 
c = 929.48. 

6=999. 
A= 37° 68' 

C= 65° 2' 



log h = 2.1 
colog sin B = 0.01128 
logsin^ = 9.' 



A-\- C= 103° 
,\B= 77°. 



log a = 2.79987 
a = 630.77. 

log 6 = 2.99967 

colog sin B= 0.01128 

log sin C = 9.95739 

log c = 2.96824 

c = 929.48. ^ 

9. In order to determine the dis- 
tance of a hostile fort A from a 
place B, a line BC and the angUs 
ABC and BC-4 were measured, and 
found to be 322.55 yards, 60° 34', 
and 56° 10', respectively. Find tlie 
distance AB. 

a = 322.55. 

B= 60°34' 

C= 66° ly 

B+C=116°44' 

.•.^= 63° 16'. 

log a = 2.50860 

colog sin ^ = 0.04910 

log sin C = 9.91942 

log c = 2.47712 

c = 300. 

10. In making a survey by tri- 
angulation, the angles B and C of a 
triangle ABC were found to be 
50° 30' and 122° 9', respectively, 
and the length BC is known to be 
9 miles. Find AB and AC. 

C=122° 9' 

Jg= 50° 30' 

B + C= 172° 39' 

.'. 4 = 7° 21', 
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\ogBC= 0.95424 

colog8iii.4= 0.89303 

log sin B = 9.88741 

log&= 1.73468 

6 = ^C= 54.286. 



logJ5C = 

colog sin ^ = 

log sin C = 

logc = 

c = AB = 



0.95424 
0.89303 
9.92771 
1.77498 

59.564. 



11. Two observers 6 miles apart 
on a plain, and facing each other, 
find that the angles of elevation of 
a balloon in the same vertical plane 
with themselves are 56° and 58°, 
respectively. Find the distance 
from the balloon to each observer, 
and also the height of the balloon 
above the plain. 

B= 68° 

A= 65° 

^4-5=113° 

... C= 67°. 



log c = 0.< 

colog sin C = 0.03597 

log sin A = 9.91336 

log a =0.64830 

a=£C = 4.4494. 

log c = 0.69897 

colog sin C = 0.03597 

log sin Jg= 9.92842 

log b = 0.66336 

6 = ^(7=4.6064. 



To find h. 



- = sin B. 
a 

,'.h=a sin B, 



log a = 0.64830 

log sm B = 9.92842 

log h = 0.67672 

A = 3.7733. 

12. In a parallelogram, given a 
diagonal d and the angles x and y 
which this diagonal makes with the 
sides. Find the sides. Compute 
the results when d= 11.237, x = 
19°r, andy=42°64'. 



d = 


11.237. 


x = 


19° r 


y = 


42° 64' 


x + y = 


61° 66' 


.-. z = 


•118° 6' 


logd = 


1.06065 


colog sin z = 


0.06440 


log sin X = 


9.61301 


loga = 


0.61806 


a = 


4.1601. 


logd = 


1.06065 


colog sin £ = 


0.06440 


log sin y = 


9.84297 


logc = 


0.93802 


c = 


8.67. 



13. A lighthouse was observed 
from a ship to bear N. 34° E. ; after 
sailing due south 3 miles, it bore N. 
23° E. Find the distance from the 
lighthouse to the ship in both posi- 
tions. 

= 3. 

A= 23° 

B = (180° - 34°) = 146° 

^ + J5=169° 

/. C= 11°. 
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log c = 0.47712 

cologsin C = 0.71940 

log sin ^ = 9.59188 

log a = 0.78840 

a = 6.1433. 

log c = 0.47712 

cologain = 0.71940 

log Bin 5 = 9.74756 

log 6 = 0.94408 

6=8.7918. 

14. In a trapezoid, given the 
parallel sides a and 6, and the an- 
gles X and y at the ends of one of 
the parallel sides. Find the non- 
parallel sides. Compute the results 
when a=15, 6=7, x=70°, y=40°. 

Given parallel sides, 

AB=7 and DC= 15; 
also, ADC = 40° and BCD = 70° ; 
required AD and BC. 

Draw AE || BC ; 
then AB = EC (||s comp. bet. ||s), 
and DE=DC—AB. 
= 15-7 = 8. 
Also^JE7D=5CD=70°(ext. int. ^). 

Now 
DAE = 180° -(40° + 70°) 
= 70°. 
But since 
AED= DAE =70'', 
the A is isosceles, and side 
DA:^DE = 8. 

Now AE= BCj and we are to 
findBC. 



AE _ 
DE' 



sin ADE 
Bin DAE 



log DE = 0.90309 

log sin ^D^ = 9.80807 

colog sm DAE = 0.02701 

log ^^=0.73817 

^^=BC= 5.4723. 

15. Given 6= 7.07107, A = 30°, 
C = 105°; find a and c without 
using logarithms. 

Let p and q denote the segments 
of c made by the _L dropped from C. 

^ = 30°, 

C=106°, 

5 = 45°. 

g _ sin ^ _ _i_. 
" 6 ""sin B" ^y/^ 

h 
a = —= 

V2 

7.07107 



1.41421 



= 5. 



| = cos^ = iV3 = 

p = 6 X 0.86602 
= 7.07107 X 0.86602 
= 6.12369. 

i = cosJ5 = iV2= 0.70711. 
a 

g = a X 0.70711 

= 6 X 0.70711 = 3.53655. 
c = p-\- q 

= 6.12369 4-3.53666 

= 9.6692. 
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16. Given c = 9.562, ^ = 46^ 
B = 00°; find a and b without using 
logarithms. 

0=76°. 
c sin ^ 
sm C 
sin C = sin (45° +30°) 
= sin 45° cos 30° 

+ cos 46° sin 30°. 

= iV2X iV3 + iV2Xi 
= i(V6 + >^). 
_ 9.562 X iV2 
i(V6 + V2) 
= 19.124 X \^ 

V6+ yf2 

_ (19.124 V V2) ( V6 - >^) 

6-2 
= 9.562 (V3-1) 
= 6.999 = 7. 

asin B ^ 7 X ^Vs 
iV2 



6 = 



sin X 

_7V3^7V6 

^^ .2 
= 3.5V6 = 8.573. 

17. The base of a triangle is 600 
feet, and the angles at the base are 
30° and 120°; find the other sides 
and the altitude without using log- 
arithms. 

AB= GOO 
A = 30°. 
B = 120°. 
.-. C=30°. 
A=a 
a = c = 600 feet 



6 = 



asin B 



sin A 
_ 600 X sin (180° -60°) 

sin 30° 
-- 600X jVS 

i 
= 600 X 1,732061 
= 1039.2. 
A = a8m 5 = 600 x^VS 
= 610.6 feet. 

18. Two angles of a triangle are, 
the one 20°, the other 40° ; find the 
ratio of the opposite sides without 
using logarithms. 

Let X - 20° 

y = 40°, 

and a and h be opposite sides. 

_, sin X a 
Then - — =t* 
sm y 

nat sin X = 0.3420. 

nat sin y = 0.6428. 

.-. a : 6 : : 3420 : 6428. 

: : 856 : 1607. 

19. The angles of a triangle are 
as 5 : 10 : 21, and the side opposite 
the smallest angle is equal to 3; 
find the other sides without using 
logarithms. 

Since the angles A, B^ C, are as 
5 : 10 : 21, 

^ = ^^ of 180° = 25°. 
B = JJof 180°=50°. 
C = f i of 180° = 105°. 
asinB 3x0.766 



h = 



sin A 0.4226 

= 5.438. 

asinC 3x0.9659 



sin A 
■■ 6.857. 



0.4226 
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20. Given one side of a triangle 
equal to 27, the adjacent angles 
equal each to 30^; find the radius 
of the circumscribed circle without 
using logarithms. 

2R = 



sin A 
sin A = sin 120° 



= sm(180°-60°) 
= sin 60°. 
sin 60° = i Vs. 
. 2n= ^^ _64_ 64xV3 
iVs V3 3 

= 18V3. 
.%iJ = 9V3 = 16.688. 



Exercise XVIII. Page 69. 



1. Determine the number of solu- 
tions in each of the following cases : 
(i.) a = 80, 6 = 100, A = 30°. 

.-. a < 6, 
but a>6sm^ = 100 X i, 

and :A<90°. 

.*. two solutions, 
(ii.) a =50, &=100, ^ = 30°. 

.-. a = 6 sin ^ = 100 X i. 

.-. one solution. 

(iii.) a = 40, h= 100, A = 30°. 

.-. a<6sin-4 = lOOx i, 
and ^<90°. 

.-. no solution, 
(iv.) a = 13.4 6=11.46, ^=77° 20'. 
.-. a>6. 
.-. one solution, 
(v.) a =70, &=76, ^ = 60°. 

.-. a<6, 
but a> 6 sin ^ = 76 X |V3, 

and ^<90°. 

.-. two solutions, 
(vi.) a =134.16, 6 = 84.64, 

B = 52° 9' 11''. 
6<a, 
J5<90°, 
nat sin J5 = 0.7897. 

84.54 < 134.16 X 0.7897. 
.-. 6 < a sin B, 
,-. no solution. 



(vii.) a = 200, 6 = 100, ^ = 30°. 
a>6. 
.'. one solution. 



2. Given 


Find 


a = 840, 


B= 12° 13' 34", 


6 = 486, 


C= 146° 16' 26", 


A = 21° 31'; 


c= 1272.16. 


Here a > 6. 


*•. one solution. 


colog a 


= 7.07572 - 10 


log 6 


= 2.68674 


log sin A 


= 9.66440 


log sin B 


= 9.32686 


B 


= 12° 13' 34". 


.-. C 


= 146° 16' 26". 


log a 


= 2.92428 


, log sin C 


= 9.74466 


colog sin A 


= 0.43660 


logc 


= 3.10454 


c 


= 1272.16. 


3. Given 


Fmd 


a = 9.399, 


B = 67° 23' 40", 


6=9.197, 


C= 2° 1'20", 


A = 120° 35'; 


c = 0.38626. 


colog a ■ 


= 9.02692 - 10 


log 6: 


= 0.96366 


log sin A • 


= 9.93496 


log sin B : 


= 9.92562 


B-- 


= 57° 23' 40". 


aC = 


= 2° r20". 
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\oga- 

log sin C - 

colog sin A - 

logc = 



: 0.97308 
: 8.64761 
: 0.06606 



c = 

4. Given 
a =91.06, 
b = 77.04, 

^ = 6P y 6''; 

colog a 

log b 

log sin A 

log sin B 

B 
.-. C = 

log a: 

log sin C - 

colog sin A - 

log c- 

c = 

5. Given 
a = 66.66, 
6 = 66.66, 

B = 77° 44' 40''; 

Here 6 > a. 

log a: 
log sin B ■ 
colog b ■■ 
log sin ^ 

A- 
.-. C 

log a 

log sin C : 

colog sin A ' 

logc- 



9.58674 - 10 
0.38626. 

Find 
B = 4P13', 
C=87<»37'64", 
c = 116.82. 

= 8.04067 - 10 
= 1.88672 
= 9.89143 
= 9.81882 

: 41° 13'. 
: 87° 37' 64". 

: 1.96933 
: 9.99963 
0.10867 
: 2.06763 
: 116.82. 

Find 
^ = 64° 31' 13", 
C=47°44' 7", 
c = 64.481. 

.*. one solution. 

= 1.74468 
= 9.98999 
= 8.17613-10 
= 9.91080 

= 64° 31' 13". 
= 47° 44' 7". 

= 1.74468 
: 9.86926 
= 0.08920 
= 1.70313 

= 60.481. 



6. Given 

= 309, 6 = 360, il = 21° 14' 26"; 
find B= 24° 67' 64", 

jr=166° 2' 6", 
C = 133° 47' 41", 
C= 3° 43' 29", 
c = 616.67, 
c'= 66.41. 
There are two solutions, 
for a<6, 

but a>6 8inil, 

and il<90°. 

log 6 = 2.66630 
log sin A = 9.56904 

colog a = 7.61004-10 
log sin B = 9.62538 

B= 24° 67' 54". 

.•.C=l:^^°47'41". 

log a = 2.48996 

log sin C = 9.86843 

colog sin il = 0.44096 

logc = 2.78936 

c = 616.67. 

Second 8oliiti4m. 
B'=180°-B C' = B-il 
= 165° 2' 6". = 3° 43' 29". 

log a = 2.48996 
logsinC'= 8.81267 
colog sin ^ = 0.44096 
logc' =1.74359 
c' = 56.41. 

7. Given a = 8.716, 6 = 9.787, 

A= 38° 14' 12"; 

find B= 44° 1'28", 

R- 136° 68' 32", 
C= 97° 44' 20", 
C'= 5° 47' 16", 
c = 13.964, 
c'= 1.4203. 
There are two solutions, 

for a < 6, and log sin B < 0. 
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colog a = 9.06968 - 10 


9. Given a = 34, 


log 6 = 0.99065 


6 = 22, 


log sin il = 9.79163 


i?=30°20'; 


log sin B = 9.84196 


find A= 51° 18' 27", 


J5= 44° 1'28". 


A'= 128° 41' 33", 


jr= 135° 68' 32". 


C= 98° 21' 33", 


C= 97° 44' 20". 


C'= 20° 58' 27", 


C'= 5° 47' 16". 


c = 43.098, 


log a = 0.94032 


c'= 15.593. 


log sin C = 9.99002 
colog sin ^ = 0.20837 


Here 6 < a, but > a sin J5, and 
i5<90° 


log c = 1.14471 


.-. two solutions. 


c = 13.964. 

Ioga = 0.94a32 

log sin C'= 9.00365 

colog sin ^ = 0.20837 

log c'^ 0.16234 


log a =1.53148 
logsinB= 9.70332 
colog h = 8.66768 - 10 


log sin ^ = 9.89238 


C= 1.4203. 


A= 61° 18' 27". 




^'=128° 41' 33". 


8. Given Find 
a = 4.4, B = 90°. 


.-. C = 98° 21' 33". 


&=5.21, C= 32° 22' 43", 


.-. C'= 20° 68' 27". 


^ = 67° 37' 17"; c=2.79. 


log a =1.53148 


log sin ^= 9.92661 


log sin 0=9.99536 


log 6= 0.71684 


colog sin ^ = 0.10762 


colog a = 9.36666 — 10 


log c= 1.63446 


log sin 1^=10.00000 
J5 = 90°. 


c = 43.098. 


... C = 32° 22' 43". 


log a =1.53148 


log 6 = 0.71684 


log sine = 9.56382 


log cos ^ = 9.72877 


colog sin ^ =0.10762 


log c = 0.44561 


log c'= 1.19292 


c = 2.791. 


C = 16.693. 
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10. Given b = 19, 
c= 18, 
C= 16^49'; 

find B= 16° 43' 13", 

B'= 163° 16' 47", 
A = 147° 27' 47", 
A'= 0° 54' 13", 
a = 35.519, 
a'= 1.0416. 

There are two solutions, 
for c < 6, 

but c>6 8inC, 

and C<90°. 

log h = 1.27875 
log sin C = 9.43546 

colog c = 8.74473—10 
log sin J5= 9.45894 

B= 16° 43' 13". 
5^= 163° 16' 47". 
A = 147° 27' 47". 
A'= 0° 54' 13". 

log 6 =1.27875 

colog sin J5 = 0.54106 

log sin^ = 9.73065 

loga= 1.55046 

a =35.519. 

log b = 1.27875 

colog sin 5' = 0.54106 

log sin^' = 8.19784 

log a' = 0.01765 

a' =1.0415. 

11. Given a = 75, 6 = 29, B — 
16° 15' 36" ; find the difference be- 
tween the areas of the two corre- 
sponding triangles, without com- 
puting their areas separately. 



The triangle which is the differ- 
ence of the two triangles has for its 
altitude a sin B, and two of its sides 
are of length 29. 

log a =1.87506 
log sing = 0.44715 
log(a8inB) = 1.32221 
a sin B= 21. 
29» - 2ia = (29-21) (29+21) 
= 8 X 50 

=400. 

.-. V29a - 21« = 20. 

Hence the base of the triangle is 
2X20 = 40, and it^ altitude 21. 
Its area is therefore i x 40 x 21 
= 420. 

12. Given in a parallelogram the 
side a, a diagonal d, and the angle 
A made by the two diagonals ; find 
the other diagonal. 

Special case : a = 35, d = 63, 
A = 21° 36' 30". 

a = 35. 
id = 31.5. 
A = 21° 36' 30". 

colog a = 8.45593 — 10 
logid = 1.49831 
log sin A = 9.56615 
log sin 5 = 9.62039 

B= 19° 21' 20". 
C=139° 2' 10". 

log a = 1.54407 

log sin 0=9.81663 

colog sin A = 0.43385 

log id' =1.79465 

id' =62.3085. 
d' = 124.617. 
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Exercise XIX. Page 73. 



1. 


Given 


Find 


a 
b 
C 


= 77.99, 
= 83.39, 
= 72^15'; 


A = 5P 16^ 
5=660 30', 
c= 96.24. 




b + a 


= 161.38. 




b-a 


= 6.4. 




B + A 


= 107« 46'. 




HB-^A) 


= 63° 62' 30" 


log 
log 


log (b-a) 

colog (6 + a) 

tani(B + ^) 

tani(B-^) 


= 0.73239 
= 7.79216-10 
= 0.13675 
= 8.66129 




i{B-A) 
A 


= 2° 37' 30". 
= 6P 16'. 




B 


= 56° 30'. 




log6- 

log sin C 

colog sin B 

logc- 


= 1.92111 
= 9.97882 
= 0.07889 
= 1.97882 




c 


= 96.24. 


2. 


Given 


Find 


6 

c 

A 


= 872.5, 
= 632.7, 
= 80^; 


J5=60°46', 
C=39°15', 
a =984.83. 




b-c- 


= 239.8. 




b+c-- 


= 1605.2. 




B+C- 


= 100°. 




i{B+C)'- 


= 60°. 


log(6-c) = 

logtani(5+C) = 

colog (b+ c)- 

logtani(B— C) = 


= 2.37986 
= 0.07619 
= 6.82240-10 
= 9.27844 



i(B-C7) = 10°46'. 
B= 60° 46'. 
C= 39° 16'. 

log b = 2.94077 

log sin ^=9.99336 

colog sin B = 0.05924 

log a = 2.99336 

a = 984.83. 

3. Given Find 

a =17, ^ = 77° 12' 53", 

6 = 12, B = 43°30' 7", 

0=69° 17'; c= 14.987. 



a+b- 

a-b-- 

A + B- 



5. 

120° 43'. 
60° 21' 30". 



log (a — 6) 
colog (a 4- 6) 
\ogtaxii{A + B) 
log tan i (^ - B) = . 9.48143 



0.69897 
8.53760 — 10 
10.24486 



iiA-B): 
A- 
B- 

log 6 = 

log sin = 

colog sin B = 

logc = 



: 16° 51' 23". 
: 77° 12' 63". 
:43°30' 7". 

: 1.07918 

9.93435 

= 0.16218 



1.17671 
14.987, 
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4. Ciyen 

c = V3, 
A = 36° 53' 



V3 = 

6+c = 

6-c = 

B+C- 

i(B+C) = 

log(6-c) = 

colog (6 4- c) = 

log tan i (JB + (7) = 

log tan i (J? - C) 

B 
C 



Find 
B= 93° 28' 36", 
C = 50° 38' 24", 
a= 1.313. 

: 2.2361. 
: 1.7321. 
: 3.0681. 
: 0.5040. 
: 144° 7'. 
: 72° 3' 30". 

: 9.70243-10 
: 9.40142-10 
10.48973 



= 9.^ 

= 21° 26' 6". 
= 93° 28' 36". 
= 50° 38' 24". 



log c = 0.23856 

log sin ^ = 9.76800 

colog sin C = 0.11172 

log a = 0.11828 

a = 1.313. 

5. Given Find 

a = 0.917, A = 132° 18' 27", 

6=0.312, B= 14° 34' 24", 

C = 33° 7' 9" ; c = 0.67748. 
a+ 6= 1.229. 
a- 6 = 0.605. 
^4-jB=146°52'61". 
i(A + B)= 73° 26' 26". 
A = 132° 18' 27". 
B= 14° 34' 24". 
log (a -6)= 9.78176-10 
log tajii(A + B)= 10.62674 

colog {a + b)= 9.91045 - 10 

log tan i (^ - JB) = 10.21895 
i (^ - B) = 68° 52' 1". 



log 6= 9.49415 -10 
log Bin (7 = 9.73750 
colog sin B = 0.599 26 

log c = 9.83090 -10 
c = 0.67748. 



6. Given 
a =13.715, 
c= 11.214, 
5 =15° 22' 36" 



Find 
A = 118° 55' 49", 
C= 45° 41' 35", 
& = 4.1554. 



a — c- 

a4-c: 

A + C- 

i{A+C)- 



: 2.501. 

: 24.929. 

: 164° 37' 24" 

: 82° 18' 42" 



log (a — c) 
logtani(il+ C) 
colog (a + c) 
logtani(^-C)= 9.87109 



0.39811 
10.86968 
8.60.330 - 10 



A- 



118° 55' 49". 
46° 41' 36". 



log sin J? = 9.42352 

log a =1.13720 

colog sin ^ = 0.05789 

log b = 0.61861 

6 = 4.1654. 



*7. Given 

6 = 3000.9, 

c = 1587.2, 

A = 86° 4' 4" 



Find 
B= 66° 13' 61", 

(7= 28° 42' 5", 
a - 3297.2. 



6+ c = 4588.1. 
6- c= 1413.7. 
B + C = 93° 56' 66". 
i(B+C)=46°67'58". 

log(6-c)= 3.15036 
colog (6 + c) = 5.33837 — 10 
log tan i (B 4- C) = 10.02983 
logtani(B- C)= 9.61866 
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|(B - C) = 18° 15' 63". 


a 4- 6 = 88.23. 


C=22P42' W\ 


a- 6 = 22.05. 


5 =65° 13' 61". 


-4 + 5= 149° 36'. 




i{A-\-B)= 74° 48'. 


log 6 = 3.47726 




log sin ^ = 9.99898 


log (a -6)= 1.34341 
colog(a + 6)= 8.05438-10 


cologsin 5=0.04191 


log tan i (^ + J?) = 10.56692 


log o = 3.61816 


logtani(^-JB)= 9.96371 


a = 3297.2. 


'i{A-B)= 42° 36' 33". 




A= 117° 24' 33". 


8. Given Find 


B= 32° 11' 27". 


a = 4527, A - 68° 29^ 16", 


log 6 =1.51970 


6 = 3466, B = 45° 24' 18", 


log sin 0=9.70418 


= 66° 0' 27"; c = 4449. 


colog sin B = 0.27348 


a + 6 = 7992. 


log c = 1.49736 


a-6=1062. 


c = 31.431. 


^ + 5 = 113° 63' 33". 


10. Given Find 


i(^ + B)= 56° 56' 47". 


a = 47.99, ^ = 2° 46' 8", 


log (a -6)= 3.02612 


6 = 33.14, B=l°64'42", 


colog(a+6)= 6.09734-10 


C= 176° 19' 10"; c= 81.066. 


log tan i (^ + JB) = 10.18659 


a + 6 = 81.18. 




a — 6 = 14.86. 


log tan i(^- 5)= 9.31005 






^ 4- J? = 4° 40' 60". 


i(^-B) = ll°32'28". 


i(^ 4- 5) =2° 20' 26". 


A = 68° 29' 15". 


log (a -6) = 1.17173 


B = 45° 24' 18". 


colog (a + 6) = 8.09082 - 10 


log sin C = 9.96109 


log tan i(^ + 5) = 8.61138 


cologsin ^ = 0.03136 


log tan i(^- 5) = 7.87393 ' 


log a = 3.65581 


i(:4-B) = 0°25'43". 


log c = 3.64826 


^=2° 46' 8". 




B = 1° 64' 42". 


c = 4449. 






log b = 1.62036 


9. Given Find 


log sin C= 8.91169 


a = 65.14, ^ = 117° 24' 33", 


colog sin 5 =1.47680 


6 = 83.09, B= 32°ir27", 


log c= 1.90884 


a =30° 24'; c = 31.431. 


c= 81.066. 
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11. If two sides of a triangle are 
each equal to 6, and the included 
angle is 60^, find the third side. 

Since a = 6, 

A = B, 
A'^B=12(P. 

,'.A = B=C=e(y. 
... a = 6 = c = 6. 

12. If two sides of a triangle are 
each equal to 6, and the included 
angle is 120°, find the third side. 

A-^B = 60°. 
,'.A = B = 30°, 
a = 6 = 6. 

log a = 0.77815 

log sin C = 9.93763 

colog sin -A = 0.30103 

log c= 1.01671 

c = 10.392. 

13. Apply Solution I. to the case 
in which a = b, that is, the case in 
which the triangle is isosceles. 



If a = &, the formula 



iAni{A'-B) = 



a + h 



xtmiiA-^B) 



will become 

ia,ni(A — B) = 0. 

.',A-B = 0, 

A = B 

= i(180°-C) 
= 90°-iC. 
a sin C 
sm A 



14. If two sides of a triangle are 
10 and 11, and the included ang^e 
is 60°, find the third side. 

a + 6=21. 
a-6=l. 
^ + 5=130°. 
i(A + B)= 66°. 

log (a -6)= 0.00000 
colog (a + 6)= 8.67778-10 
log tan i (4 + B) = 10.33133 

log tan i (-4-5)= 9.00911 

HA-B)- 5°49'6r. 
^ = 70° 49^ 61". 
B = 69°10' 9". 

log 6 =1.00000 

log sin C= 9.88425 

colog sin 5 = 0.06617 

log c = 0.95042 

c = 8.9212. 

15. If two sides of a triangle are 
43.301 and 26, and the included 
angle is 30°, find the third side. 

a + 6 = 68.301. 
a- 6 =18.301. 
A+ B= 150°. 
i{A + B)= 76° 

log (a -6)= 1.26247 
colog (a + 6)= 8.16567-10 
log tan i (^ + 5) = 10.57195 

logtani(^-J?)= 9.99999 

i(^-B)=45° 
A = 120°. 
B= 30°. 

.-. in isosceles triangle ABC 
c = b = 26. 
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16. In order to find the distance 
between two objects A and B sep- 
arated by a swamp, a station C was 
chosen, and the distances CA=9S 
yards, CB = 3475.6 yards, together 
with the angle ACB = Q2° 31', were 
measured. Find the distance from 
AioB. 

6 4- a =7300.6. 
6- a = 349.4. 
B + A = nr29'. 
i(B-^A)= 68° 44' 30". 
log (6- a) = 2.64332 
colog(6 4-a)= 6.13664-10 
log tan i (i? + ^) = 10.21680 
logtani(^-^)= 8.80676 

i{B-A)= 4^30' 30". 

B = 63°15'. 

ul = 54° 14'. 

log 6 =3.58263 

log sin C = 0.94799 

colog sin B = 0.04916 

log c = 3.57978 

= 3800. 

17. Two inaccessible objects A 
and B are each viewed from two 
stations C and D 562 yards apart. 
The angle ^CJB is 62° 12', BCD 
41° 8', ADB 60° 49', and ADC 
34° 51 ; required the distance AB. 




In triangle A CD 

^ = 180°- (C+D) 
= 41° 49'. 



b _ sm34^6r , 
662 sin 41° 49'' 

662 sin 34° 61' 

sin 41° 49' 

log 662 = 2.74974 

log sin 34° 51' = 9.76696 

colog sin 41° 49' = 0.17604 

log b = 2.68274 

6 = 481.65. 

In triangle CBD 

B= 180°- (C+D) 

= 43° 12'. 

a _ sin95°40' 

662 sin 43° 12'* 

_ 662 cos 6° 40' 

''^ sin 43° 12' 

log 562 = 2.74974 

• log cos 5° 40' = 9.99787 

colog sin 43° 12' = 0.16460 

log a = 2.91221 

a = 816.98. 

In triangle ^CB 

iAni(A-B) = ^^xtaxii{A+B) 

i(^ + ^ = i(180°-C) 
= 68° 54'. 
a- 6 = 816.98-481.66 

= 336.33. 
a 4- 6 = 816.98 +481.65 

= 1298.63. 
log (a -6)= 2.52647 
colog (a + 6)= 6.88661 — 10 
log ia.ni{A + B) = 10.21951 
logtani(il-^= 9.63149 

i(^-B)=23°10'26". 

ul = 82° 4' 26^'. 

log a = 2.91221 

log sin C= 9.94674 

colog BmA = 0.00418 

log c = 2.86313 

c = 729.68. 
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Id. Two trains start at the same 
time from the same station, and 
move along straight tracks that 
form an angle of 30^, one train at 
the rate of 30 miles an hour, the 
other at the rate of 40 miles an 
honr. How far apart are the trains 
at the end of half an hour ? 

a + 6 = 36. 
a- 6 = 6. 
^4-^=160°. 
i(^ + B)= 75'. 



log (a — 6) = 

colog (a + 6) = 

log tan i (^ 4- B) = 

logtani(-4 — B) = 

B- 
A' 

log 6 = 
• log sin C - 
colog sin B - 

logc = 
c = 



: 0.60807 
: 8.46603 - 10 
: 10.67107 
0.72087 
: 28° 4'. 
: 46° 66'. 
= 103° 4'. 
: 1.17600 
: 0.60807 

0.13634 
: 1.01140 

10.266. 




19. In a parallelogram given the 
two diagonals 6 and 6, and the an- 
gle that they form 40° 18'. Find 
the sides. 

In the parallelogram ABBE 
let EB = 6, and AD = 6, 

and Z BCA = 40° 18'. 

In triangle ACB 

let BC- 

AC- 

Find AB- 

a-b- 

a + b- 

A + B- 

i(A-^B)-. 

\og{a-b)- 

colog (a + 6) = 

logtani(^ + -B) = 

log tan i (^ — B) : 

HA-B)-- 

A- 

B- 



a = 3. 
6=2.6. 
c. 

0.6. 
6.6. 

130° 42'. 
: 65° 21'. 

0.60807-10 
0.25064-10 
10.33820 



: 0.20600 
11° 12' 20". 
76° 33' 20". 
64° 8' 40". 



colog sin ^ = 

log sin C- 

logc = 

c-AB- 

In triangle AEC 
EC- 
AC^ 
L ACE- 

A + E = 
iJA + E)-- 



: 0.47712 

0.01207 

■ 0.87076 

: 0.36804 

2.3386. 

a = 3, 

b = 2.6, 
: 130° 42'. 
: 40° 18' 
: 24° 30' 



i(A 



■E): 
A 



: 2° 23' 20" 
:27° 2' 20". 



log (a — 6) 
colog (a + 6) 
log tan i (^ + ^) 
log tan ^(A—E) = 8.62032 



0.60807 - 10 
0.25064 - 10 
0.66171 > 



iiA'-E)= 2° 23' 20" 
^ = 27° 2' 20" 
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log a = 0.47712 

colog sin A = 0.34238 

log sin c = 9.87 9 75 - 10 

log c = 0.69925 

c-EA- 5.0032. 

20. In a triangle one angle equals 
139° 54^ and the sides forming the 
angle have the ratio 5:9. Find the 
other two angles. 

a = 9. 
6 = 5. 



a+6=14. 
a-6 = 4. 
^ + 5 = 40<»6'. 

log (a -6) = 0.60206 
colog (a 4- 6) = 8.85387 - 10 
log tan i(^ + B) = 9.56224 
log tan i (^ - 1*) = 9.01817 

i(^-JB)= 5** 57' 10". 
^ = 26° O'lO". 
JJ=14° 5' 50". 



Exercise XX. Page 77. 



1. Given a = 51, 6 = 65, c = 20 ; 


iB= 63° 26' 6". 


find the angles. 


B= 126° 52' 12". 


a= 51 


^ + JB=165°45'. 


6= 65 


.-. C = 14° 15'. 


c= 20 




28=136 


2. Given a = 78, 6 = 101,. c = 29 ; 


s= 68. 


find the angles. 


«-a= 17. 


a= 78 


s - 6 = 3. 


6=101 


s - c = 48. 


c= 29 


colog s= 8.16749-10 


2s = 208 


colog {8 -a)- 8.76955 - 10 


8 = 104. 
«-a= 26. 
5-6= 3. 
s-c= 75. 


log(s-6)= 0.47712 
log {8-c)= 1.68124 

2) 19.09540 - 20 


logtani^= 9.54770 


i^ = 19°26'24". 


colog 5= 7.98297-10 


A = 38° 52' 48". 


colog («-«)= 8.58503 - 10 


colog «= 8.16749- 10 
colog (« — 6) = 9.52288 — 10 
log (8- a) = 1.23045 
log (s-c)= 1.68124 


log (5 -6)= 0.47712 
log(5-c) = 1.87506 

2) 18.92018 - 20 
logtani^= 9.46009 


2) 20.60206 — 20 


i^ = 16° 5' 27". 


log tan iJS= 10.30103 


A = 32° 10' 54". 



TEACHERS' EDITION. 



107 



colog«= 7.08297-10 


4. Given a = 21, 6 = 26, c = 


= 31; 


colog(8-6)= 9.52288-10 


find the angles. 




log(«-a)= 1.41497 


a = 21 




log(«-c)= 1.87606 


6 = 20 




2)20.79588-20 


c = 31 

2«=78 




log tan i J? =10.39794 




iB= 68°ir56". 


8 = 39. 




B = 136° 23' 60''. 


« — a = 18. 




A + B= 168° 34' 44". 


8-6=13. 




.-.(7= IP 25' 16". 


« — c= 8. 






colog«= 8.40894 — 


10 


3. Given a = HI, 6 = 145, c = 40 ; 


colog(« — a)= 8.74473 — 


10 


find the angles. 


log(«-6)= 1. 11394 




a =111 


log(s-c)= 0.90309 




6=145 


2)19.17070- 


[20 


c= 40 


logtani-4= 9.585:35 




25=^ 


i^ = 21°3'6.3". 




s = 148. 


.-. A = 42° 6' 13". 




« — a= 37. 






« — 6 = 3. 


cologs= 8.40894 — 


10 


s — c = 108. 


log(«-o)= 1.25527 






colog(«-6)= 8.88606- 


10 


colog«= 7.82974-10 


log(«-c)= 0.90309 




colog(«-a)= 8.43180-10 


2)19.45336- 


lo 


log(«-6)= 0.47712 


logtaniB= 9.72608 




log(s-c)= 2.03342 

2)18.77208-20 
logtani^= 9.38604 


iB=28° 3' 18" 

.-. ^=56° 6' 36". 

^ 4- B = 98° 12' 49". 




i^ = 13°40'16". 


.-. C = 81° 47' 11" 




A = 27° 20' 32". 






colog5= 7.82974-10 


5. Given a = 19, 6 = 34, c = 


= 40; 


log(«-a)= 1.56820 


find the angles. 




colog(«-6)= 9.52288-10 


o= 19 




log(«-c)= 2.03342 


6= 34 




2) 20.95424 - 20 


c= 49 




log tan iB= 10.47712 


2s = 102 




iB= 71° 33' 54". 


s= 51. 




jB=143° 7' 48". 


s—a= 32. 




5+ ^ = 170° 28' 20". 


8-6= 17. 




.-. = 9° 31' 40". 


8 — 6= 2. 
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colog a = 

colog (« — a) = 

log(«-6) = 

log (« — c) = 

2). 
log tan iA = 

A = 

colog « = 

colog (« — 6) = 

log (« — c) = 

log(s — a) = 

2). 

log tan i B = 

iB = 

B = 

.'. C = 



8.20243 - 10 

8.40486 - 10 

1.23045 

0.30103 
18.31876 - 20 

0.16938 

8° 12' 48". 
10° 26' 36". 

8.29243 - 10 

8.76956 - 10 

0.30103 

1.60516 
18.80816 — 20 

9.43408 

15° 12'. 

30° 24'. 
133° 10' 24". 



6. Given a = 43, 
find the angles. 

a = 

b = 

c = 

2s = 

8 = 

« — a = 

5-6 = 

8— C = 

colog 8 = 

colog (s — a) = 
log (s - 6) = 
log (s — r) = 

2)_ 

log tan iA = 

iA = 

A = 

colog s = 

log (s — a) = 

colgg (s — 6) = 

log {8 — c) = 

2) 

log tan iB = 



6 = 60, c = 67 ; 

43 

50 

57 
150 

75. 

32. 

25. 

18. 

8.12494-10 

8.49485 - 10 

1.39794 

1.25527 
19.27300 - 20 

9.63650 
23° 24' 47". 
46° 49' 35". 

8.12494 - 10 

1.50515 

8.60206 - 10 

1.25527 
19.48742 - 20 
= 9.74371 



60. 
20. 
8. 
8.06048 - 10 
8.30103 - 10 
1.46240 
0.00300 



iB=28°60'62'^ 

J5=67°60'44". 

.•.C= 76^10' 41". 

7. Given a = 37, 6 = 68, c = 79 ; 
find the angles. 

a= 37 

6= 68 

c= 70 
2«=174 

8= 87. 
« — a = 
«-6 = 

8 — C = 
colog 8 = 

colog (s — a) = 
log(«-6) = 

log (a — c>= 

2 )18.72700-20 
logtani^= 0.36360 
i^ = 13°0'14". 
A = 26° 0' 20". 
colog 8 = 8.06048 — 10 
log(«-a)= 1.60807 
colog {8-b)= 8.53760 — 10 
log(s - c) = 0.00309 

2) 19.20014 - 20 
logtanijB= 0.60007 

iB= 21° 42' 40".' 
B= 43° 25' 20". 
.-. (7=110° 34' 11". 

8. Given a = 73, 6 = 82, c = 01 ; 
find the angles. 

a= 73 

6= 82 

c= 01 
2« = 246 

8 = 123. 
s - a = 60. 
s-b= 41. 
8— c= 32. 
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colog5= 7.91009 — 10 
colog (s — a)= 8.30103 — 10 . 
log(s- b)= 1.61278 
log(8-c)= 1.60516 

2 ) 19.32906 - 20 
logtani^= 9.66463 

i4=24°47'29". 
^ = 49° 34' 68". 

colog 8= 7.91009-10 
log(s-a)= 1.69897 
colog (5 -6)= 8.38722-10 
log(«- c) = 1.60616 

2 ) 19.60143 - 20 
logtanijB= 9.76072 

i 2? =29° 23' 29". 

jB=68°46'68". 

.-. C=71°38' 4". 

9. Given a = 14.493, 6 = 66.4363, 
c = 66.9129 ; find the angles. 

a= 14.493 
h= 66.4363 
c= 66.9129 



28=136.8422 

8= 68.4211. 

«-a= 63.9281. 

8-6= 12.9848. 

8-c= 1.6082. 

colog 8= 8.16481-10 
colog (8- a) = 8.26819-10 
log (8 -6)= 1.11344 
log(8-c)= 0.17846 

2)17.72490-20 
logtani-d.= 8.8624 

iA = 4°10'. 
.4 = 8° 20'. 



colog 8= 8.16481-10 
log (8- a) = 1.73181 
colog (8 - b) = 8.88666 - 10 

log(8- c) = 0.17846 

2) 18.1)in(U - 20 
logtaniB= 9.48082 

iB= 16° 50'. 
B=z 33° 40'. 
.-. C = 138°. 

10. Given a = V6, 6 = V6, c=V7; 
find the angles. 

a = \fE = 2.2361 

6 = Ve = 2.4496 

c = V7 = 2.6468 

28=7.3314 

8 = 3.6667 
s-a= 1.4296. 
8-6=1.2162. 
8-c = 1.0199. 

log (8 -6)= 0.08600 
log(8-c)= 0.00866 
colog s = 9.43685 — 10 
colog (8-a)= 9.84478 - 10 
2) 19.37419 - 20 
logtani4= 9.68709 

i^ = 26°56'36". 
A = 61° 63' 12". 

colog (8 -6)= 9.91600-10 
log (s-c)= 0.00856 

colog 8 = 9.43585 - 10 
log (8-a)= 0.15522 

2) 19.51463 - 20 
logtaniB= 9.75732 

iB=29°45'54". 
B= 59° 31' 48". 
•. C = 68°35'. 
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11. Given a = 6, 6 = 8, c = 10; 
find the angles. 

a= 6. 

6= 8. 
c=10. 
«= 12. 
8 — a= 6. 
«-6= 4. 
« — c = 2. 
colog 8 = 8.()2082 — 10 
colog (« — o) = 9.22185 — 10 
log (a -6) = 0.60206 
log {8 — 0)= 0.30 103 

2) 19.04676 - 20 
logtani^= 9.62288 

i^ = 18°26' 6". 
^ = 36° 52' 12". 
Since this is a right triangle, 
C = 90°. 
J? = 90° - ^ 



13. Given a=6, 6 = 6, c=6; 
find the angles. 

The triangle is equilateral and 
also equiangular. 

.\A = B= C= Jof 180° = 60°. 

14. Given a = 6, 6 = 5, c = 12 ; 
find the angles. 

The sum of the two sides a and 6 
is less than the side c. 
.*. the triangle is impossible. 

15. Given a = 2, 6 = VS, c = 
Vs — 1 ; find the angles. 

a = 2 
6= V6 = 2.4495 
c = V3 — 1 = 0.7320 



= 53° r 48''. 


25 = 5.1816 




12. Given o = 6, 6 = 6, c = 10 ; 


5 = 2.5908. 




find the angles. 

a= 6 


5 -a = 0.6908. 




6= 6 


5-6 = 0.1413. 




c=10 


5 -c= 1.8688. 




25 = 22 


log (8- a) = 9.77144- 


-10 


5=11. 


log(s-6)= 9.16014- 


-10 


5 — a= 5. 


. log(5-c)t= 0.26923 




5 - 6 = 5. 


. colog 5 = 9.68656- 


•10 


5-c= 1. 


logr2= 18.77737- 


20 


colog 5= 8.95861- 10 






colog(5 — c)= 0.00000 


logr = 9.38869- 


10 


log (5 -6)= 0.69897 


logtani^= 9.61726. 




log (5- a) = 0.69897 


log tan i 2? =10.23856. 




2)20.35655-20 


log tan i C= 9.11946. 




log tan iC = 10.17828 


iA= 22° 30'. 




iO= 56° 26' 33". 


iB= 60°. 




C= 112° 53' 6". 


i C = 7° 30'. 




Since this is an isosceles triangle, 


A= 45°. 




A = B=i(\SO°-C) 


5=120°. 




= 33° 33' 27". 


C= 15°. 
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16. Given a = 


:2, 6 = V6, 


c = 


V3 + 1 ; find the 


angles. 




a- 


= 2 




6 = V6 = 


= 2.4496 




c = V3+l = 


= 2.7320 




2s = 


= 7.1815 




8- 


= 3.5908 




a — a- 


= 1.5908 




8-b-- 


= 1.1413 




8—C-- 


= 0.8588 




log(8-a) = 


= 0.20102 




\og(s-b)- 


= 0.05740 




\og(s-c)-- 


= 9.93385- 


10 


COlog 5 : 


= 9.44481 - 


10 


10gr2: 


= 19.63768 - 


20 


logr 


= 9.81884- 


10 


log tan i^ 


= 9.61721. 




• log tan i J?: 


= 9.76146. 




log tan i C : 


= 9,88494. 




iA 


= 22° 30'. 




iB 


= 30°. 




iC: 


= 37° 30'. 




A 


= 45°. 




B 


= 60° 




C 


= 75°. 




17. The distances between three 


cities ^, 5, and 


C are as follows : 


^5=165 miles, AC=72 miles 


, and 


BC= 185 miles. 


B is due east from 


A. In what direction is C from A ? 


What two answers are admissible ? 


a 


= 186 




b 


= 72 




c 


= 166 




2s 


= 422 




s 


= 211. 




{«-«) 


= 26. 




(s-b) 


= 139. 




(s-c) 


= 46. 





colog a = 7.67672 - 10 
colog(«-a)= 8.58603-10 
log(«-6)= 2.14301 
log(«-c)= 1.66276 

2)20.06662 - 20 
log tan i^ = 10.03326 

i^=47°ir30". 
^ = 94° 23'. 

Angle B-4C = 94° 23'. Subtract 
90° of the quadrant JS^ to ^, and 
we obtam 4° 23' W. of N. 

But C may be to the southward 
of A, Hence two answers are ad- 
missible : W. of N. or W. of S. 

18. Unde/ what visual angle is 
an object 7 feet long seen by an 
observer whose eye is 5 feet from 
one end of the object and 8 feet 
from the other end ? 
a= 6 
b= 8 
c= 7 
25 = 20 
«=10. 
8 — a= 6. 
«-6= 2. 
5— c= 3. 
colog 8 = 9.00000 — 10 
log(s-a)= 0.69897 
log(s-6)= 0.30103 
colog (« - c) = 9.52288 — 1 
2 )19.52288-20 
logtaniC= 9.76144 

i C = 30°. 
C = 60°. 
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19. When Fonnula [28] is used 
for finding the value of an angle, 
why does the ambiguity that occurs 
in Case II. not exist ? 

When Fonnula [28] is used for 
finding the value of an angle, the 
ambiguity that occurs in Case II. 
does not exist because the sides 
are all known and the angle can 
have but one value ; while in Case 
II. the side opposite the angle is 
not known, and may have two val- 
ues ; therefore the angle also may 
have two values. 

20. If the sides of a triangle are 
3, 4, and 6, find the sine of the 
largest angle. 



a= 3 

6= 4 

c= 6^ 

2 8 = IS 

«=6.5. 
a -a = 3.6. 
« — 6 = 2.5. 
« (a — c) = 3.26. 

log(«-a)= 0.54407 
log(«-6)= 0.39794 
cologa(«— c) = 9.48812 - 10 
2 ) 20.43013 - 20 
log tan iC= 10.21507 

iC= 58° 38' 26". 
C= 117° 16' 50". 
log sin C = 9.94879. 
sin C = 0.88877. 




ill 



21. Of three towns -4, B, and C, 
A is 200 miles from B and 184 miles 
from C, JB is 150 miles due north 
from C ; how far is -4 north of C ? 

a=;=150 

6=184 

c = 200 

2s =534 



a = 267. 
a-a= 117. 
8-b= 83. 

8— C = 

COlog 8 = 

COlog (8—6) = 

log (a — a) = 
log (a - 6) = 



67. 

7.57349 - 10 

8.17393-10 

2.06819 

1.91908 



2 )19.73469-20 



logtaniu4= 9.86735 
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i^ = 36°22'68". 
A = 72° 46' 56". 

I>raw ± from A to J?C. To find a' (part cut off by ± on BC JErom c). 

a' = 6 COS C. 

log b = 2.26482 

log cos 0= 9.47171 

log a' =1.73663 

a' = 64.616. 



Exercise XXI. Page 80. 



1. Given a = 4474.5, b = 2164.5, 


4. 


Given o = 408, 6 = 41, c=401; 


C = 116° SO' 20" ; find the area. 


find the area. 


F = iabsiD.C. 




= 408 


log a = 3.65075 




6= 41 


log 6 = 3.33536 




c = 401 


colog2 = 9.69897 -10 




2«=850 


log sin 0=9.95177 




s = 425. 


log F= 6.63685 




«-a= 17. 


F= 4333600. 




a~6=384. 
«-c= 24. 


2. Given 6=21.66, c = 36.94, 




log a = 2.62839 


^ = 66° 4' 19"; find the area. 




log(«-a)= 1.23045 


F=i6csin^. 




log (5-6) = 2.58433 


log 6 =1.33566 




log (5 -c) = 1.38021 


log c= 1.56750 




2)7.82338 


log sin ^ = 9.96097 




log F= 3.91169 


log 2 F= 2.86413 




F=8160. 


2 F= 731.36. 






F = 365.68. 


5. 


Given a = 40, 6 = 13, c = 37 ; 




find the area. 


3. Given a = 510, c=173, B = 




a=40 


lea*' 30' 28" ; find the area. 




6=13 


log a = 2.70757 




c = 37 


log c = 2.23805 




2s=90 


log sin 5=9.47795 




8=45. 


colog 2 = 9.69897 - 10 




s — a= 5. 


log F= 4.12254 




s-b = S2. 


^=132^, 




8-c= at 
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log «= 1.05321 

log («- a) = 0.69897 

log («- 6) = 1.60516 

log (g-c) = 0. 90309 

2 )4.76042 

log F= 2.38021 

F=240. 

6. Given a=624, 6=206, c=445; 
find the area. 

a= 624 

6= 205 

c= 445 

2«=1274 

«=637. 
9 — a= 13. 
«-6 = 432. 
« — c= 192. 

log 5 = 2.80414 

log(«-a) = 1.11394 

log (5 -6) =2.63648 

log (g-c) = 2.28330 

2 log F= 8.83686 

log F= 4.41843 
F= 26208. 

7. Given h = 149, A = 70° 42' 30", 
n = 39° 18' 28''; find the area. 

A = 70° 42' 30". 

B = 39° 18' 28". 

/. C = 69° 59' 2". 

log 6 = 2.17319 

cologsin 5=0.19827 

log sin A - 9.97490 

log a = 2.34636 



colog 2 = 9.69897 - 10 

log a = 2.34636 

log 6 = 2.17319 

log sin C= 9.97294 

log F= 4.19146 

F= 15540. 

8. Given a = 215.9, c = 307.7, 
A = 25° 9' 31"; find the area. 

a<^c and > c sin A, 
A < 90°. .-. two solutions. 

log c = 2.48813 
log sin A = 9.62852 

colog a = 7.66575 - 10 
log sin C= 9.78240 

C= 37° 17' 38". 

.-.J? =117° 32' 61". 

Or, C = 1420 42' 22". 

.\R= 12° 8' 7". 



colog 2 = 9.69897 - 


-10 


log a = 2.33425 




log c = 2.48813 




log sin 5 =9.94774 




log F= 4.46909 




F= 29450. 




colog 2 = 9.69897 - 


-10 


log a = 2.33425 




log c = 2.48813 




log sins' =9.32269 




log F' = 3.84404 




F' = 6983. 





9. Given 6 = 8, c = 5, A- 
find the area. 

F= I 6c sin A 
= i (8 X 5) (0.86602) 
= 20 X 0.86602 
= 17.3204. 
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10. Given a = 7, c = 
find the area. 



3, 4 = 60°; 



cologa= 9.16490 — 10 

' log c = 0.47712 
log sin ^ = 9.93763 
log sin C = 9.66966 

0=21° 47' 12". 
.-.5 =98° 12' 48". 
F=iacsinB 
= i X 21 X 0.9897 
= 10.3923. 



11. Given a = 60, B = 40° 36' 12", 
area = 12 ; find the radius of the 
inscribed circle. 



i ac sin B = 12. 



c — 



24 



a sin B 



log 24 = 1.38021 
colog a = 8.22185 — 10 
colog sin J5= 0.18665 

log c = 9.78876 -10 
c = 0.61483. 
tan i{A — C) 



a — c 
a-\- c 



X tan i (^ + C) 



log (a -c) = 1.77368 
colog (a-^c) = 8.21742 - 10 
log tan i (4 + C) = 0.43206 
log tan ^{A-C) = 0.42316 



i(A-C) 

i(A + C) 

.-. A = 139° r 43 



69° 19^ 19" 
69° 42' 24" 



6. 
a 

.-.6 = 

log a: 

log sin B - 

colog sin A - 

log 6 = 

6 = 

a- 
b- 
c- 

28 = 
8- 

F-- 



sin B 

sin A 

g sin B 
sin A 

: 1.77815 

: 9.81331 

0.18331 



: 1.77477 
: 59.534. 

: 60 
: 69.534 
: 0.61483 
: 120.14883 
: 60.07442. 
■ra. 

8 

12 
60.07442 

: 0.19952. 



12. Obtain a formula for the area 
of a parallelogram in terms of two 
adjacent siies and the included 
angle. 

By Geometry, area of parallelo- 
gram = base X height. 

In this case, area = bh. 

But A = a sin A. 

.-. area of O = a6 sin A- 
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13. Obtain a formula for the area 
of an isosceles trapezoid in terms of 
the two parallel sides and an acute 
angle. 

Let AB=a. 

F=i{a + b)c. 

- = tan ^. 
P 

c = p tan A. 
P = i{a-b), 

.\F = i(a-\-b) xi{a-b)t8ixiA 
= i (aa - 62) tan A. 

14. Two sides and included angle 
of a triangle are 2416, 1712, and 
30°; and two sides and included 
angle of another triangle are 1948, 
2848, and 160®; find the sum of 
their areas. 

Let a = 2416, c = 1712, B = 30°. 
F=i ac Bin B, 

log a = 3.38310 

log c = 3.23350 

colog 2 = 9.69897 - 10 

log sin B = 9.69897 

log F= 6.01454 

F= 1034000. 

Let a'=1948, (f= 2848, R=16(P. 
F' = i a'c' sin B^, 



log a' = 3.28969 

log cT = 3.45464 

colog 2 =9.69897-10 

log sin R = 9.69897 

log F'= 6.14207 

F'= 1387000. 
F+F' = 2421000. 

15. The base of an isosceles tri- 
angle is 20, and its area is 100 -t- VS; 
find its angles. 

a = 6. 

c = 20. 

F= 100 -r VS. 

10A=^. 

V3 



h = 



10 



T— = tan A. 

log A =0.76144 
colog i c = 9.00000 — 10 
log tan -4 = 9.76144 

A=S09, 
B = 30°. 
C=12QP. 
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16. Show that the area of a quad- 
rilateral is equal to one-half the 
product of its diagonals into the 
sine of their included angle. 

The diagonals divide the quad- 
rilateral into four equal triangles. 
If the lengths of the diagonals are 
a and &, and their included angle 



C, the area of each of the four 
triangles is 

ix iax ihxeisi C 
= ia6Bin C. 

Hence the area of the four tri- 
angles is 

4x ioftsin C = iabBln C. 



Exercise XXII. Page 80. 



1. From a ship sailing down the 
English Channel the Eddystone was 
observed to bear N. 33° 45' W.; 
and after the ship had sailed 18 
miles S. 67° 30' W. it bore N. 11° 
15' E. Find its distance from each 
position of the ship. 




a = 18 miles. 
AGE = 33° 45'. 
DCS = 67° 30'. 
^5F=11°15'. 
^ C5 = 180° - (4 C^ + DCB) 

= 78° 45'. 
CBD = 90° - DCB 

= 22° 30'- 



ABC=9(P- {CBD + ABF) 

= 56° 15'. 
, J5-4C = 45°. 
6 __ sin B 
a Bin A 
c _ s in C 
a ~ sin -4 

log a = 1.26527 

log sin 5=9.91985 

colog sin A = 0.15051 

log h = 1.32563 

6 = 21.166. 

log a =1.25527 

log sin 0=9.99157 

colog sin -4 = 0.15051 

log c = 1.39735 

c = 24.966. 



2. Two objects, A and B, were 
observed from a ship to be at the 
same instant in a line bearing N. 
15° E. The ship then sailed north- 
west 5 miles, when it was found 
that A bore due east and B bore 
northeast. Find the distance from 
A to B. 
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1 

1 

1 




'■!s 


5'^ 


sin Ads' 
sin S'AS 



log 55' =0.69897 

colog sin 8AS' = 0.01500 

log sin -455' =9.93763 

log5'-4 = 0.65156 



AB 

S'A' 



. sin BS'A 
' sin S'BA ' 



log5'^ = 0.65156 

colog sin S'BA = 0.30103 

log sin BS'A = 9.84949 

log ^lf = 0.80208 

AB = 6.3399. 



3. A cajstle and a monament 
stand on the same horizontal plane. 
The angles of depression of the top 
and the bottom of the monament 



viewed from the top of the castle 
are 40<' and 80^; the height of the 
castle is 140 feet. Find the height 
of the mouiiment. 



c 


V 


—M 

B 




\ 


H 


k 



lie = height of castle. 
AB = height of monument. 
JfCB = 40° 
HCA = 109. 
HAC=^S(P, 
HC= 140 fL 
140 



AC = 



sin A 



log 140 = 2.14613 

colog sin ^ = 0.00665 

log ^C= 2.16278 



HCA = 
MCB = 

,\ACB = 
CAB = 

.\ABC = 

AB = 



log AC - 

log sin C - 

colog sin B = 

log ^5 = 

AB- 



10^ 
40°. 
40°, 
10°. 
130°. 

^Csin C 
sin B 

2.15278 
: 9.80807 
0.11575 



2.07660 
119.29. 
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4. If the sun's altitude is 60^, 
what angle must a stick make with 
the horizon in order that its shadow 
in a horizontal plane may he the 
longest possible ? 

The shadow of the stick will he 
the longest when the stick is per- 
pendicular to the rays of the sun. 

Let BC represent the stick, and 
AC the horizontal plane. 
J5 = 90°. 
^ = 60°. 

5. If the sun's altitude is 30°, find 
the length of the longest shadow 
cast on a horizontal plane by a 
stick 10 feet in length. 

Let a be a stick ± to rays of sun, 
and c be the longest shadow. 

- = sin -4 = i. 
c ' 

c = 2a = 20. 

6. In a circle with the radius 3 
find the area of the part comprised 
between parallel chords whose 
lengths are 4 and 5. (Two solu- 
tions.) 

X 




In triangle BOC, 



A = V3a-2« 

= V6. 
F=iX V6X4 
= 2 Vs. 
8iniJ50C=|. 

log 2 = 0.30103 
colog 3 =9.52288- 10 
log sin iBOC= 9.82391 

iJ50C =410 48' 38". 
J50C=83°3ri6". 

By Table VI., 

jB = 3. 
.-. area = 28.274. 
Area of sector BOC 
83° 37' 16' 



360° 

301036 
1296000 

75259 
324000 



X 28.274 
X 28.274 
X 28.274. 



log 75259 = 4.87656 

log 28.274 = 1.45139 

colog 324000 = 4.48945 - 10 

log area = 0.81740 

Area = 6.5675. 

Area of segment ByC 

= 6.5675- 2 V5 
= 6.5675-4.4722 
= 2.0963. 
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In triangle DO A, 



= 1.6683. 
F= i X l.tf683 X 6 
» 4.1468. 
sin i DOA = J. 

log 6 = 0.69897 
log 6 = 9.22186 -10 
log sin i DOA = 9.92082 

iDOA= 66^ 26' 36". 
DO^ = 112° 63' 10". 

Area of sector DOA 
4()<$391 
= 1290000 ^2«-2^^- 



log 406391 = 6.60894 

log 28.274 = 1.45139 

colog 1296000 = 3.88739 - 10 

log area = 0.94772 

Area sector = 8.8668. 

Area segment DxA 

= 4. 72. 

Area segment DACB 

= area © — [ByC+ DxA] 
= 21.4587. 

Area segment DACR 
= DxA - BTxCr 
= 2.6247. 




7. A and B, two inaccessible ob- 
jects in the same horizontal plane, 
are observed from a balloon at C 
and from a point D directly under 
the balloon, and in the same hori- 
zontal plane with A and B. If CD 
= 2000 yards, IACD = 10° 15' 10", 
Z BCD = 6° 7' 20", Z ADB = 49° 
34' 50", find AB, 

AD= DCx tajiACD. 

log tan ^C2)= 9.25739 
log DC = 3. .301 03 
log -42>= 2.55842 



DB = DC X tan BCD. , 

log DC = 3.30103 

log tan 5CD= 9.03045 

log D5= 2.33148 

DB = 214.63. 

taini(B-A) 



TEACHERS^ EDITION. 



121 



i (-6+^) =65° 12' 35". 

log (6 -a) = 2.16800 
colog {h+a) = 7.23936 — 10 
J tan i {B+A) = 0.33549 
J tan i (5-^) = 9.74285 

i (5-^) = 28° 56' 58" 



B=94°e'33" 

log ^D= 2.55842 

colog sin B = 0.00115 

log8inC= 9.88166 

log c = 2.44113 

c=ill^ = 276.14. 




8. A and B are two objects whose 
distance, on account of intervening 
obstacles cannot be directly meas- 
ured. At the summit C of a hill, 
whose height above the common 
horizontal plane of the objects is 
known to be 617.3 yards, £ ACB 
is found to be 16° 13' 15". The 
angles of elevation of C viewed 
from A and B are 21° 9' 18" and 
23° 15' 34" respectively. Find the 
distance from A to B. 

In triangle DC A, being a rt. A, 
d 



b 
b = 



= sin A. 
d 



sin A 



log d = 2.71374 
colog sin A = 0.44262 

log 6 = 3.15636 

b = 1433.4. 

In right triangle CDB, 

- = sm B. 



a = 


d 




sinB 


logd = 


■- 2.71374 


colog sin B = 


: 0.40352 


loga = 


: 3.11726 


a = 


: 1310. 


tani(B-^) 




b-a 
= r-j— X tan 
b-\- a 


i(B + A). 


i{B+A) = 


82° 23' 22.5". 


log (6- a) = 


2.09132 


colog (6 + a) = 


6.56171 - 10 


logtani(B+^) = 


10.87415 


logtani(BT-^) = 


9.52718 


i(B-'A) = 


18° 36' 21". 


B = 


100° 59' 43.5". 


A = 


63° 47' 1.5". 


c = 


asinC 
sin^ 


loga = 


3.11726 


log sin C = 


9.41920 


colog sin A = 


0.04714 


logc = 


2.58360 


c = 


383.35. 



122 



TBIGONOMETRY. 



Miscellaneous Examples. Page 



2. The angle of elevation of a 
tower is 48° 19^ 14'', and the distance 
of the base from the point of obser- 
vation is 95 ft. Find the height of 
the tower, and the distance of the 
top from the point of observation. 

Given A = 48° lO' 14", 6 = 06 ft. ; 
required a and c. 

a=b tan A. 
c = 6 sec A, 

log 6 =1.97772 
log tan ^ = 10.05045 
loga= 2.02817 

a =100.70. 

log 6 =1.97772 

log sec -4 = 0.17720 

log c = 2.15492 

c = 142.86. 

Height of tower, 106.70 ft.; dis- 
tance of top from point of observa- 
tion, 142.86 ft. 

3. From a momitain 1000 ft. 
high, the angle of depression of a 
ship is 77° 35' 11". Fmd the dis- 
tance of the ship from the summit 
of the mountain. 

Given B = 12° 24' 49", a = 1000 
ft. ; required c. 

c = a sec B. 

log a = 3.00000 

log sec B = 0.01027 

log c = 3.01027 

c = 1023.9. 

Required distance, 1023.9 ft. 



10- 



4. A flag-staff 90 ft. high, on a 
horizontal plane, casts a shadow of 
1 17 ft. Find the altitude of the sun. 

Given a = 90 ft., 6 = 117 ft.; re- 
quired A. 

tan -4 = r* 



log a = 1.95424 

colog 6 = 7.93181 

log tan ^ = 9.88605 

A = 37° 34' 5". 

Altitude of sun, 37° 34' 5". 

5. When the moon is setting at 
any place, the angle at the moon 
subtended by the earth's radius 
passing through that place is 57' 3". 
If the earth's radius is 3956.2 miles, 
what is the moon's distance from 
the earth's centre ? 

Let C represent the place, A the 
moon, and B the earth's centre. 
Then in the right triangle ABC. 
given A = 57' 3", a = 3956.2 miles : 
required c. 

c = a CSC ^. 

log a = 3.59728 

log CSC 4 = 1.78004 

log c= 5.37732 

c = 238400. 

Moon's distance, 238400 miles. 

6. The angle at the earth's centre 
subtended by the sun's radius is 
16' 2", and the sun's distance is 
92,400,000 miles. Find the sun's 
diameter in miles. 
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Let A represent the centre of the 
earth, B that of the sun, and C a 
point on the edge of the sun's disk. 
Then in the right triangle ABC, 
given A = 16' 2'% C = 92,400,000 
miles; required 2 a. 

a = cBin A. 

log c = 7.96667 

log sin vl = 7.66876 

log a = 5.63442 

a = 430940. 

Sun*s diameter, 861880 miles. 

7. The latitude of Cambridge, 
Mass., is 42® 22' 49". What is the 
length of the radius of that parallel 
of latitude ? 

N 




Let be the centre of the earth, 
N8 the axis, NAS the meridian of 
Cambridge, A the position of Cam- 
bridge, and C the centre of its 
parallel of latitude. Then, in the 
right triangle OAC, given 0=90° 
-42<» 22' 49"=47«> 37' 11", OA 
- S956.2 miles ; required AC, 
AC = A0 Bin O. 
log ^0 = 3.59728 
log sin 0= 9.86846 
log ^0=3.46574 
^0 = 2922.4. 
Radius of parallel of latitude, 
2d22.4 miles. 



8. At what latitude Ib the cir- 
cumference of the parallel of lati- 
tude half of that of the equator ? 

The radius of the parallel will be 
half of the radius of the earth. 

In the figure of Ex. 7, given AC 
— \A0\ required OO*' — angle O, 
i.e. angle A, 

.% A = 60^ 
The required latitude is 60^ 

9. In a circle with a radius of 
6.7 is inscribed a regular polygon 
of thirteen sides. Fmd the length 
of one of the sides. 




Let be the centre of the circle, 
AB 9. side of tlie polygon, and C 
the middle point. Then in the 

360° 



26 



right triangle OCB^ given O = 

= 13° 60' 46", Oi? = 6.7 ; required 
AB=2CB. 

CB = OB sin BOC, 

log 05 = 0.82607 
log sin BOC = 9.37897 

log 05 = 0.20504 
05=1.6034. 
^5=3.2068. 
Length of a side of the polygon, 
3.2068. 
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10. A regular heptagon one side 
of which is 5.73 is inscribed in a 
circle. Find the radius of the circle. 

In the figure of Ex. 9, given 
BC=ix 6.73 = 2.866 and angle 

3A()0 

noC= =26° 42' 61"; required 
OB. 

0B=BCc8C BOC. 

log BC= 0.46712 

log CSC BOC = 0.36263 

log OB = 0.81976 

05=6.6031. 

Radius of circle, 6.6031. 

11. A tower 93.97 ft. high is 
situated on the bank of a river. 
The angle of depression of an object 
on the opposite bank is 25° 12' 64". 
Find the breadth of the river. 

Given A = 90° - 25° 12' 54" = 
04° 47' 6", b = 93.97 ; required a. 

a = 6 tan A. 

log 6= 1.97299 

log tan ^ = 10. 32708 

loga= 2.30007 

a =199.56. 

Breadth of river, 199.66 ft. 

12. From a tower 68 ft. high the 
angles of depression of two objects 
situated in the same horizontal line 
with the base of the tower, and on 
the same side, are 30° 13' 18" and 
45° 46' 14". Find the distance be- 
tween the objects. 

(i.) Given vl = 90° - 30° 13' 18" 
= 59° 46' 42", 6 = 58 ; required a. 



a = 6 tan.^. 

log 6= 1.76343 

log tan -4 = 10. 23469 

loga= L99812 

a = 99.568. 

(U.) Given A'= 90° - 46° 46' 14" 
= 44° 13' 46", 6 = 68, required a'. 
a'= b tan A^. 
log 6 = 1.76343 
log tan ^'= 9.98832 
log a'= 1.75176 
a'= 56.461. 
o-a'= 43.107. 
Distance between the objects, 
43.107 ft. 

13. Standing directly in front of 
one comer of a flat-roofed house 
which is 150 ft. in length, I observe 
that the horizontal angle which the 
length subtends has for its cosine 
V^, and that the vertical angle 

subtended by its height has for its 

3 

sme —pi. What is the height of 

the house ? 

Let a = distance of observer from 
house, 
6'= height of house, 
B = horizontal angle subtended 

by length of house, 
R= vertical angle subtended 
by height of house. 
Then, a = 150 ctn B, 

j = a tan R 
= 150 ctn 5 tan .B'. 
But cos 5 = Vi, 

hence sin 5 = Vl — - i 

__2_ 
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^ ^ cosB 

ctn J5 = -; — = 

sm B 

= f 
Also, sinB'=-|=- 

Vii 

.*. cos jB' = —p= 1 

tan5' = |. 
Hence, 6 = 160 X ^ X J 

= 46. 
Height of house, 46 ft. 

14. A regular pyramid with a 
square base has an edge 160 feet in 
length, and the length of a side of 
its base is 200 ft. Find the inclina- 
tion of the face of the pyramid to 
the base. 




Let A be the vertex of the pyra- 
mid, BCDE its base, O the centre 
oi the base, and M the middle point 
of the side EC, Required the angle 

In the right triangle A OB, 
AB = 160, 
OB = iBD 
= 100\^. 
,'.A0= ^AB^-OB^ 
= 60, 



In the right triangle AOM, 



= 0.6. 
OMA = 26° 34'. 
Inclination of face of pyramid to 
base, 26° 34'. 

15. From one edge of a ditch 
36 ft. wide the angle of elevation 
of a wall on the opposite edge is 
62° 39' 10". Find the length of a 
ladder which will reach from the 
point of observation to the top of 
the wall. 

Given 6 = 36, -4 = 62° 39' 10"; 
required c. 

c = 6 sec -4. 

log 6= 1.65030 

log sec ^ = 0. 83783 

log c= 1.89413 

c= 78.367. 

Length of ladder, 78.367 ft. 

16. The top of a flag-staff has 
been broken off, and touches the 
ground at a distance of 16 ft. from 
the foot of the staff. The length of 
the broken part being 39 ft., find the 
whole length of the staff. 

Given c = 39, & = 16 ; required 
c + a. 



a= V(c + 6)(c-6). 
= Vi296 
= 36. 
c + a = 76. 
Whole length of flag-staff, 75 ft, 
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17. From a balloon, which is 
directly above one town, is observed 
the angle of depression of another 
town, 10® 14' 0". The towns being 
8 miles apart, find the height of the 
balloon. 

Given ^ = 00<» — 10° 14' 9" = 
7^ 46' 61", a = 8 ; required 6. 

6 = a cot A. 

log a = 0.90309 

log cot A = 9.25606 

log 6 = 0.15976 

6=1.4446. 

Height of balloon, 1.4446 miles. 

18. From the top of a mountain 
3 miles high the angle of depression 
of the most distant object which 
is visible on the earth's surface is 
found to be 2° 13' 60." Find the 
diameter of the earth. 




Let A be the top of the mountain, 
C the object observed, B the centre 
of the earth. Then given B = 90° 
- A=2° 13' 50", AD= S; re- 
quired a. 

BC=ABcobB, 

a = (a + 3) cos B. 

.-. a (1 — cos B) = 3 cos B, 



3cosB 
1 — cos J5 
3cosB 



2sin2 



B 



log f = 0.17609 
log cos 5 = 9.99967 

cologsina I =3.42162 

log a = 4.59728 
a = 3966.2. 
Radius of earth, 3966.2 miles. 

19. A ladder 40 ft. long reaches 
a window 33 ft. high on one side of 
a street Being turned over upon 
its foot, it reaches another window 
21 ft. high, on the opposite side of 
the street. Find the width of the 
street. 

Width of the one part of the 

street 

= V402 — 33a 

= V5TT 
= 22.606. 
Width of other part 



= V402 - 212 



= V1159 
= 34.044. 
Total width of the street, 66.649 ft. 

20. The height of a house sub- 
tends a right angle at a window 
on the other side of the street, and 
the elevation of the top of the house 
from the same point is 60°. The 
street is 30 ft. wide. How high is 
the house ? 
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Given CC'= 30, ^CC'= 60^, 
BCC'= 30*»; required AB, 

AC'=CC'tiinACC' 

= 30V3. 
BC' = CC t&n BCC 

= 30x4^ 
V3 

= IOV3. 
.-. A5=40V3. 
= 69.282. 
Height of house, 69.282 ft. 

21. A lighthouse 54 feet high is 
situated on a rock. The elevation 
of the top of the lighthouse, as 
observed from a ship, is 4° 62', and 
the elevation of the top of the rock 
is 4° 2\ Find the height of the 
rock and its distance from the ship. 



Let 



Then 



h = height of rock. 
a = distance of ship. 
A + 64 __ tan 4° 52' 
h tan 4° 2' ' 

54 _ tan 4° 62' 
^ h tan 4° 2'' 



64 __ tan4<>6 2'- tan 4^2' 
h tan 4° 2' 

tan 4° 2' 



A=54 



= 64 



= 64 



tan 4° 62' -tan 4° 2' 
COB 4° 62' sm 4° y 
sin (4<> 62'- 4° 2') 
COS 4° 62' sm 4« 2' 



sin 60' 
log 64 =1.73239 
log cos 4° 62' = 9.99843 
log sin 4° 2' =8.84718 
colog sin 60' = 1.83732 
log A =2.41532 
A =260.20. 
Also a = A ctn 4° 2^. 

logA= 2.41632 
log ctn 4° 2'= 11.15174 
loga= 3.56706 
a = 3690.3. 
Height of rock, 260.20 ft.; dis- 
tance of ship, 3690.3 ft. 

22. A man in a balloon observes 
the angle of depression of an object 
on the ground, bearing south, to be 
36° 30'; the balloon drifts 2^ miles 
east at the same height, when the 
angle of depression of the same 
object is 23° 14'. Find the height 
of the balloon. 

A' 
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Let A and A' be the first and 
second positions of the balloon, re- 
spectively, C and C the points on 
the ground directly under A and 
A\ and B the object observed. 

Then ^4 = 54° 30', 

^'= 66° 46', 

CC = AA' . 

a = ht&n A^ 
a'= h tan J.'. 
a'a-a» = (2i)a. 
A2 taxi^A'- h^ tanM = ;2i)2. 
J2i)2 



^2 = 



A = 



tanM'— tanM 
2i 



Vtan'M'— tanM 
But tan^^' — tan^J. 
= (tan^'+tan-4)(tan^'— tan-4) 
_ sin {A'+A) sin (A'—A) 
cos ^'008-4 cos -4' cos -4 
_ sin iA'+ A) sin (A'- A) 

COS^J.' C0S2^ 

Hence 

2-^ CO S A^ COS A 



h = 



Vsin {A' -{-A) sin (A' -A) 

log 2i = 0.39794 

log COS A'= 9.69602 

log COS A = 9.76396 

colog ysin(^^+^) = 0.03408 

colog Vsin {A'— A) = 0.33636 

log A =0.12836 

A =1.3438. 
Height of balloon, 1.3438 miles. 

23. A man standing south of a 
tower, on the same horizontal plane, 
observes its elevation tp be 54° 16' ; 



he goes east 100 yds., and then 
finds its elevation is 60^' 8'. Find 
the height of the tower. 




Let -4 C be the tower, B and R 
the first and second positions of the 
observer. 

Then, BR= 100. 

a'— b cot ABC, 
a"= 6 cot ARC. 
a'^a- a'2 = a^. 
62 {cot^ ARC - cot^ ABC) = lOO^. 

100 

Vcot2 60° 8'- cota 54° 16' 
_ 100 sin 54° 16' sin 50° 8' 
~ Vsin 104° 24' sm 4° 8' 

log 100 = 2.00000 

log sin 54° 16'= 9.90942 

log sin 50° 8'= 9.88610 

colog Vsin 104° 24'= 0.00693 

colog Vsin 4° 8'= 0.57110 

log b = 2.37256 

d= 236.80. 

Height of tower, 236,80 yd^, 
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24. The elevation of a tower at 
a place A south of it is 30°; and 
at a place B, west of A, and at a 
distance a from it, the elevation is 
IS''. Show that the height of the 

tower is — _ » the tangent of 

V2 + 2V6 

V5-I 



18^ being 

V10 + 2V6 

With the figai!^ and notation of 
the last example, 



But cot? 18°= 



Vcot?18°-cot;«30° 
IO + 2V5 



6-2V6 
_ (10-h2V6)(6+2V6) 



6a-(2V6)« 
= 6 + 2V6, 
and cot? 30°= 3. 



Hence b = 



V2 + 2V6 



25. A pole is fixed on the top of 
a mound, and the angles of eleva- 
tion of the top and bottom of the 
pole are 60° and 30°. Prove that 
the length of the pole is twice the 
height of the mound. 

Let I = length of pole. 

h = height of mound. 
a = horizontal distance of 
observer. 
Then A = a tan 30°. 
h-\. Z= a tan 60°. 
A-H^ _ tan60° 
h tan 30° 



V3 

=x 

Vs 
= 3, 

.-. i = 2A. 

26. At a distance (a) from the 
foot of a tower, the angle of eleva- 
tion (A) of the tower is the com- 
plement of the angle of elevation of 
a flag-staff on top of it. Show that 
the length of the staff is 2 a cot 2 ^. 

Let h = height of tower. 

I = length of staff. 
Then h = atuiA. 
h'\-l = a cot A. 

I = a (cot A — tan A) 
__ cotg ^ — 1 

cot -4. 
= 2acot2A 

27. A line of true level m a line 
every point of which is equally dis- 
tant from the centre of the earth. 
A line drawn tangent to a line of 
true level at any point is a line of 
apx)arent level. If at any point 
both these lines are drawn and ex- 
tended one mile, find the distance 
they are then apart. 
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assume 


as a close approximation 


thaXAB 


= BC, Then 




AA'=AB-BC 




AC' 
2BC 




-7912.4°^^^ 




^^280X12. , 



7912.4 

log 5280 = 3.72263 

log 12 = 1.07918 

colog 7912.4 = 6.10169 - 

. log -4^'= 0.90350 

AA'= 8.0076 inches. 
The required distance is 8 inches. 
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Given CA = 1 mUe, BC = radius 
of the earth = 3956.2 miles; required 
AA'=AB-CB, 

The required distance is much 
too small to be obtained by the 
usual process of solution. It is 
most easily found as follows : 

Ad^^^Aff-B^ 

= {AB-BC){AB-\-BC). 

Now, as ^B differs very little 
from -BC, and both are very large 
in comparison with 3C*^ we may 

28. In problem 2, determine the effect upon the computed height of 
the tower, of an error in either the angle of elevation or the measured 
distance. 

With the notation of Ex. 2, suppose that the error in the angle is ei 
and that in the measured distance is e^. Then the formulas 

a = b tan A, c = b8ecA 

become a = (6 + C2) tan {A 4- ei), a= (6 + 62) sec {A + ci), 

and the error in the computed value of a is 

(b 4- C2) tan {A + ei) — 6 tan A 
= b {tan {A + ei) — tan -4} + 62 tan {A + ei) 
_ b sin ei 

"" cos (A + ei) cos A 
or, approximately, for small errors, 

— ^ + C2 tan .4, 
cos2^ 

where ei is measured in radians. 
The error in c is 

6 {sec (-4 + ei) — sec ^} + 62 sec {A + ei) 

. ^ b {cos {A 4- ei) - cos A} ^ .^ ^ . 

cos {A + ei) cos A -« \ i/* 

^c^n^, — 2 6 slu (A + i 61) sin (iei) , , , . . 

[23] = /. ■ \ ' — ,^ ' + C2 sec (A + ci), 

'- ■• cos (-4 + ei) cos -4 ^ \ i/» 

or, approximately, for small errors, 

— 6ei sin -4 , . . , ^ ^ , v 

— ^^2jI — + ea sec -4 = (— &ei tan ^ + 62) sec A. 



+ C2tan(-4 + ei), 
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29. To determine the height of 
an inaecessible object, situated on 
a horizonal plane, by observing its 
angles of elevation at two points in 
the same line with its base, and 
measuring the distance of these two 
points. 




Liet AC he the object, B and R 
the two points of observation. Then 
given the angles R and ABC, and 
the side BR; required AC, 



AB=BR- 



sin jy 
Bin BAR 

8inR 



sin (ABC -R) 
AG=AB8mABC 

, sm J?' sin ABC 



= BR 



Bin (ABC -R) 



30. The angle of elevation of an 
inaccessible tower, situated on a 
horizontal plane, is 63° 26'; at a 
point 500 ft. farther from the base 
of the tower the elevation of its 
top is 32° 14'. Find the height of 
the tower. 

From the solution of Ex. 20, 

>. ry c/v. sin 32° 14' sm 63° 26' 
AC = oOO — 



= 600 



sin (63° 26'- 32° 14') 

sin 32° 14' sin 63° 26' 
sin 31° 12' 



log 600 = 2.69897 

log am 32° 14'= 9.72703 

log sin 63° 26'= 9.96154 

colog sm 31° 12'= 0.28666 

log ^C= 2.66319 

^C= 460.46. 

Height of the tower, 460.46 ft. 

31. A tower is situated on the 
bank of a river. From the oppo- 
site bank the angle of elevation of 
the tower is 60° 13', and from a 
point 40 ft. more distant the eleva- 
tion is 50° 19'. Find the breadth of 
the river. 

In the figure for the solution of 
Ex. 29, 

CB=ABcosABC 



Hence, 
CjB=40 



Bin (ABC — R) 

Bin 60° 19 ' c os 60° 13' 
sin 9° 64' 



log 40 = 1.60206 

log sin 50° 19'= 9.88626 

log cos 60° 13'= 9.69611 

colog sin 9° 64'= 0.76466 

log CI? =1.94908 

CB= 88.936. 

Breadth of river, 88.936 ft. 

32. A ship sailing north sees two 
lighthouses 8 miles apart, in a line 
due west; after an hour's sailing, 
one lighthouse bears S. W., the other 
S. S. W. Find the ship's rate. 

In the figure for the solution of 
Ex. 29, let B and R be the light- 
houses, C the original position of 
its ship, and A its final position. 
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Then CB-4= 22^30' and CAR=4^°; 
hence ABC = 67° BO" and R= 46°. 

An- T>T^ sin46°8in6703(K 
^C-i^/f 8in2>3(r 

= BB' Bin 46° cot 22° 30'. 

log 8= 0.90309 

log sin 46°= 0.84949 

log cot 22° 30^= 10.38278 

log^C= 1.13636 

^C= 13.667. 

Ship'8 rate, 13.667 miles per hour. 

33. To determine the height of 
an accessible object situated on an 
inclined plane. 




c^c 



Let CBR be the inclined plane, 
AC the object, B and R two points 
of observation, AC^ the i)erpen- 
dicular from A on CBB\ Then, 
given CJ?, BR, and the angles ABC, 
R, required AC. 

From the solution of Ex. 29, 
AC^^BR^^^'^'""^^^ 



%m(ABC-R) 
sing" cos ^gC 
ein(ABC — Ry 
Then aC=C'B-CB, 



and C'B=BR 



and AC = y/AC'^+C^. 

34. At a distance of 40 ft. from 
the foot of a tower on an inclined 



plane, the tower subtends an angle 
of 41° 19"; at a point 60 ft. farther 
away, the angle subtended by the 
tower is 23° 46'. Find the height 
of the tower. 
From the solution of Ex. 33, 

sin 23° 46' sin 41° lO' 



AC'=i 



C'B = 60 



sin 17° 34' 

sin 23° 45' cos 41° 19' 

sin 17° 34' 



log 60 = 1.77815 

log sm 23° 46'= 9.60503 

log sin 41° 19'= 9.81969 

colog sin 17° 34'= 0.62026 

log ^C= 1.72313 
^C'= 62.860. 



log 60 = 

log sin 23° 46'= 

log cos 41° 19'= 

colog sin 17° 34'= 



1.77815 
9.60503 
9.87568 
0.62026 



log CB = 1.77912 



C'B = 
CC- 

\xaACC'= 

AC = 

\ogAC= 
logC'C = 

log tan ^CC'= 



60.134. 
20.134. 
AC 

cc' 

ACcsBcACC. 

1.72313 
1.1 



0.41920 
^CC'=69°8'65". 



log^C'= 
logcsc^CC= 

log-4C = 

AC = 

Height of tower, 



1.72313 
0.02941 

1.76254 
56.564. 
66.664 ft. 



TEACIIISRS' EDITION. 



133 



35. A tower makes an angle of 
113** 12' with the inclined plane on 
which it stands ; and at a distance 
of 89 ft. from its base, measured 
down the plane, the angle subtended 
by the tower is 23° 27'. Find the 
height of the tower. 

In the triangle ACB, given CB = 
89 ft., C= 113° 12', J5=23° 27'; 
required -40. 

^ = 180°-(B+C) 
= 43° 21'. 
,sin B 



AC=CB 



sin^ 



log 89 = 1.94939 

log sm 23° 27'= 9.59983 

colog sin 43° 21'= 0.16339 

log ^0=1.71261 

^C = 51.595. 

Height of tower, 51.595 ft. 

36. From the top of a house 
42 ft. high, the angle of elevation 
of the top of a pole is 14° 13'; at 
the bottom of the house it is 23° 19'. 
Find the height of the pole. 

Let A be the top of the pole, B 
and B" the top and bottom of the 
house, and C the foot of the per- 
pendicular from A on BR; re- 
quired J5'C. 

From the solution of Exs. 29 and 

31, 

CB = BR— "^^^ ^^^ ^^^ 



= 42 



B.m(ABC-ARC) 

sin 66° 41' cos 75° 47' 
sin 9° 6' 



log 42 = 1.62325 
log sin 66° 41'= 9.96300 
log cos 75° 47'= 9.39021 
colog sin 9° 6'= 0.80091 

log C-B= 1.77737 

C2?= 59.892. 
RC-CB+BR 
= 59.892 + 42 
= 101.892. 
Height of pole, 101.892 ft. 

37. The sides of a triangle are 
17, 21, 28 ; prove that the length of 
a line bisecting the greatest side 
and drawn to the opposite angle 
is 13. 

Let 

a = 28, 6=21, c=17, 
then 

172= 282 + 212- 2 X 28 X 21 cos C ; 
to prove that 
132 = 142 + 212 - 2 X 14 X 21 cos C. 

Subtract the first equation from 
twice the second, 

2X 1.32- 172= 2 X 142-282 + 212 
= 212 - 2 X 142^ 

2 X 169 - 289 = 441 - 2 X 196, 
49 = 49. 

38. A privateer, 10 miles S.W. of 
a harbor, sees a ship sail from it in 
a direction S. 80° E. at a rate of 
9 miles an hour. In what direction, 
and at what rate, must the privateer 
sail in order to come up with the 
ship in \\ hours ? 

Let A be the harbor, B the 
original position of the privateer, 
and C the point where the vessels 
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are to meet. Then A = 126^ b= 13^, 
C ^ 10 ; required B and - • 

tani(U--C) = ^-^tani(B+ C) 

= 23.3^2^°^- 

log 3.5 = 0.54407 
colog 23.5 = 8.62893 - 10 
log tan 27° 30'= 0.71648 

log tan i (B- C) = 8.88048 

i(B-C)= 4° 26' 
B-C- 8° 52' 
B+C=55° 

B = 31° 56' 

sin A 



a = 6 



sin B 



_ sin 125° 

■"^^•^8in31°56' 



log 13.6=1. 

log sin 126° = 9.91336 

colog sin 31° 66'= 0.27660 

log a =1.32029 

a = 20.907. 
a 



H 



= 13.938. 



Privateer's course, 31° 56' E. of 
N.E., or N. 76° 56' E.; rate 13.938 
miles per hour. 

39. A person goes 70 yards up a 
slope of 1 in 3^ from the edge of a 
river, and observes the angle of 
depression of an object on the op- 
posite shore to be 2^°. Find the 
breadth of the river. 

Let A and B be the original and 
final positions of the observer, and 



C the object observed. Then, given 
c = 70, C = 2i°, A = 180° — 

tan-i rr ; required 6. 
«^ 

^ = 180°-tan-i^ 
= 180°- tan-i 0.2857 
= 180° -15° 56' 40" 
= 164° 3' 20". 

J5=180°-(A+ C) 

= 13° 41' 40". 

- sin 5 
6 = c^;— ^• 
sm C 

log 70 =1.84510 

log sin 13° 41' 40"= 9.37428 

colog sin 2° 15'= 1.40605 

log h = 2.62543 

6 = 422.11. 

Breadth of river, 422.11 yds. 



40. The length of a lake sub- 
tends, at a certain point, an angle 
of 46° 24", and the distances from 
this point to the two extremities of 
the lake are 346 and 290 feet. Fmd 
the length of the lake. 

Given ^=46.24', 6=346, c = 290; 
required a. 

tani(B- C) = ^-^ taiii(J5+ (7) 

= g tan 66° 48'. 

log 66= 1.74819 
colog 636= 7.19664-10 
log tan 66° 48' = 10.36795 
log tan i (B - C) = 9.31268 

i(B-C)= 11° 36' 33" 
B-C= 23° 13' 6" 
B+ C = 133° 36' 
B= 78° 24' 33" 
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, sin A 
a=b — 



346 



sin B 

sin 46° 24" 



sin 78° 24' 33" 

log 346 = 2.63908 

log sin 46° 24'= 9.86984 

colog sin 78° 24' 33"= 0.00896 

log a = 2.40787 

a =255.78. 

Length of lake, 255.78 ft. 

41. Two ships are a mile apart. 
The angular distance of the first 
ship from a fort on shore, as ob- 
served from the second ship, is 
35° 14' 10"; the angular distance 
of the second ship from the fort, 
observed from the first ship, is 
42° 11' 63". Find the distance in 
feet from each shif) to the fort. 

Given B = 36° 14' 10", C = 
42° 11' 63", a = 6280 ; required b 

^^^' A = 1S0-(B+C) 

= 102° 33' 67". 

sin B 
= a - — 7* 
sm^ 

sin C 
c = a - — 7' 
sm^ 

log 5280 =3.72263 

log sin 35° 14' 10"= 9.76116 

colog sin 102° 33' 57"= 0.01053 

log b = 3.49432 

6 = 3121.2. 

log 5280 = 3.72263 

log sin 42° 11' 53" = 9.82717 

colog sin 102° 33' 67" = 0.01053 

log c= 3.56033 

c = 3633.5. 

Distance of first ship from fort, 

3121.2 ft. ; of second ship from 

fort, 3633.6 ft. 



42. Along the bank of a river is 
drawn a base line of 600 ft. The 
angular distance of one end of this 
line from an object on the opposite 
side of the river, as observed from 
the other end of the Ime, is 63°; 
that of the second extremity from 
the same object, observed at the 
first, is 79° 12'. Find the perpen- 
dicular breadth of the river. 

Given 5=63°, 0=79° 12', a=600 ; 
required p, the perpendicular from 
A on a. 

sin B 
b=a- — 7* 
sm A 

p = 6 sin C 

sin B sin C 



= 600 



sin A 
sin 63° sin 79° 12' 

sin 47° 48' 



log 600 = 2.69897 

log sin 63° =9.90236 

log sin 79° 12'= 9.99224 

colog sm 47° 48'= 0.13030 

log |> = 2.72386 

p = 629.49. 

Perpendicular breadth of river, 
629.49 ft. 

43. A vertical tower stands on 
a declivity inclined 16° to the hori- 
zon. A man ascends the declivity 
80 ft. from the base of the tower, 
and finds the angle then subtended 
by the tower to be 30°. Find the 
height of the tower. 

Let A and B be the top and bot- 
tom of the tower, and C the position 
of observation. Then, given a = 80, 
B = 76°, C = 30° J required c. 
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^ = 180^- (B+C) 
= 75° 
.', the triangle is iaoeceles, and 
C = 2aooBB 
= 160 COS 76« 
log 160 = 2.20412 
log COB 76« = 9.41300 

log C= 1.61712 
C= 41.411. 
Height of tower, 41.411 ft. 

44. The angle subtended by a 
tower on an inclined plane is, at 
a certain point, 42° 17'; 325 ft. 
farther down, it is 21° 47'. The 
inclination of the plane is 8° 53'. 
Find the height of the tower. 




AB=BR 



AC = 



sinjy 
sin BAR 

Bm(B-R)' 
ABBiaB 
sin C 



= BR 



= BR- 



= 326 



sin B sin R 
sin C sin (B — BO 
sin 42° 17' sin 21° 47' 
sin 81° 7' sin 20° SC 
log 326 = 2.51188 
log sin 42° 17'= 9.82788 
log sin 21° 47'= 9.56949 
cologsin81° 7'= 0.00624 
colog sin 20° 30'= 0.45567 

log 4C= 2.37016 
^0=234.51. 
Height of tower, 234.51 ft. 



45. A cape bean north by eajst, 
as seen from a ship. The ship sails 
northwest 30 miles, and then the 
cape bears east How far is it from 
the second point of observation ? 

Let A be the cape, B and C the 
first and second positions of the 
ship. Then, given B = 56° 16', 
C = 45°, a = 30 ; required b. 

^ = 180°-(B+ C) 

= 78° 45'. 
- a sin 5 
sm A 
_ 30 sin 66° 15^ 
sin 78° 45' 

log 30 = 1.47712 

log sin 56° 15'= 9.91985 

colog sm 78° 46'=^ 0.00843 

log h = 1.40540 

6 = 25.433. 

Distance of cape from second 
point of observation, 25.433 miles. 

46. Two observers, stationed on 
opposite sides of a cloud, observe its 
angle of elevation to be 44° 56' and 
36° 4'. Their distance from each 
other is 700 ft. What is the linear 
height of the cloud ? 

Given A = 44° 56', B = 36° 4', 
c = 700 ; required the perpendicu- 
lar p from C on c. 

C=180°-(^4-B) 

= 99°. 
p = hsin A 

sin B sin A 



700 



sin C 

sin 36° 4' sm 44° 56' 
sin99° 
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log 700 =2.84510 

log sin ae^' 4'= 9.76991 

log sin 44° 56'= 9.84898 

colog sin 99° = 0.00538 

logprr 2.46937 

p = 294.69. 

Linear height of cloud, 294.69 ft. 

47. From a point B at the foot 
of a mountain, the elevation of the 
top A is 60°. After ascending the 
mountain one mile, at an inclina- 
tion of 30° to the horizon, and 
reaching a point C, the angle ACB 
is found to be 135°. Find the height 
of the mountain in feet. 
A 




CD = CB sin CBD 

= 6280 X i 
= 2640. 
^^=^Csin^C-4 

_ CB sin CBA sin EC A 

sin CAB 
_ 6280 sin 30° sin 75° 
~ sin 15° 

_ 5280 X ^ cos 15° 

sm 15° 
= 2640 cot 15°. 
log 2640= 3.42160 
log cot 16° = 10.57195 
log AE= 3.99355 
^^=9852.6. 
AF=^AE+ CD 
= 12492.6. 
Height of the mountain, 12492.6 ft. 



48. From a ship two rocks are 
seen in the same right line with the 
ship, bearing N. 15° K. After the 
ship has sailed northwest 6 miles, 
the first rock bears east, and the 
second northeast. Find the dis- 
tance between the rocks. 




Let A and B be the two rocks, 
C and C the first and second posi- 
tions of the ship. Then given 
0=60°, CC'J5=46°, CC'^ = 90°, 
CC'= 5 ; required AB. 

AC=CC'aec C 
= 6 X 2 = 10. 

^^-^^ sin CBC' 
_ sin 45° 
~ sin 75° ' 

log 5 = 0.69897 

log sin 45° = 9.84949 

colog sin 75° = 0.01506 

log J?C = 0.66352 

BC = 3.6603. 
AB^AC-BC 
= 6.3397. 

Distance between rocks, 6.3397 
miles. 
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49. From a window on a level 
with the bottom of a steeple the 
elevation of the steeple is 40°, and 
from a second window 18 ft. higher 
the elevation is 37° 30", Find the 
height of the steeple. 

Let A and B be the windows, 
and C the top of the steeple. Then 
given c = 18, ^ = 50°, B = 127° 30'; 
required height of steeple, h = 
b sin 40°. 

C=180-(^ + J9) 
= 2° 30'. 
. s in B 
sin C 
. sin 127° 30^ 



b = c' 



= 18 



h=lS 



sin 2° 30' 

sin 127° 30' sin 40° 
sin 2° 30' 
log 18 = 1.25627 
log sin 127° 30' = 9.89047 
log sin 40° = 9.80807 
colog sin 2° 30' = r36032 
log A = 2.32313 
h = 210.44. 
Height of steeple, 210.44 ft. 

50. To determine the distance 
between two inaccessible objects by 
observing angles at the extremities 
of a line of known length. 

A 




Q D 

Let A and B be the inaccessible 
objects, C and D the extremities of 



the given line. Then, given CD, 
A CD, BCD, ADC, and BDC ; re- 
quired AB, 

sin ADC 



AC=CD 



BC=CD 



sin CAD 
sin BDC 



sin CBD 
Then, in the triangle CAB, two 
sides and the included angle are 
known, and the third side can be 
computed as usual. 

51. Wishing to determine the 
distance between a church A and a 
tower B, on the opposite sides of a 
river, I measure a line CD along 
the river (C being nearly opposite 
A), and observe the angle ACB, 
58° 20'; ACD, 96° 20'; ADB = 
53° 30', BDC, 98° 45'. CD is 600 
feet. What is the distance required ? 

From the solution of Ex. 61, 



AC=CD 

= 600 

BC=CD 

= 600 



sin ^DC 
sin CAD 
sin 45° 15' 
sin 39° 26'' 
sin i^DC 
sin CBD 
sin 98° 45 ' 
sin 44° 16' 



log 600 = 2.77816 

log sin 45° 16'= 9.86137 

colog sin 39° 25'= 0.19726 

log AC = 2.82678 

^C= 671.09. 

log 600 = 2.77816 

log sin 98° 45'= 9.99492 

colog sin 44° 15'= 0.16627 

log BC = 2.92934 

5C= 849.84. 
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tanHCAB-CBA) 
BC-AC 



BC + AC 
178.75 



tan i (CAB +CBA) 



tan 60° 50'. 



1520.93 

log 178.75= 2.25224 
colog 1520.93 = 6.81789-10 
log tan 60° 50^ = 10.25327 
logtan i(CAB- CBA) 



9.32340 

i {CAB - CBA) = IP 53' 28" 
i {CAB + CBA) = 60° 5y 

0^5=72° 43' 28" 



= 849.84 



Bin CAB 

sin 58° 20' 



sin 72° 43' 28" 

log 849.84 = 2.92934 

log sin 58° 20'= 9.92999 

colog sin 72° 43' 28"= 0.02005 

log ^5=2.87938 

^5=757.50. 

Bequired distance, 757.50 ft. 

52. Wishing to find the height of 
a summit A, I measure a horizontal 
base line CD, 440 yds. At C, the 
elevation of ^ is 37° 18', and the 
horizontal angle between D and the 
summit is 76° 18'; at D the hori- 
zontal angle between C and the 
summit is 67° 14'. Find the height. 

Let .4' be the point directly under 
A, in the same horizontal plane 
with CD. Then in the triangle 
A'CD; 



A'C=CD 



= 440 



sin D 

sin A^ 
sin 67° 14 ' 
sin 36° 28' 



AIbo, 
AA'= A'C tan CA'A 

-440^5JlI!ii'tan37°18' 
~**"8in86°28'^^^ ^^• 

log 440 = 2.64345 

log sin 67° 14'= 9.96477 

log tan37° 18'= 9.88184 

colog sin 36° 28'= 0^2695 

log ^.4'= 2.71601 

^ -4^'= 520.01. 

Height, 520.01 yds. 

53. A balloon is observed from 
two stations 3000 ft. apart. At the 
first station the horizontal angle of 
the balloon and the other station is 
75° 25', and the elevation of the 
balloon is 18°. The horizontal angle 
of the first station and the balloon, 
measured at the second station, is 
64° 30'. Find the height of the 
balloon. 

Let B be the first station, C the 
second, A the position of the balloon, 
and A' the point directly under A, 
in the same horizontal plane as BC, 
Then, 

AA'= A'B tan A'BA 

_ ^^smA'CB . .,_ . 

= 3000 2i|i^' tan 180. 
sm 40° 5' 

log 3000 = 3.47712 

log sin 64° 30'= 9.95549 

log tan 18°= 9.51178 

colog sin 40° 5'= 0.19118 

log ^^'=3.13557 

AA'- 1366.4. 

Height of balloon, 1366.4 ft. 
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54. Two forces, one of 410 pounds, 
and the other of 320 pounds, make 
an angle of 51° 37'. Find the in- 
tensity and the direction of their 
resultant. 

B 




Let AB and AB represent the 
forces, and AC their resultant. 
Then, in the triangle ABC^ given 
c = 410, a = 320, B - m>P - 
51° 37'= 128° 23'; required 6 and ^. 

tani(C — yl) 

00 
= -~ tan 25° 48' 30". 

log 90 = 1.95424 
log tan 2.")° 4b' 30"= 9.68448 

colog 730 = 7.13 008-10 
tan i(C~^) = 8.77540 

i(C-^)= 3° 24' 43" 
i(C-f ^) = 20°48'30" 
A - 22° 23' 47" 
sin B 



6= a 



= 320 



sin^ 

sin 51° 37' 



sin 22° 23' 47" 



log 320 =2.50515 

log sin 51° 37'= 9.89425 

colog sin 22° 23' 47"= 0.41906 

log 6 =2.81846 

6=658.36. 

Intensity of resultant, 658.30 
pounds; angle between resultant 
and first force, 22° 23' 47". 



55. An unknown force, combined 
with one of 128 pounds, produces a 
resultant of 200 pounds, and this 
resultant makes an angle of 18° 24' 
with the known force. Find the 
intensity and direction of the un- 
known force. 

In the figure for the solution of 
Ex. 54, given, in the triangle ABC^ 
c = 128, A = 18° 24', 6 = 200 ; re- 
quired a and B. 

tani(B--(7) = ^^tani(B-f C) 

= 3% tan 80° 48'. 
log 72= 1.85733 
log tan 80° 48'= 10.79068 

colog 328 = 7.48413— 10 
log tan i (B - C) = 10. 13204 

i(B-C)= 63° 34' 44" 
|(JB + C) = 80° 48' 

B= 134° 22' 44" 
180 -B= 46° 37' 16". 
6 sin A 



sin B 



= 200- 



sin 18° 24 



sin 134° 22' 44" 
log 200 = 2.30103 
log sin 18° 24'= 9.49920 
colog sin 134° 22' 44"= 0.14686 
log a = 1.94609 
a = 88.326. 
Intensity of imknown force, 
88.326 pounds; angle between known 
and unknown forces, 45° 37' 16". 

56. At two stations, the height 
of a kite subtends the same angle 
A, The angle which the line 
joining one station and the kite 
subtends at the other station is B ; 
and the distance between the two 
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stations is a. Show that the height 
of the kite is ^ a sin ^ sec J?. 

Let C be the position of the kite, 
D and E the stations, and C the 
pomt directly under C in the same 
horizontal plane with DE. 

Since the elevation of the kite 
is the same at D and E, the triangle 
CDE is isosceles, and 

CD= CE = ia sec B. 

Also CCr= CD sm A 

= iasin-^. sec B, 

57. Two towers on a horizontal 
plane are 120 ft. apart. A person 
standing saccessively at their bases 
observes that the angular elevation 
of the one is double that of the 
other; but when he is half way 
between them, the elevations are 
complementary. Prove that the 
heights of the towers are 00 and 
40 ft. 

Let A and B be the tops of the 
towers, A"^ and R their bases, and 
G the point half way between them. 
Then the triangle AA'C and BRC 
are similar, and 

AA'^A'C 
RC BR 
AA'x BR-RCXA'C 
= 3600. 
Also, ARA'=2BA'B\ 

2 tan BA'B' 



.-. tan ARA'= 

AA' _ 
120 



\--\xcL^BA'R 
BR 
120 



1-^ 



BR"" 



1202 

240 BB' 

1202 - BR^ 



AA' (1202 — ijir^) = 120 X 240 BR, 

^ (1202 _ BBT^ - 120 X 240 BR, 
BR 

1202-J?ir2=8UB^. 

BR'^ = 402. 

BR= 40. 

AA'= 00. 



58. To find the distance of an 
inaccessible point C from either of 
two points A and J5, having no in- 
struments to measure angles. Pro- 
long CA to a, and CB to h^ and 
join AB, Ab, and Ba. Measure 
AB, 600; aA, 100; aB, 500; bB, 
100 ; and Ab, 560. 




In the triangle aAB, 

8 = i (500 -h 100 + 660) 
= 580. 




180 X 480 
680 X 20 



tan i aAB 



log 96= 1.98227 
colog 29 = 8.53760-10 
2 ) 0.51987 
log tan i aAB = 10.25993 

aAB = 122° 24' 40". 
CAB= 67'' 35' 20". 

In the triangle bAB, 

s = i(6004-650 + 100) 
= 576. 
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tan i hBA = 



= /76 X 4 
\676 X 



:476 
:25 

if 23 

log 57= 1.75587 

colog 23 = 8.63827 — 10 

2 ) 0.39414 

log tani6B^ = 10.19707 

hBA = 116° »'. 

CBA= 64° 61'. 

In the triangle ABC, 

A = 67° 35' 20", 
B = 64°6r, 
= 57° 33' 40". 



BC=AB 



sin A 
sin C 



_ Bin 67° 36' 20" 

■"^^8in67°33'40"* 

sin B 



AC=AB 



= 500 



sin C 
sin 64° 51' 
'8in57°33'40" 
log 500 = 2.69897 
log sin 57° 35' 20"= 9.92646 
colog sin 57° 33' 40"= 0.07368 
log -BC = 2.69911 

J5C= 500.16. 

log 500 = 2.69897 

log sin 64° 51'= 9.95674 

colog sin 57° 33' 40"= 0.07368 

log -40= 2.72939 

^0=536.27. 

Distances of O from A and B, 
536.27 ft.; 500.16 ft. 

59. Two inaccessible points A 
and B are visible from D, but no 
other point can be found whence 
both are visible. Take some point 



O, whence A and D can be seen, 
and measure CD, 200 ft.; ADC, 
°; ACD, 50° 30'. Then take 
some point E, whence D and B are 
visible, and measure DE, 200 ; 
BDE, 64° 30'; BED, 88° 30'. At 
D measure ADB, 72° 30'. Com- 
pute the distance AB. 




log 200 = 

log sin 50° 30'= 

colog sin 40° 30'= 

log AD = 

AD = 



BD=DE 

= 200 



sin 40° 80' 
2.30103 
9.88741 
0.18746 
2.37590 
237.63. 

sin BED 



sin DBE 
sin 88° 30' 



log 200 = 

log sin 88° 30'= 

colog sin 37° = 

log BD - 

BD = 



sin 37° 
2.30103 
9.99985 
0.22054 
2.52142 
332.22. 



tSLTi i (DAB - DBA) 
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log 94.69= 1.97686 

colog 669.86= 7.24424 

log tan 53° 46'= 10.13476 

log tan i (DAB -DBA) = 9.36486 

i (DAB — DBA) = 12° 46' 21" 
i (DAB + DBA) = 63'' 45' 



DAB = 66° 30' 21" 



AB=BDi'''^^^ 



= 332.22 



sinD^J? 

sin 72° 30' 



sin m^" 30' 21" 



log 332.22 = 2.62142 

log sin 72° 30'= 9.97942 

colog sin m"" 30' 21"= 0.03758 

log ^1?= 2.63842 
^5=346.48. 
Distance AB, 345.48 ft. 

60, To compute the horizontal 
distance between two inaccessible 
points A and B^ when no point can 
be found whence both can be seen. 
Take two points C and D, distant 
200 yds., so that A can be seen 
from C, and B from D. From C 
measure CF, 200 yds. to F, whence 
A can be seen ; and from D, meas- 
ure DE, 200 yds. to Ej whence B 
can be seen. Measure AFC, 83°; 
^CA63°30'; ACF, 54° 31'; BDE, 
54° 30'; BDC, 156° 25'; DEB, 
88° 30'. 
F A B 




AC=CF 



= 200 



Bin ^FC 

sin CAF 

Bin 83° 



sin 42° 29' 



log 200 = 2.30103 

log sin 83° = 0.99676 

colog sin 42° 29'= 0.17046 

log ^C = 2.46823 

^C= 298.92. 



BD=DF 



= 200 



sin BED 
sin DBE 

sin 88° 30' 



- tan 63° 15'. 



sin 37° 
= 332.22. (cf. Ex. 59). 
tSi,ni(ADC-'CAD) 

= ^J^^nHADC + CAD) 

_ 93.92 
"~ 493.92 

log 93.92= 1.97276 
colog 493.92= 7.30034-10 
log tan 63° 15'= 10.29753 

log tan i (ADC- CAD) 

= 9.67663 

i (ADC - CAD) = 20° 40' 8" 
i (ADC + CAD) = 63° 15' 

^DC= 83° 55' 8" 

BDA = BDC'-ADC 

= 156° 25'- 83° 65' 8" 
= 72° 29' 52". 
,sin^CD 



AD=AC 



= 293.92 



sin ADC 

sin 53° 20' 



sin 83° 55' 8" 



log 293.92 = 2.46823 

log sin 53° 20'= 9.90424 

colog sin 83° 65' 8"= 0.00246 

log ^i) = 2.37492 

^D= 237.10. 
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i tan 53« 45' 4" 



IsiniiDAB- DBA) 
__ 05.12 

" 5<5y.a2 

log 95.12= 1.97827 
colog 569.32= 7.24464-10 
log tan dSP 46' 4"= 10.13478 

logtani(Z>4iJ-2>B^) 

= 9.35769 

HDAB- DBA) = 12° 50' 12" 

i (DAB + DBA) = 53° 4 5' 4" 

D^ii=60°35'16" 



AB=BD 



= 332.22 



Bin B^2> 

sin 72° 29' 52" 



sin 60° 35' 16" 

log 332.22 = 2.52142 

log sin 72° 19' 52"= 9.97941 

colog sin m"" 35' 16"= 0.03731 

log ^5=2.53814 

^1?= 345.25. 

Distance AB, 345.25 yds. 

61. A column in the north tem- 
perate zone is east-southeast of an 
observer, and at noon the extremity 
of its shadow is northeast of him. 
The shadow is 80 ft. in length, and 
the elevation of the column, at the 
observer's station, is 45°. Find the 
height of the column. 

Let A be the observer's position, 
B the extremity of the shadow, and 
C the base of the column. Then, 
given A = 67° 30', C = 67° 30', 
a = 80 ; required b = height of 
column. 

. sin B 



= 80 



sin A 
sin 45° 



sm 67° 30' 



log 80 = 1.90309 

log sin 45° = 9.84949 

colog sin 67° 30' = 0.03438 

log 6 =1.78696 

& = 61.23. 

Height of column, 61.23 ft 

62. From the top of a hill the 
angles of depression of two objects 
situated in the horizontal plane of 
the base of the hill are 45° and 30°, 
and the horizontal angle between 
the two objects is 30°. Show that 
the height of the hill equals the dis- 
tance between the objects. 

Let ^ be the top of the hill, A' 
the point directly under A in the 
horizontal plane of the base of the 
hill, B and C the objects observed. 

Then 

A'B = A' A, 

^'C= 4'^ tan 60° 

= V3 A' A. 
BC^ = A^^ + ATC^ 

-2A'BxA'CcosBA'C 

:=TA^ + SA^'-SA^ 

= A^\ 
BC = A'A. 



63. Wishing to know the breadth 
of a river from Ato B,l take AC, 
100 yds. in the prolongation of BAj 
and then take CD, 200 yds. at right 
angles to ^C The angle BDA is 
37° 18' 30". Find AB. 
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taaiBDC = 



CD 

= i. 
log tan BDC = 9A 

BDC = 26« 33' 64". 
ADC = ABB + BBC 
= 63« 52' 24'. 
AC= CD tan ABC 

= 200 tan 63« 62' 24". 
log 200= 2.30103 
log tan 63° 62' 24"= 10.30939 
log AC = 2.61042 
^C = 407.77. 
AB=AC-AB 
= 307.77. 

64. The sum of the sides of a 
triangle is 100. The angle at ^ is 
double that of B, and the angle at 
5 is double that at C. Determine 
tiie Bides. 

B = 2C 
A = 2B=4C. 
il + JB+ C=7C=180«. 

.-. C= 26° 42' 61 f. 
B= 6P26'42f". 
A = 102° 61' 26f". 
g _ sin ^ 
c ~" sin C 



- = 2.247. 
c 

a = 2.247 c. 

6_8inB 

c sin C 

log sin B= 9.89311 
og sin C = 9.63737 

log J = 0.26674 
c 

^=1.802. 
c 

6= 1.802 c. 

a + 6 + c = (2.247 + 1.802 + 1) c 

= 6.049 c. 

_ 100 

•"• ^ 6.049 

a = 2.247 c =44.603 

b = 1.802 c = 36.688 



= 19.806 



log sin ^ = 9.S 
log sin C = 9.63737 

log - = 0.36160 



a + 6+ c= 99.997 
The sides are 19.8, 36.7, 44.6. 

65. n sin2 ^ + 6 cos2 ^ = 3, 
find^. 

sin2 ^ + 6 C082 ^ = 3. 

sin2 ^ + 6 - 6 sin2 ^ = 3. 

4 sin2 ^ = 2. 

sin2 A = ^. 

sin -4 = ± V^. 

,:A = ± 45°, ± 135°. ^ 

66. If sin2 A = m cos A — n, 
find cos A, 

sin^ A = m cos A — n, 
1 — cos2 A^m cos -4 — n. 
cos^^ + m cos ^ = n + 1. 
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67. Given sin A = m sin B, and 
tan ^ = n tan B ; find sin A and 
cosB. 

tan A = n tan B. 
sin A _ sin B 
cos yl ~ cos J5 
m sin 1? n sin B 



COS A 



cosB 
m 



cos A = — cos B. 
n 

cos? ^ = T COS* B 

n* 
sin«^ = m«sin«B 



ma 



m' 
1 = — coe2B + m«sin2B 
n 



7Cos2B+m«(l-cos2B)=l. 



cofi»B = 



-T-m2 



_ (1 - mg) na 
(l-n«)w«* 

„ n /l — ma 

cos B= — \/:; r-' 

m \l — n* 

cosa ^ = ^ cosa B 
na 





1 


-ma 






1 


-na 




sina^ 


= 1- 


1- 


m^ 






1- 


na 




ms 


'-na 






1 


-na 




sin^ 


m2- 


2^. 



68. K tana ^ + 4 ginS ^ = 6, 
find^. 

tana^ + 4sina^ = 6. 
sina^ 



1— sin2J. 



+ 4sin2^ = 6. 



sina ^ + 4 sina.^ — 4 sin* 4 
= 6-6sinaA 
4 sin* ^ - 1 1 sina ^ + 6 = 0. 
(4 sina^ - 3) (sina^ — 2) = 0. 
sina ^ = |. 
sin^=±iV?. 
^ = ± C0°, ± 120^. 

69. If sin -4 = sin 2 ^, find A, 

sin .^ = sin 2 ^ 

= 2 sin ^ cos -4. 
.-. 8in-4 (1—2 cos A)= 0. 
.-. sin -4 = 0°, 
or 1 — 2 cos -4=0°. 

-4=0°,180^±60°. 

70. If tan 2^ = 3 tan -4, find A, 
tan 2 ^ = 3 tan ^. 

2tan^ _^. . 
:j — 7 — r—- = 3 tan A. 
1 — tana^ 

2tan-4 = 3tan-4 — 3 tan» A. 

tan -4 (3 tana^ — i) = 0, 

tan -4 =0, 

or 3 tana ^^\ — ^ 

A = 0% 180% 30°, 210°. 

71. Prove that tan 50° + cot 50° 
= 2 sec 10°. 

tan 60°+ cot 50°= tan 50° H ^ — 

tan 50° 

__ tana 60° + 1 

tan 60° 

_ seca 60° 

tan 50° 

1 



sin 50° cos 50° 
2 
" 2 sin 60° cos 50° 



sin 100° 
= 2 esc 100° 
= 2 sec 10°. 
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72. Given a regular polygon of 
n sides, and calling one of them a, 
find expressions for the radii of the 
inscribed and circumscribed circles 
in terms of n and a. 

If P, JET, D be the sides of a 
regular inscribed pentagon, hexa- 
gon, decagon, prove P^ = H^ + Ifi, 

(i.) Angle subtended by each side 

a at the centre of the circle is 

n 

Hence, if r is the radius of the cir- 
cumscribed circle, and 22 that of 
the inscribed circle, 



a _ 
2r" 


. 180° 

sm 

n 


a __ 
2R~ 


- tan • 

n 


.-. r = 


a 180° 
2^^ n ' 


B = 


a 180° 

o cot 

2 n 


(ii.) Let r = 


1 ; then 


P = 


2 sin 36° 


Jff = 


2 sin 30° = 1. 


i) = 


2 sin 18°. 


To prove P^ = 


iI2+D2, 


or, 4sin2 36° = 


1 + 4 sin2 18°. 


sin 36° = 


cos 54°, 


or, sin2X 18° = 


cos 3 X 18°. 


2 sin 18° cos 18°= 


4cos818°-3cosl8° 


2 sin 18° = 


4cos2 18°-3 




4-4sin2 18°-3 




1 - 4 sin2 18°. 


.-. 4 sin3 18° = 


1 - 2 sin 18° 


= 


1 - 2 cos 72°. 


l + 4sm2 18° = 


2 — 2 cos 72° 


= 


2 (1 - cos 72°) 


= 


4 sin2 36°. 



73. Obtain the formula for the 
area of a triangle, given two aides 
6, c, and the included angle A, 

Let p be the length of the pei'pen- 
dicular from B on b. Then 

area = ipb 

= I c sin ^ X 6 
= i6c sin A, 

74. Obtain the formula for the 
area of a triangle, given two angles 
A, B, and the included side c. 

sin A 
a = c - — - ' 
sm C 

sin B 

sm C 

Area = ^ a6 sin C 

, - sin ^ sin B 
= ic2- 



= ic^ 



sin C 

sin A sin B 

sin (A + B)' 



75. Obtain the formula for the 

area of a triangle, given the three 

sides. 

sin B = 2 sin i B cos i B 

_ 2 . 

~ ac^Hs- <^) (9- b) (s - c), 

(§ 46.) 

Area = ^ac sin B 



= Vs (8 -- a) {« — 6) (s — c). 

76. If a is a side of an equilateral 

, . , ., . a2V3 

triangle, its area is —j — 

Area = ihc sin A 
= i a2 sin 60° 
= ia2x iVs 
a2V3 
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77. Two conBecutive sides of a 
rectangle are 52.25 ch. and 38.24 ch. 
Find its area. 

Area = 62.25 x 38.24 sq. cb. 
log 52.26 = 1.71809 
log 38.24 = 1.58252 
log area =3.30001 
Area = 1008 sq. ch. 

= 199 A. 3R. 8P. 

78. Two sides of a parallelogram 
are 50.8 ch. and 37.05 ch., and the 
included angle is 72^ 10^. Find the 
area. 

Area = 69.8 X 37.05 sfai 72<> lO'. 
log 50.8 = 1.77670 
log 37.05 = 1.56879 
log sin 72^10^= 9.97861 
log area =3.32410 
Area = 2109.1 sq. ch. 
= 210A. 3R.26P. 

79. Two sides of a parallelogram 
are 15.36 ch. and 11.46 ch., and the 
included angle is 47° 30'. Find its 
area. 

Area = 15.36 x 11.46 sin 47« 30'. 
log 16.36 =1.18639 
log 11.46 = 1.05918 
log sin 47° 30'= 9.86763 
log area =2.11320 . 
Area= 129.78 sq. ch. 
= 12 A. 3 R. 36 P. 

80. Two sides of a triangle are 
12.38 ch. and 6.78 ch., and the in- 
cluded angle is 46° 24'. Find the 
area. 

Area = j X 12. 38 X 6. 78 sin 46° 24'. 



log 6.19 = 0.79169 

log 6.78 = 0.83123 

log sin 46° 24'= 9.85984 

log area = 1.48276 

Area = 30.392 sq. ch. 

= 3 A. R. 6 P. 

81. Two sides of a triangle are 
18.37 ch. and 13.44 ch., atid they 
form a right angle. Find the area. 

log 18.37 = 1.26411 
log 13.44 = 1.12840 
2.39251 
2 X area = 246.89 sq. ch. 
Area = 123.45 sq. ch. 
= 12 A. 1 R. 15 P. 

82. Two angles of a triangle are 
76° 54' and 57° 33' 12", and the in- 
cluded side is 9 ch. Find the area. 

From the solution of Ex. 24, 

. , ^ sin 76° 54' sin 57° 33' 12" 

^'**'"*^ sin 134° 27' 12" 

log 40.5 = 1.60746 

log sin 76° 54'= 9.98855 

log sin 57° 33' 12"= 9.92629 

colog sm 134° 27' 12"= 0.14641 

log area =1.66871 

Area = 46.634 sq. ch. 

= 4 A. 2 R. 26 P. 

83. Two sides of a triangle are 
19.74 ch. and 17.34 ch. The first 
bears N. 82° 30' W.; the second 
S. 24° 15' E. Fmd the area. 

Included angle = 121° 45'. 
log 19.74 = 1.29535 
log 17.34 = 1.23905 
log sm 121° 45'= 9.92960 
2.46400 
2 X area = 291.07 sq. ch. 
Area = 146.54 sq. ch. 
= 14 A. 2 B, 9 P, 
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84. The three sides of a triangle 
are 49 ch., 60.25 ch., and 25.69 ch. 
Find the area. 

From the solution of Ex. 75, 



Area = Vs (s — a) (s — b) (s — c). 
«= ^(49 + 50.25 + 25.69) 
= 62.47. 

• s — a = 13.47. 
8 — b = 12.22. 
a— c = 36.78. 
log 62.47 =1.79567 
log 13.47 =1.12937 
log 12.22 = 1.08707 
log 36.78 = 1.66661 
2 ) 5.67772 
log area = 2.78886 

Area = 614.97 sq. ch. 
= 61 A. 2 R. 

85. The three sides of a triangle 
are 10.64 ch., 12.28 ch., and 9 ch. 
Find the area. 

«=i (10.64 +12.28 + 9) 
= 15.96. 

s — a = 5.32. 

8-6 = 3.68. 

8 — c = 6.96. 

log 15.96 = 1.20303 

log 5.32 = 0.72691 

log 3.68 = 0.66585 

log 6.96 = 0.84261 

2 ) 3.33740 

log area =1.66870 

Area = 46.633 sq. ch. 
= 4 A. 2 R. 26 P. 

86. The sides of a triangular field, 
of which the area is 14 acres, are in 
the ratio of 3, 5, 7. Find the sides. 

Let the sides, measured in chains, 
beSx, 5x, 7x. 



Then « = 4(3x + 5a; + 7x) 

= 7.6x. 

« — a = 4.6x. 

«— 6 = 2.5x. 

« — c = 0.5x. 

140 = V7.6xX 4.5xX 2.5XX 0.5x 



x2 



= jVl6x9x 5 
= l^\/3. 



.-. X2 = 



4X 140 



. 112 
3V3 



16 VS 
log 112 =2.04922 
log 3 V3 = 071668 
2 ) 1.3:3364 
log X = 0.66677 
X = 4.6427. 
3x= 13.9281. 
6x = 23.2135. 
7 X = 32.4989. 
Sides are 13.93 ch., 23.21 ch., 
32.60 ch. 

87. In the quadrilateral A BCD 
we have AB, 17.22 ch.; AD, 7.46 
cIl; CD, 14.10 ch.; BC, 6.25 ch.; 
and the diagonal AC, 16.04 ch. 
Required the area. 
In the triangle, ABC, 
8 = i(17.22 + 6.26 +16.04) 
= 18.765. 

8 — a= 1.536. 
8-6 = 13.506. 
s-c= 3.716. 
log 18.756 =1.27311 
log 1.535 = 0.18611 
log 13.506 =1.13049 
log 3.716 = 0.66996 
2 )3.15967 
log area = 1.57983 
Area = 38.004. 
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In the triangle ACD, 
«=i(16.04+ 14.10 +7.45) 
= 18.296. 

«-a= 3.266. 
«-6= 4.196. 
«-c = 10.845. 
log 18.296 = 1.26233 
log 3.256 = 0.61265 
log 4.195 = 0.62273 
log 10.895 = 1.03523 
2 )3.43284 
log area = 1.71642 
Area = 62.050. 
Area ABC = 38.004 
Area -4 CD =52.060 
Area ABCD = 90.054 sq. ch. 
= 9 A. R. 1 P. 

88. The diagonals of a quadri- 
lateral are a and 6, and they inter- 
sect at an angle D. Show that the 
area of the quadrilateral is i a6 sin D. 

Let the parts into which the diag- 
onals are divided by their intersec- 
tion be ai, 02, and h\, h^, so that 
a = ai + a2 and b=hi + b^. Then 
the areas of the four triangles into 
which the diagonals divide the quad- 
rilateral are 

i ai6i sin D, \ a^i sin D, 
i aifea sin D, 1 0262 sm D. 

The area of the quadrilateral is 
therefore 
iai(&i+62)sinD+ia2 (61+62) sinD 

= i(ai+a2)(6i + 62)sini) 

= ia6sin D. 

89. The diagonals of a quadri- 
lateral are 34 and 56, intersecting 
at an angle of 67°. Find the area. 

Area = i X 34 X 56 X sin 67°. 



log 17 = 1.23046 

log 66 =1.74819 

log sin 67^ = 9.96403 

log area = 2.94267 

Area = 876.34. 

90. The diagonals of a quadri- 
lateral are 75 and 49, intersecting 
at an angle of 42°. Find the area. 

log 75 = 1.87506 

log 49 = 1.69020 

log sin 42° = 9.82551 

3.39077 

2 X area = 2459. 

Area = 1229.6. 

91. Show that the area of a regu- 
lar polygon of n sides, of which one 

. na^ , 180° 

IS a, IS —7- cot 

4 n 

Lines joining the vertices to the 
centre divide the polygon into n 
equal isosceles triangles, the bases 
of which are a, and the vertical 

angles . The altitudes of the 

n 

triangles are 

, _ a , 180° . 

^ = - cot ; 

2 n 

and their areas are 

. ,_a2 180° 

ia^ = — cot 

4 n 

Hence the area of the polygon is 

na^ ^ 180° 

-7- cot • 

4 n 



92. One side of a regular pentagon 
is 25. Find the area. 

. . 5 X 252 ^ 180° 

Area = — ;; — cot —=— 
4 5 

= 781.25 cot 36°. 
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log 781.25= 2.89279 
log cot 36*^ = 10.13874 
log area = 3.03153 
Area = 1075.3. 

93. One side of a regular hexagon 
is 32. Find the area. 



Area = 



6 X 32« , 180° 
cot 



4 "" 6 

= 1536 cot 30°. 

log 1536= 3.18639 

log cot 30° = 10.23856 

log area = 3.42495 

Area = 2660.4. 

94. One side of a regular decagon 
is 46. Find the area. 

^ ' 10X462 180° 

Area = z cot ^^77- 

4 10 

= 5290 cot 18°. 

log 5290= 3.72346 

log cot 18° = 10.48822 

log area = 4.21168 

Area = 16281. 

95. Find the area of a circle 
whose circumference is 74 ft. 

2;rr=74. 

37 
r= — • 

7t 

Area = 7tr^ 
_37^ 

7t 

log 372 = 3.13640 
colog 7e = 9.50285 — 10 
log area = 2.63925 
Area = 435.76 sq. ft. 

96. Find thejirea of a circle 
whose radius is 125 ft. 



Area =ftx 125«. 
log 1252 = 4.19382 
log 7t = 0.49715 
log area = 4.69097 

Area = 49088 sq. ft. 



97. 


In a circle with a diameter 


of 125 ft. find the 


area of a 


sector 


with an arc of 22°. 






Area of sector 


: area of 


circle 


= 22 


360. 






.-. area of sector = 


m^('P)' 




= 


11 X 1252 
720 


7t. 




log 11 = 


1.04139 






log 1252 = 


4.19392 






colog 720 = 


7.14267 - 


10 




log 7e = 
log area = 


0.49715 






2.87513 






Area = 


750.12 sq. 


ft. 



98. In a circle with a radius of 
44 ft. find the area of sector with 
an arc of 25°. 

Area =^Viy* 442 
_ 1210;r 
9 
log 1210 = 3.08279 
log n = 0.49715 
colog 9 = 9.04676 
log area = 2.62670 
Area = 422.38 sq. ft. 

99. In a circle with a diameter of 
60 ft. find the area of a segment 
with an arc of 280°. 

Area of segment = area of sector 
with same arc + area of triangle 
with two sides equal to radius, and 
included angle of 80°. 
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Atesk of sector = }fj ;r 26^ 
_4376jf 



iog4d76: 

log;r = 

Colog 9 •' 

log area = 

Area of sector - 

Area of triangle ' 

log 3126: 
log sin 80°t: 

log area - 
Area of triangle = 
Area of segment - 





: 3.64098 

: 0.49716 

i 9.04576 - 10 

3.18389 

■ 1627.2. 

: i 252 gin 80<^ 

■ 312.5 sin 80°. 
■■ 2.49485 

: 9.99335 
: 2.48820 
307.75. 
: 1834.95 sq. ft. 



100. Find the area of a segment 
(less than a semicircle) of which the 
chord is 20, and the distance of the 
chord from the middle point of 
the smaller arc is 2. 




tan^^D = -V = 5. 
log tan AED = 10.69897. 

AED= 78° 41' 24". 
ACD=1S0''-2AED 
= 22° 37' 12". 
AC=ADc8cACD 
= 10 CSC 22° 37' 12" 
log 10 = 1.00000 
log CSC 22° 37' 12"= 0.41497 
log ^0=1.41497 
^C=26. 



Area of sector CAB = ^^tcA^. 

ooO 
^CJB = 45°14'24" 

a 162864". 
360" s£ 1296000". 
Area of sector s ^fff/f^it2iii 

log 377 = 2.57634 

log jr = 0.49715 

log 262 = 2.82994 

colog 3000 = 6.52288 — 10 

log area = 2.42631 

Area of sector = 266.87. 

Area of triangle CAB 

= AD X CD 
= 10(26-2) 
= 240. 
Area of segment = 26.87. 

101. K r is the radius of a circle, 
the area of a regular circumscribed 

polygon of n sides is nr^ tan — • 

n 

The area of a regular inscribed 

, . w „ . 360° 

polygon IS -r2 sin 

z n 

Lines drawn from the vertices to 

the centre divide the polygon into 

n equal isosceles triangles, the bases 

of which are the sides of the poly- 

OAAO 

gon and the vertical angles ^^^^• 
n 

In the circumscribed polygon, 

-IQAO 

each side = 2rtan^5^^» and the 
n 

altitude of each triangle is r. 

Hence the area of each triangle is 

180° 
r2 tan » and the area of the 

1QQO 

polygon »ir2tan-^^- 
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In the inscribed polygon, each 

180° 
side = 2 r sin ♦ and the altitude 

^ 180° 

of each triangle is r cac • Hence 

n 

the area of each triangle is 

^ . 180° 180° f^ . 360° 

1^ sm CSC = - sm » 

n n 2 n 

and the area of the polygon is 

n?« . 360° 

-— - sin 

2 n 



102. If a is a side of a regular 

polygon of n sides, the area of the 

.,,.,. ;ra2 ^. 180° 

inscribed circle is — ;- cot^ • 

4 n 

The area of the circumscribed 

180° . 

n 

If r is the radius of the inscribed 



circle is -r- csc^ 
4 



circle, 



a = 2r tan 



180° 



a 



n 
180° . 
n 
180° 



^f^ = ^C0t2 

2 n 

If 12 is the radius of the circum- 
scribed circle, 

a = 2 iJ sm 

n 

„ a 180° 

.-. E = CSC 

2 n 

_- 3ra2 „ 180° 

TtB^ = — r- CSC3 

4. n 



103. The area of a regular poly- 
gon inscribed in a circle is to that 
of the circumscribed polygon of the 
same number of sides as 3 to 4. 
Find the number of sides. 

n^ . SeOP „, 180°_„ . . 

- T^sm ; nr2 tan = 3:4. 

2 n n 



2nfasin — fi:3nf2tan— • 
n n 

2Bm ^3 tan • 

n n 



. . 180° 180° « 

4 sm cos = 3 

n n 



shi 



180° 



180° 
cos 

4 cos2 = 3. 



n 
180° 



= 30°. 



n = 6. 

104. The area of a regular poly- 
gon inscribed in a circle is a geo- 
metric mean between the areas of 
an inscribed and a circumscribed 
regular polygon of half the number 
of sides. 

Area of inscribed i)olygon of 2 n 



sides 



= nr'^ sin 



180° 



Area of inscribed i)olygon of n 



sides 



360° 



Area of circumscribed polygon of 



n sides 



= nr^ tan 



180° 



w^ • 360°^ -^ 180° 

- r2 sm X nr^tan 

2 n n 



nV . 360° 

: -—- sm 

2 n 



tan 



180° 



180° 



„. . 180° 180° 

= n^r* sm cos 

n n 



= nV sin2 



180° 



cos 



180° 



/ „ . 180° \« 
= inr^ sm J • 



154 



TBIGOXOMETRT. 



105. The area of a circumscribed 
regular i)olygon is an harmonic 
mean between the areas of an in- 
scribed regular polygon of the same 
number of sides and of a circum- 
scribed regular polygon of half that 
number. 

Area of circumscribed polygon of 

2 n sides 

90 
= a = 2 nr^ tan ^ — 
n 

Area of inscribed polygon of 2 n 

sides . « . 180° 

= b = nr^sm 

n 

Area of circumscribed polygon of 



n sides 



= c = nr^ tan 



180° 



To prove 
a b c 



b c 



nr^ sin 



1 + cos 



180° ' 

71 

180° 
n 



nr2 tan 



180° 



nr^ sin 



180° 



o o90° 
2 cos2 



„ , . 90° 90° 
2 nr^ sm — cos — 
n n 



cot - 



90° 



nr^ 



2 nr^ tan 

.2, 
' a 



90° 



106. The perimeter of a circum- 
scribed regular triangle is doable 
that of the inscribed regular triangle. 

Each side of circumscribed tri- 
angle = 2rtan60° = 2V3r. 
Each side of inscribed triangle 
= 2rsm60° = V3r. 

107. The square described about 
a circle is four-thirds the inscribed 
dodecagon. 

Area of square = 4 r^. 

12 360° 
Area of dodecagon = y^^^'^ 

= 6rasin30° 

108. Two sides of a triangle are 
3 and 12, and the included angle is 
30°. Find the hypotenuse of an 
isosceles right triangle of equal area. 

Area of given triangle 

= i X 3 X 12 sin 30° 

= 9. 
Side of required triangle 

= V2 X 9 

= 3V2. 
Hypotenuse of required triangle, 



= V2{3V2)2 

= V36 
= 6. 
Required hypotenuse, 6. 

110. Taking the earth's equato- 
rial diameter to be 7926.6 miles, 
find the length in feet of the arc of 
one minute of a great circle. 

Circumference of great circle 
= 7CX 7926.6. 
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Length of arc of 1', in feet 
_ ?r X 7925.6 X 6280 
~ 360X60 

_ 7925.6 X 6280 ;r 
~ 21600 

log 7925.6 = 3.89903 
log 6280 = 3.72263 
log TC = 0.49716 
colog 21600 = 6.66666 — 10 
3.78436 

Arc of 1% 6086.4 ft. 

111. A ship sails from latitude 
43° 45' S., on a course N. by E., 
2345 miles. Find the latitude reached 
and the departure made. 

Course, 11° 16' E. 
Diff. in lat. = 2346 cos 11° 16'. 
Depart. = 2346 sin 11° 16'. 

log 2346 = 3.37014 

log cos 11° 16'= 9.99167 

logdifE. lat. = 3.36171 

DifE. lat. = 2299.9' 
= 38° 20'. 
log 2346 = 3.37014 
log sin 11° 16'= 9.29024 
log depart. = 2.66038 
Depart. =467.49. 
Latitude reached, 6° 25' S.; de- 
parture, 467.6 miles. 

112. A ship sails from latitude 
1° 45' N., on a course S.E. by E., 
and reaches latitude 2° 31' S. Find 
the distance and the departure. 

Course, 66° 15'. 
DifE. in lat. = 4° 16' = 256 miles. 
Dist. = 256 sec 56° 15'. 

Depart. = 256 tan 66° 16'. 



log 256 = 2.40824 

log sec 66° 15'= 0.25526 

log dist. = 2.66350 

Dist. = 460.79. 

log 266= 2.40824 

log tan 56° 15'= 10.17511 

log depart. = 2.68335 

Depart. = 383.13. 

Distance, 460.8 miles; departure, 
383.1 miles. 

113. A ship sails from latitude 
13° 17' S., on a course N.E. by E. 
f E., until the departure is 207 
miles. Find the distance, and the 
latitude reached. 

Course, 64° 41' 15". 
Depart., 207 miles. 

Dist. = 207 CSC 64° 41' 15". 

Diff. in lat. = 207 cot 64° 41' 15". 

log 207 = 2.31597 

log CSC 64° 41' 15"= 0.04385 

log dist. = 2.35982 

Dist. = 228.99. 

log 207 = 2.31597 

log cot 64° 41' 15"= 9.67483 

logdifE. lat. = 1.99080 

Diff. lat. = 97.904' 
= 1° 38'. 
13° 17' -1° 38'= 11° 39'. 

Distance, 229 miles ; latitude 
reached, 11° 39' S. 

114. A ship sails on a course be- 
tween S. and E., 244 miles, leaving 
latitude 2° 52' S., and reaching lati- 
tude 5° 8' S. Find the course and 
the departure. 
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Diff. in lat., 2*^ 16' = 136 miles. 
Dist., 244 miles, 
cos (course) = if J. 

Depart. = V2442 — 1362. 

log 136 = 2.13354 
colog 244 = 7.6 1261 - 10 
log cos (course) = 9.74615 

Course = 66« T 32". 



V2442 _ 130^ = VIO8 X 380. 

log 108 = 2.03342 

log 380 = 2.57978 

2) 4.61320 

log depart. = 2.30660 

Depart. = 202.58. 

Course, S. 56° V 30'' E.; depart- 
ure, 202.6 miles. 

115. A ship sails from latitude 
32° 18' N., on a course between N. 
and W., making a distance of 344 
miles, and a departure of 103 miles. 
Find the course, and the latitude 
reached. 

Dist., 344 miles. 

Depart., 103 miles. 

sin (course) = ^f J. 
diff. in lat.= V3442- 103*2. 

log 103 = 2.01284 
colog 344 = 7.46344 - 10 
log sin (course) = 9.47628 

Course = 17° 25' 22". 

V3442 - 103=2 = V241 X 447. 

log 241 = 2.38202 ' 
log 447 = 2.65031 
2 ) 5.03233 
log (diff. in lat.) = 2.51616 



Diff. in lat. = 328.22' 
= 5° 28'. 
32° 18' +5° 28' = 37° 46'. 
Course, N. 17° 25' W.; latitude 
reached, 37° 46' N. 

116. A ship sails on a course be- 
tween S. and E., making a difference 
of latitude 136 miles, and a depart- 
ure 203 miles. Find the distance 
and the course. 

Diff. in. lat., 136 mUes. 
Depart., 203 miles, 
tan (course) = f§|. 

log 203= 2.30750 
colog 136 = 7.86646-10 
log tan (course) = 10.17396 

Course = 56° 10' 49". 
Dist. = 203 esc 66° 10' 49". 
log 203 = 2.30750 
log CSC 56° 10' 49"= 0.08051 
log dist. = 2.38801 
Dist. = 244.35. 
Course S. 56° 11' E.; distance, 
244.3 miles. 

117. A ship sails due north 15 
statute miles an hour for one day. 
What is the distance in a straight 
line from the point left to the point 
reached? (Take earth's radius, 
3962.8 statute miles.) 

Distance sailed in one day 

= 15 X 24 = 360 miles 

360 



2 ;r X 3962.8 
. 129600° 
2 TT X 3962.8 
64800° 
3962.8 ;r* 



X 360° 



teachers' edition. 



157 



log 64800 = 4.81158 I 

colog 3962.8 = 6.40200 — 10 
colog n = 9.60286 -- 10 
0.71643 
Distance sailed 

= 5.2061° 
= 6° 12' 18''. 
Chord of arc sailed 

= 2 X 3962.8 sin 2° 36' 9" 
= 7925.6 sin 2^ 36' 9". 
log 7925.6 = 3.89903 
log sin 2° 36' 9"= 8.65712 
log chord = 2.55615 
Chord = 359.87. 
Required distance, 359.87 miles. 

121. A ship in latitude 42° 16' N., 
longitude 72° 16' W., sails due east 
a distance of 149 miles. What is 
the position of the point reached ? 

Diff. long. = 149 sec 42° 16'. 
log 149 = 2.17319 
log sec 42° 16'= 0.13076 
log diff. long.= 2.30395 
Diff. long. = 201.35' 
= 3° 21'. 
Longitude of position reached, 
68° 56' W. 

122. A ship in latitude 44°49'S., 
longitude 119° 42' E., sails due west 
until it reaches longitude 117° 16' 
E. Find the distance made. 

Diff. long. = 2° 26' 

= 146 miles. 
Depart. = 146 cos 44° 49'. 
log 146 = 2.16435 
log cos 44° 49'= 9.85087 
log depart. = 2.01522 
Depart. = 103.57. 
Pittance made^ 103-6 miles, 



124. A ship leaves latitude 31° 14' 
N., longitude 42° 19' W., and sails 
E.N.E. 325 miles. Find the posi- 
tion reached. 

Course, 67° 30'. 
Diff. lat. = 325 cos 67° 30'. 
log 326 = 2.61188 
log cos 67° 30'= 9.58284 
log diff. lat. = 2.09472 
Diff. lat. = 124.37' 
= 2° 4'. 
Mid. lat. = 32° 16'. 
Depart. = 325 sin 67° 30'. 
Diff. long. = 325 sin 67° 30' sec 32° 16' 
log 325 = 2.51188 
log sin 67° 30'= 9.96662 
log sec 32° 16'= 0.07285 
log diff. long. = 2.55035 
Diff. long. = 356.10' 
= 5° 56'. 
Latitude of position reached, 33° 
18' N. ; longitude, 36° 24' W. 

125. Find the bearing and dis- 
tance of Cape Cod from Havana. 
(Cape Cod, 42° 2' N., 70° 3' W.; 
Havana, 23° 9' N., 82° 22' W.) 

Diff. long.= 12° 19'= 739 miles. 

Diff. lat. = 18° 53'= 1133 miles. 

Mid. lat. =32° 35' 30". 

Depart. = diff. long, x cos mid. lat. 

= 739 cos 32° 35' 30". 

, . depart. 

taii{courae) = 5Tg-j^ 

_ 789 cos 32° 35' 30" 

"~ 1133 

log 739 = 2.86864 

log cos 32° 35' 30" = 9.92559 

colog 1133 = 6.94577 

log tan (course) = 9.74000 

Course = 28° 47' 26". 
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Di8t= diff. Ut. X sec (couTse) 
= 1133 sec 28^47' 26". 

log 1133 = 3.05423 

log aec 28° 47' 26''= 0.06730 

log dist. = 3.11153 

Dist.= 1202.8. 

Bearing, N. 28« 47' E.; distance, 
1203 miles. 

126. Leaving latitude 40° 57' N., 
longitude 15° 16' W., a ship sails 
between S. and W. till the depart- 
ure is 104 miles and the latitude is 
47° 18' N. Find the course, dis- 
tance, and longitude reached. 

Diff. lat. = 2° 30'= 150 mUes. 
Mid. lat. =48° 37' 30". 
Depart. =104 miles. 
Diff. long.= 104 sec 48° 37' 30". 

log 104 = 2.28780 

log sec 48° 37' 30"= 0.17981 

log diff. long.= 2.46761 

Diff. long. = 203.50' 
= 4° 53'. 
tan (course) = jff. 

log 104= 2.28780 

log 160 = 2.20140 

log tan (course) = 10.08G40 

Course = 60° 30' 44". 
dist.= 159 8ec50°39'44". 

log 160 = 2.20140 

log sec 50° 30' 44"= 0.19790 

log di8t.= 2.39930 

Dist.= 250.83. 

Course S. 50° 40' W.; distance, 
250.8 miles; longitude reached, 
20° 0' W. 



127. Leaving latitude 42° 30' N., 
longitude 58° 51' W., a ship sails 
S.E. by S. 300 mUes. Find the 
position reached. 

Course, 33° 45'. 
Diff. lat. = 300 COS. 33° 45'. 

log 300 = 2.47712 
log COS 33° 45'= 0.01085 

log diff. lat. = 2.30607 

Diff. lat. = 240.44' 
= 4°0'. 

Mid. lat. = 40° 25' 30". 
Depart. = 300 sin 33° 45'. 
Diff. long. = 300 sin 33° 45' 
sec 40° 25' 30". 

log 300 = 2.47712 

log sin 33° 45'= 0.74474 

log sec 40° 25' 30"= 0. 11847 

log diff. long. = 2.34033 

Diff. long. = 218. 04' 
= 3° 30'. 

Latitude of position reached, 38° 
21' N.; longitude, 55° 12' W. 

128. Leaving latitude 40° 57' N., 
longitude 30° W., a ship sails S. 
30° W., and reaches latitude 47° 44' 
N. Find the distance and longitude 
reached. 

Course, 30°. 

Diff. lat.= 2° 13'= 133 miles. 
Mid. lat.= 48°60'30". 
Dist. = 133 sec 30°. 

log 133 = 2.12385 
log sec 30° = 0.10050 

log dist. = 2.23335 

Dist.= 17M4. 
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Depart. = 133 tan 39®. 
Diff. long.= 133tan39® 

sec 48° SC 30". 

log 133 = 2.12386 

log tan 39° =9.90837 

log sec 48° 60' 30"= 0. 18168 

log diff. long. = 2.21390 

Diff. long.= 163.64' 
= 2° 44'. 

Distance, 171 miles; longitude 
reached, 32° 44' W. 

• 

129. Leaving latitude 37° N., 
longitude 32° 16' W., a ship sails 
between N. and W. 300 miles, and 
reaches latitude 41° N. Find the 
course, and longitude reached. 

Diff. lat. = 4° = 240 miles. 
Mid. lat. = 39°. 
Dist. = 300. 



cos (course) = 

log 240 = 
log 300 = 

log cos (course) = 
Course = 
Depart. = 



240 
TOJi' 

2.38021 
2.47712 

9.90309 

36° 52' 12". 
= V3002-2402 



= V60 X 640 
= 180. 

Diff. long.= 180 sec 39°. 

log 180 = 2.25527 
log sec 39° = 0.10950 

log diff. long. = 

Diff. long.= 



Course, N. 36° 52' 
reached, 36° 8' W. 



2.36477 

231.62' 

3° 52'. 

W.; longitude 



130. Leaving latitude 50° 10' S., 
longitude 30° £. , a ship sails E.S. E. , 
making 160 miles departure. Find 
the distance and position reached. 

Course, 07° 30'. 
Depart. = 160 miles. 
Dist. = 160 CSC 67° 30'. 
Diff. Ut.= 160cot67°30'. 

log 160 = 2.20412 

log CSC 67° 30'= 0.03438 

log dist. = 2.23850 

Dist. = 173.18. 

log 160 = 2.20412 
log cot 67° 30'= 9.61722 
log diff. lat. = 1.82134 
Diff. lat. = 66.273' 
= 1° 6'. 
Lat. reached = 51° 16'. 
Mid. lat. = 50° 43'. 
Diff. long. = 160 sec 60° 43'. 
log 160 = 2.20412 
log sec 60° 43'= 0.19849 
log diff. long.= 2.40261 
Diff. long. = 252.70' 
= 4° 13'. 
Distance, 173 miles; latitude of 
position reached, 51° 16' S. ; longi- 
tude, 34° 13' E. 

131. Leaving latitude 49° 30' N., 
longitude 25° W., a ship sails be- 
tween S. and E. 215 miles, making 
a departure of 167 miles. Find the 
course, and position reached. 

sin (course) = Jf ^. 
log 167 = 2.22272 
log 215 = 2.33244 
log sin (course) = 9.89028 

Course = 50° 57' 48". 
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Diff. lat. = V2152 - 1672 
= V48 X 382 
log 48 = 1.68124 
log 382 = 2.68206 
2 )4.26330 
log diff. lat. = 2. 13165 
DifE. lat.= 136.41' 
= 2° 16'. 
Mid. lat. = 48° 22' 30". 
Diff. long.= 167 sec 48<* 22' 30". 
log 167 = 2.22272 
log sec 48° 22' 30"= 0.17767 
log diff. long. = 2.40039 
Diff. long. = 251.41' 
= 4° 11". 
Course, S. 60°68'E.; latitude of 
position reached, 47° 16' N., longi- 
tude, 20° 49' W. 

132. Leaving latitude 43° S., lon- 
gitude 21° W., a ship sails 273 
miles, and reaches latitude 40° 17' 
S. What are the two courses and 
longitudes, either one of which will 
satisfy the data ? 

The two courses make equal angles 
with the meridian on opposite sides. 
Diff. lat.= 2° 43'= 163 miles. 
Dist. = 273 miles, 
cos (course) = Jf f . 
log 163 = 2.21219 
log 273 = 2.43616 
log cos (course) = 9.77603 

Course = 53° 20' 21". 



Depart. = V2732-1632 

= VllO X 436. 
Mid. lat.= 41°38'30". 



Piff, long.= VllO X 436 

gee 41° 38" 30". 



logVlib=l.( 

logV436 = 1.31975 

log sec 41° 38' 30"= 0.12649 

log diff. long. = 2.46693 

Diff. long. = 293.04' 

= 4° 53'. 

(i.) Course N. 63° 20' E.; longi- 
tude of position reached, 16° 7' W. 

(ii.) Course N. 53° 20' W.; longi- 
tude of position reached, 26° 63' W. 

133. Leaving latitude 17° N., 
longitude 119° E., a ship sails 219 
miles, making a departure of 162 
miles. What four sets of answeis 
do we get ? 

The four courses all make the 

same angle with the meridian. 

sin (course) = Jf f . 

log 162 = 2.20952 

log 219 = 2.34044 

log sin (course) = 9.86908 

Course = 47° 42' 33". 
Diff. lat. = V2192- 162? 

= V67 X 381. 

log 57 = 1.75687 

log 381 = 2.58092 

2)4.33679 

log diff. lat. = 2.16839 

Diff. lat.= 147.36' 

= 2° 27'. 

(i.) Mid. lat. = 18° 13' 30". 

Diff. long.= 162 sec 18° 13' 30". 

log 162 = 2.20962 

log CSC 18° 13' 30"= 0.02235 

log diff. long. = 2.23187 

Diff. long. = 170.66' 
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(il) Mid. lat. = 15<» 46' 30". 

Diff. long.= 162 seclS*' 46' 30". 

log 162 = 2.20962 

log sec 15° 46' 30"= 0.01667 

log difE. long.= 2.22619 

Diff. long. = 168.34' 

= 2<>48'. 

(i.) Course N. 47° 42.5' E.; lati- 
tude of position reached, 19° 27' N., 
longitude 121° 51' E. 

Course N. 47° 42.5' W.; latitude 
of position reached, 19° 27' N., lon- 
gitude 116° 9' E. 

(u.) Course S. 47° 42.5' E.; lati- 
tude of position reached, 14° 33' N., 
longitude 121° 48'. 

Course S. 47° 42.5' W.; latitude 
of position reached, 14° 33' N., lon- 
gitude lf6° 12' B. 

134. A ship in latitude 30° sails 
due east 360 statute miles. What 
ia the shortest distance from the 
point left to the point reached ? 

Solve the same problem for lati- 
tudes 45°, 60°, etc. 

Radius of parallel 

= 3962.8 cos lat. 

Arc sailed, in degrees 

360X360° 



2 TTX 3962.8 cos lat. 
log 3602 = 5.11260 
colog 2 jr= 9.20182 -10 
colog 3962.8 = 6.40200 - 10 
0.71642 

Arc sailed, in degrees 

= 5.205° sec lat. 

Arc Bailed, in minutes 

= 312.30' sec. lat. 



Chord of arc 
= 2 rad. of parallel sin {i arc) 
= 2 X 3962.8 cos lat sin 

(166.15' sec lat.) 
= 7926.6 cos lat. sin 

(166.16' sec lat.). 



(i.) 



lat. = 30°. 



log 156.15' = 

log sec 30° = 

log (i arc) = 

iarc = 



2.19354 

: 0.06247 

2.25601 

180.30' 

: 3° 0' 18" 



log 7925.6 = 3.89903 

log sin 3° 0' 18"= 8.71952 

log cos 30° = 9. 93753 

log chord = 2.55608 

Chord = 359.82. 

(ii.) lat. = 45°. 

log 156.16 = 2.19354 
log sec 45° = 0.15051 
log (iarc) = 2.34405 



|arc = 

log 7925.6 = 

log sin 3° 40' 49"= 

log cos 45° = 

log chord = 

Chord : 



220.82' 
: 3° 40' 49". 

: 3.89903 
: 8.80746 
: 9.84949 
: 2.56698 

: 369.73. 



(iii.) lat. = 60°. 

sec lat.= 2. 
i arc = 312.30' 
= 5° 12' 18" 

log 7926.6 = 3.89903 

log sin 6° 12' 18"= 8.95782 

log cos 60° = 9.69897 

log chord = 2.56582 

Chord = 359.60. 
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Shortest distance, in lat. 30^, 
360.82 mUes; In Ut 45^ 859.73 
mUes; in Iftt 60», 369.60 mUes; 
in general 7926.6 cob lat x sin 
(156.16' sec. lat.). 

137. A ship leaves Cape Cod 
(Ex. 126), and sails S.E. by/S. 
114 miles, N. by E. 94 mUes, W N.W. 
42 miles. Solve as in Ex. 136. 

First course, 33*» 46'. 

Diff. lat. = 114 cos 330 46'. 
Depart. = 1 14 sin 33° 45'. 

log 114 = 2.05690 
log cos 33° 45'= 9.91986 

logdiff. lat =1.97676 

Diff. lat. = 94.787 8. 

log 114 = 2.05690 
log sin 33° 45'= 9.74474 

log depart. = 1.80164 

Depart = 63.334 E. 

Second course, 11° 15'. 
Diff. lat=94cosll°15'. 
Depart. = 94 sin 11° 15'. 

log 94 = 1.97313 
log cos 11° 16'= 9.99157 

logdifE. lat =1.96470 

Diff. lat = 92.194 N. 

log 94 = 1.97313 
log sin 11° 16'= 9.29024 

log depart. = 1.26337 

Depart. = 18.339 E. 

Third course, 67° 30'. 
Diff. lat. = 42 cos 67° 30'. 
Depart = 42 sin 67° 30'. 



log 42 = l,t 
log cos 67° 30'= 9.58284 

log diff. lat= 1.20609 
Diff. lat = 16.073 N. 

log 42 = 1.62325 
log sin 67° 30'= 9.96562 

log depart. = 1.58887 
Depart.= 38.804 W. 

Total diff. lat = 13.48' N. 

= 13' 29" N. 
Lat of C. Cod = 42° 2'. 
Lat. reached = 42° 15' N. 
Mid. lat = 42° 8' 44'. 

Total depart = 42.869 E. 
Diff. long. = 42.869sec42°8'44" 

log 42.867 = 1.63214 
log sec 42° 8' 44"= 0. 12992 

log diff. long.= 1.76206 

Diff. long. = 57.817' E. 

= 58' E. 

Long, of Cape Cod = 70° 3' W. 

Long, reached = 69° 5' W. 

^ , . 42.869 

tan (course) = • 

^ ^ 13.48 

log 42.869= 1.63214 
log 13.48 = 1.12969 

log tan (course) = 10.50245 

Course = 72<^32' 40". ^ 

Dist = 13.48 sec 72° 32' 40". 

log 13.48 =1.12969 
log sec 72° 32' 40"= 0.52293 

log dist =1.66262 
Dist =44.939. 

Course N. 72° 33' E.; distance, 
46 miles ; latitude reached, 42° 15' 
?^., longitude 69° 5' W. 
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138. A ship leaves Cape of Good 
Hope (latitude 34° 22' S., longitude 
18° S(y E.) and sails N.W. 126 
mUes, N. by E. 84 miles, W.S.W. 
217 miles. Solve as in Ex. 136. 

First course, 46°. 
Diff. Iat.= 126c08 45°. 
Depart. = 126 sin 45°. 

log 126 = 2.10037 
log cos 45° = 9.84049 



log diff. lat.= l. 

Diff. lat.= 89.096 N. 
Depart. = 89.096 W. 

Second course, 11° 16'. 
Diff. lat.= 84 cos 11° 16'. 
Depart. = 84 sin 11° 16'. 

log 84 =1.92428 
log cos 11° 15'= 9.99167 

log diff. lat.= 1.91686 

Diff. lat.= 82.386 N. 

log 84 = 1.92421 
log sin 11° 16'= 9.29024 

log depart. = 1.21446 
Depart. = 16.389 E. 

Third course, 67° 30'. 
Diff. Iat.= 217cos67°30". 
Depart. = 217 sin 67° 30". 

log 217 = 2.33646 
log cos 67° 30'= 9.68284 

log. diff. lat.= 1.91930 

Diff. lat. = 83.042 8. 



log 217 = 2.33646 
log sm 67° 30'= 9.96662 

log depart. = 2.30208 

Depart.= 200.49 W. 

Total diff. lat.= 88.440' N. 

= 1° 28' 26" N. 
Lat. reached = 32° 63' 34" S. 
Mid. lat. =33° 37' 47". 

Total depart. = 273.197 W. 
Diff. long. = 273.20 sec 33° 37' 47" W. 

log 273.^0 = 2.43648 
log sec 33° 37' 47" = 0.07964 

log diff. long. = 2.61602 

Diff. long. = 328. 11' 

= 6° 28'. 

Long, reached = 13° 2' E. 

, 273.20 
tan (course) = ^g^ • 

log 273.20= 2.43648 
log 88.44= 1.94665 

log tan (course) = 10.48983 
Course = 72° 3' 43" 
Dist.= 88.44 sec 72° 3' 43". 

log 88.44 = 1.94666 
log sec 72° 3' 43"= 0.61147 

log dist.= 2.46812 

Dist.= 287.16. 

Course, N. 72° 4' W. ; distance, 
287 miles ; latitude reached, 32° 64' 
S., longitude 13° 2' E. 
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Problems in Goniometry. Page 99. 

1. Prove that sin x + cob x = V2 cob (x — i it), 

sin X + COB X = V2 (—j= sin x + —jz cob xj 

= y/2 (sin i ^ sin X + COB i ^ cos x) 
= V2 cos (X — i 7C), 

2. Prove that sin x — cos x = — V2 cos (x + i ;r). 

sin X — COB X = yf^i—p. sin x = cos x ) 

= V2 (sin i^ ;r sin X — cos i jr cos x) 
= — V2cos(x + i;r). 

3. Prove that sin x + V3 cos x = 2 sin (x + i jr). 

sin X + V3 cos X = 2 f I sin X + — cos x j 

= 2 (cos i ;r sin X + sin i ^ cos x) 
= 2 sin (x + ^ It), 

4. Prove that sin (x + i ;r) + sin (x — i ;r) = sin x. 

sin (x + i ;r) = sin X cos i ^ + COB X sin i ^ 

= i sm X + — COB X. 

• / 1X1- '^ 

sin (x — i jr) = i sm X r- cos x. 

sin (x + i ;r) + sin (x — i^ ;r) = sin x. 

5. Prove that cos (x + J ;r) + cos (x — J jt) = V3 cos x. 

COB (x + J ;r) = — - COB X — i sin x. 

COS (x — J jr) = -7- cos X + i sm x. 
cos (x + i jf ) + COS (x — J ;r) = V3 COS X. 

6. Prove that tan x + sec x = tan (i x + i Jt). 

, sin X , 1 
tan X + sec X = 1 

cos X COS X 

_. sin X + 1 
cosx 
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. 1 — cos (x -f i ar) 

sin (x + i ie) 
. 2singi(x + i«, 

2 sin i(x + iit)coBi{x+iic) 

sin (jx + jar) 
'co8(ix + ijr) 
:tan(ix + ijr). 



7. Prove that tan x + sec x = • 



secx — tanx 
sec^ = 1 + tan^. 
sec^ — tan%c = 1. 

sec X + tan x = 



a Prove that 



1 — tanx __ 
1 + tanx~ 

cot X — 1 
cot X + 1 



9. Prove that ; 



sinx 



sec X — tan X 


cot X — 1 


cot X + 1 


/ 1 

tanx 


taix+l 


1 — tan X 


1 + tanx 


1 + C08X_«^_ 



1 + cos X sin X 
sin X 1 -f cos X _ sin^ + (1 -f cos x)^ 
1 + cos X sin X sin x (1 + cos x) 

_ sin^ -f cos^ -f 2 cos X -f 1 
"" sin X (1 + cos x) 

_ l-f2cosx-fl 
"" sin X (1 + cos x) 
__ 2 (1 + cos x) 
"~sinx(H- cosx) 
_ 2 

sin X 
= 2 cscx. 
10. Prove that 

tan X + cot X = 2 CSC 2 X. 

. ^ , J. sinx , cosx 

tan X + cot X = + -: — 

cos X sin X 

_ sin^ + cos^ 
"" sin X cos X 



1 


sin X cos X 
2 


2 sin X cos X 
2 



sin 2x 
= 2 esc 2 X. 
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cot ai - tan « = ' 



11. Prove that 

cot X — tan « = 2 cot 2x. 
^ COS a Bin g 
sin X coBx 
_ co^ — 8in%e 

ainxcoBX 
_2co82x 
8in2x 
= 2 cot 2 X. 

12. Prove that 

l + tanxtan2x = sec2x. 
1 + tanxtan2x 

_. I . 8inxBin2x 

C06XC082X 



= 1 + 



= 1 + 



2 sin^ COB X 



cos X (1 — 2 sinSx) 

2sin%e 
1-2 8in%B 

1 



1 - 2 sin^x 
_ 1 

cos 2x 
= sec 2 X. 



13. Prove that 



sec2x~,'^^'^ 
2-8ec2x 

«pp Or — 


cos2x 
1 


2 cos^x - 1 

1 
cos^x 



2- 




14. Prove that 
2 sec 2 X = aec (x +46°) sec (X - 45°). 
28ec2x 

_ 2 

C08 2X 

_ 2 

co8%c — sin^ 



(cos X — sin X) (cos x -f sin x) 
(Exs. 1 and 2): 
_ 2 



2 cos (X + 46°) cos (X - 46°) 
= sec (x + 46°) sec (x — 46°). 

15. Prove that 

tan 2x + sec 2x = ^^^-^±^™-?. 
cos X — sin X 
tan2x + sec2x 
_ sin2x 1 

cos2x cos2x 
__ sin2x + l 

co8 2x 
_ 1— co8(2x+90°) 
8in(2x+90°) 
2sin2(x + 46Q) 



2 sin (X + 46°) cos (x + 45«) 
_ sin (X + 46°) 
cos (X + 46°) 

_ V^8inx + V^cosx 

Vi sin X — Vi cos X 
__ sin X + cos X 

sin X — cos X 

16. Prove that sin 2x = -^^^^ 
l+tan2x 
2 tanx _^ 2 tanx 
. l+tan^a;"" sec^x 

= 2 tan X cos^ 
= 2 sin X cos x 
= sin 2 X. 
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17. Prove that 2 sin x + sin 2 x = :; 

1 — coax 

2sinx + sin2x= 2 8tnx + 2 8inxco8X 

= 2 sin X (1 + cos x) 

But 1 — cos%c = sin^. 

sin*x 



, 1 + cos X = 



2sinx + 8in2x = 2sinx 



1 — cosx 

sin^B 



1 — cosx 
2sin>x 



18. Prove that sin 3 x = 



1 — cosx 
8in2 2x— sin^ 



sin X 

By [20], sin 2 X + sin X = 2 sin f X cos ix. 

By [21], sin 2 X — sin X = 2 cos fx sin ix. 

.'. sin^ 2 X — sin^ =2sinfxcosfxX2sinixco8ix 
= sin 3 X sin x. 
sin* 2 X — sin^x 



sin3x = 
19. Prove that tan 3x = 



sinx 
3 tan X — tan^ 



1 — 3tan2x 
tan3x= tan(2x +x) 

_ tan 2x + tan X 

~ 1— tan2x tanx 

2 tanx 



[14], 



20. Prove that 



1 — tan^x 



+ tanx 



2 tan X ^ 
I — - — - — r-tanx 
1 — tan^x 

3 tan X — tan«x 



1-3 tan^x 
tan 2x4- tan x _ sin 3 x 
tan 2 X — tan x ~" sin x 



sin ^ 4- sin -B _ tani(^4-B) 
^yL^^J' sm^-8inJ5 tajii(A-E)' 

sin ^ _ tan i(^ -h -B) + tan i(A - jg) 
'*• sin JB tan i (^ 4- J5) - tan i (^ - JB) * 
Let-4 = 3x, B=x; then 

sin 3x __ tan 2x4- tan x 
sin X " tan 2 x — tan x 
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21. Prove that sin (2 + y) + COS (x — y)= 2 siii(x + i3r)sin(y + i;r). 

sin (x + y) = sin X coe y + coe X sin y. 
cos (X — y) = cos X cos y + sin X sin y. 
sin (x + y) + cos(x — y) = (sin x + cos x) cos y + (cos x + sin x) sin y 
= (sin X + cos X) (sin y + cos y). 

But sinx + cosx= >^(—^ sin x + — cosy j 

= >^8in(x + i*). 
Similarly, siny + cosy= '^8in(y+i?r). 
.-. sin(x + y) + cos (X — y) = 2 sin (x + i ^) sin (y + iit). 

22. Prove that sin (x + y) — cos(x — y)=— 28in(x — i^)sin(y — iar). 

sin (x + y) = sin X cos y + cos X sin y. 
cos (x — y) = cos X cos y + sin x sin y. 
sin (x + y) — cos (x — y) = (sin x — cos x) cos y + (cos x — sin x) ran y 
= (sin X — cos x) (cos y — sin y) 
= — 2 sin (x — i ;r) sin (y — i it). 

23. Prove that tan x + tan y = ?^5_fc±y). 

cos X cos y 

. ^ sin X . sin y 

tanx + tany = H 

cos X cos y 

_ sin X cos y + cos X sin y 

~ cos X cos y 

_ sin (x -f y) 

cos X cos y 

rt^ T»- *v X X / I X sin2x + 8in2y 

24. Prove that tan (x + y) = — -. ^ • 

^ "' co8 2x + co8 2y 

By [20], sin2x+sm2y = 2 8in(x + y)coe(x — y). 
By [22], cos 2 x+ cos 2 y = 2 cos (x + y) cos (x — y). 

sin 2 X + sin 2 y __ 2 sin (x + y) cos (x — y) 

cos 2 X + cos 2 y ~ 2 cos (x + y) cos (x — y) 
= tan (X + y). 

25. Prove that ^±±^1 = tan g (x + y) + 46»1 . 

sin X — cos y tan [i (x — y) — 46°] 
sin X 4- cos y = sin x 4- sin (y + 90°) 
[20] , = 2 sin i (X + y + 90°) cos i (X - y - 90°). 

sin X •- cos y = 2 cos i (X -f y + 90°) sin i (x — y — 90°). 
sin X 4- cos y _ tan ^ (X -h y 4- 90°) 
" sin X — cos y tan i (x — y — 90°) 
^ tan[i(g4-y)4-45°] 
. tan[i(x~y)-45°]' 
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26. Prove that edn 2x + sin 4x = 2 cdn 3z cob x. 

By [20], miA + 8inB = 2aini{A + B)coRi{A-S). 
.-. sin 2x + sin 42 = 2 sin 3x cos z. 

27. Prove that sin4x = 4sinxco8X — 8 sin^ cos x 

= 8 cos^x sinx— 4BinxcoBX. 

sin 4x = 2 sin 2x cos 2 X 

= 4 sin X cos x (1 — 2 sin%B) 
= 4sinxcosx — 8 sin^ cos x ; 
= 4 sin X cos X (S cos^x — 1) 
= 8 coe^x sin X — 4 sin X cos X. 

28. Prove that cos 4x = 1 — 8 coS^ + 8 cos*x 

= 1 — 8 sin«x + 8 sm*x. 

cos 4 X = 2 cos' 2 X — 1 

= 2(2coS*c-l)2-l 

= 8 co8*x — 8 coi^ + 2 — 1 

= 1 — 8 cos^ + 8 cos*x ; 

= 1 — 2sin2 2x 

= 1 — 2(4 sin^xcoflftK) 

= l-8 8in2x(l-sin»x) 

= 1 — 8 sm^x + 8 sin*x. 

29. Prove that cos 2x + cos 4x = 2 cos 3x cos 2x. 

By [22], cos-4 + cosB = 2cos J(-4 + jB)cosi(-4 — B). 
.*. cos 2x + cos 4 X = 2 cos 3x cos 2x. 

30. Prove that sin 3x — sin x = 2 cos 2x sin x. 

By [21], sin^ — sinB = 2cosi(^ + E)smi{A — B). 
.% sm 3x — sin X = 2 cos 2 X sin x. 

31. Prove that sin«x sin 3x + cos%; cos 3x = cos' 2x. 

sin>x sin 3 X = sin X sin^ sin 3x 

= sinx(l — cos^)8in3x , 
= sin X sin 3x — sin X cos^ sin 3x. 
cosftc cos 3x = cos X cos 3x — cos X sin^ cos 3x. 
.-. sin^ sin 3 X + cos^ cos 3x 

= sin X sin 3x + cos X cos 3x 

— sin X cos^ sin 3 X — cos x sin^x cos 3 x 
= cos 2 X — sin X cos x (cos x sin 3x + sin x cos 3 x) 
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= 00822 — 8mxco828in4x 
= C08 2x — i8in2x8in4x 
= CO0 2 z -— sill' 2 z COB 2 z 
= co8 2z(l — 8iii*2z) 

= C08^Z. 

32. FtOTe that coflihE — 8in^ = 008 2^6, 

co8*x — siirtB = (co^ + 8in^) (cofiftB — sin%B) 

= 1 X C082X 
= C06 2Z. 

33. Prove that co8«x + sin^ = 1 — i sin* 2x. 

coB^x + 8in*x = (coete + sin^)' — 2 sm^ cori%5 
= 1 — 2 sin^ coflftc 
= l-i8in«2x. 

34. Prove that coiftc — sin^x = cob 2 x (1 — sin^z coei^). 

coiftc — 8m«x = (co8%c — siD^) (cos^x + co8%c sm^ + sin^x) 
= COB 2 X [(cofl^ + sin^)* — coe^ sin^] 
= COB 2 x (1 — cos^ sin^). 

35. Prove that co^ + 8in«x = 1 — 3 sin^c coeffz. 

co^ + 8in«x = (coe(^ + sin^x) (cos^ — cob^ sin^ + sin^) 
= co8*x — coB^x sin^x + 8in*x 

= (COS^ + 8ill2x)« — 3 COB^B 8m«x 

= 1 — 3 coB^B 8in«x. 

*.- T^ ^, ^8in3x + sm6x 

36. Prove that — ^ it- = cot x. 

C0B3x — COBOX 

By [20], sin 3x + sin 5x = 2 sin 4x cos x. 

By [23], cob3x — cob5x = 2 sin4x sin X. 

8in3x + sin6x cosx 



** cob3x — cobSx sin X 



= cot X. 



-^- ^ ^^ , sm 3x + sm 5x _ « 

37. Prove that — . . » = 2 cos 2x. 

smx + sm3x 

By [20], sin3x + 8in5x = 2sin4xco8X. 

sin X + sin 3 X = 2 sin 2 X cos X. 
sin 3x4- sin 5x _ 8in4x 
sin X + sin 3 X "" sin 2 x 

__ 2 sin 2 X cos 2 x 
"" 8in2x 

= 2 cos2x. 
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38. Prove that cscx — 2cot2xco8X = 28inx. 

« x« ,. cos2« 

cscx — 2cot2xco8Z = c8cx — 2 3 — r— coe X 

sin 2x 

C06 2X 

= cscx : 

Binx 

_ 1 C08 2X 

sinx sinx 

_ 1 — COB 2 X 

"" sinx 

""sinx 
= 2 sin X. 

39. Prove tiiat (ain 2 x — sin 2 y) tan (x + y) = 2 (sin^ — 8in*y). 

sin 2 X — sin 2 y = 2 cos (x + y) sin (X — y). 
(sin 2x — sin 2y) tan (x + y) = 2 sin (x + y) sin (x — y). 

sin X + sin y = 2 sin ^ (X + y) cos i (x — y). 

sin X — sin y = 2 cos i (x + y) sin i (x — y). 

.-. sin^ — sin^y = 4 sin i (x + y) cos i (x + y) 

sin i (x — y) cos i(x — y) 

= sin (x 4- y) sin (x — y). 

2 (sin%B — sin^y) = 2 sin (x + y) sin (x — y) 

= (sin 2x — sin 2 y) tan (x + y). 

sec X CSC X 

40. Prove that (1 + cot x + tan x) (sin x — cos x) = — ^ —' 

(1 + cot X + tan x) (sin x — cos x) = sin x — cos x + cos x — ; — 

, sin^x 

H smx 

cosx 

__ sin^x cos^ 

"" cos X sin X 

_ sec X CSC X 

" csc^ sec^ 

g jq2 3 X 

41. Prove that sin x + sin 3x + sin 5x = — ; 

smx 

By [20], sinxH- sin 6x = 2 sin 3xcos 2x. 

.'. sin X + sin 3 X 4- sin 5 X = sin 3 X + 2 sin 3 X cos 2 x 
= sin3x(l + 2cos2x). 
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Also, Bin8a;~8ina; = 2co82xBinx. 

—^ l = 2co6 2x. 

slnz 

, . _ ^ sin 3 X 

1 + 2 COB 2 X = — : 

sinx 

. , . o I . e . o sin 3x 

.". 8inx + sm3x + 8m6x = sm3x —. 

sinx 

"sinx 

42. Prove that -— . r-^- = cotftc. 

3 sin X — 8m3x 

By [22], 3co8X + co83x = 2co8X+ (coflx + cos3x) 

= 2 cos X + 2 cos X cos 2x 
= 2 cos X (1 + cos 2 X) 
= 4 cos^x. 

By [21], 3 sin X — sin 3x = 2 sin X + (sin x — sin 3x) 

= 2 sin X — 2 sin X cos 2x 
= 2 sin X (1 — cos 2 x) 
= 4 sin^x. 
3 cos X + cos 3x _ 4 cos^ 
" 3 sin X — sin 3 X ~ 4 sin'x 
= cot^. 

43. Prove that sin 3x = 4 sin x sin (00° + x) gin (60° — x). 

sin (OOP + X) = i V3 cos X + i sin X. 
sin (60° — x) = J VS cos X — i sin X. 
sin (60° + x) sm (60° — x) = f cos^x — i sm^x 

_ 3 (1 — sin^x) — sin^g 

4 
_ 3 - 4 sin»x 
4 
4 sinx sm (60° + x) sin (60° — x) = sin x (3 — 4 sin^x) 

= 3 sin X — 4 sin^ 
= sin 3x. 

44. Prove that sin 4x = 2 sin xcos 3x + sin 2x. 
By [21], sin 4x-- sin 2x = 2cos3x sinx. 

.-. sin 4 X = 2 cos 3x sin X + sin 2x. 

45. Prove that sia x + sin (x — f ;r) -h sin (i ;r — x) = 0. 

By [20] , sin (x — f ?r) 4- sin (i^ ^ — x) = 2 sin (— J tc) cos (x — f jT) 

= — sin X. 
.-. sin X + sin (x — f tt) + sin (^ ;r — x) = 0. 
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46. Prove that cos x sin (y — 2)+cos y sin (2 — x)+co8 z sin (x -- y)=0. 

cos X sin (2/ — z) = cos X sin y cos 2 — cos X cos y sin z, 
cos y sin (2 — x) = cos y sin 2 cos x — cos y cos 2 sin x. 
cos 2 sin (x — y) = cos 2 sin X cos y — cos 2 cos X sin y. 
.-. cosx sin (y — 2) + cosy sin {2 — x) + cos 2 sin (x — y) = 0. 

47. Prove that 

cos (x + y) sin y — cos (x 4- 2) sin 2 = sin (x + y) cos y — sin (x + 2) cos 2. 

sin (x -f y) cos y — cos (x + y) sin y = sin x. 

sin (x + 2) cos 2 — cos (x + 2) sin 2 = sin x. 
.-. sin (x 4- y) cos y — cos (x + y) sin y 
= sin (x + 2) cos 2 — cos (x + 2) sin 2 

cos (x + y) sin y — cos (x + 2) sin 2 
= sin (x + y) cos 2 — cos (x + 2) sin 2. 

4a Prove that 

cos (x + y + 2) + cos (x 4- y — 2) + cos (x — y + 2) + cos (y + 2 — x) 
= 4 cos X cos y cos 2. 
^y [22], cos [(x + y) 4- 2] 4- cos [(x 4- y) — 2] = 2 cos (x 4- y) cos 2. 
cos [2 4- (x — y)] 4- cos [2 — (x — y)] = 2 cos 2 cos (x — y). 
.*. cos (x 4- y 4- 2) 4- cos (x 4- y — 2) 4- cos (x — y 4- 2) 
4- cos (y 4- 2 — x) = 2 cos (x 4- y) cos 2 4- 2 cos (x — y) cos 2 
= 2 cos 2 [cos (x 4- y) 4- cos (x — y)] 
= 2 cos 2 (2 cos X cos y) 
= 4 cos X cos y cos 2. 

49. Prove that sin (x 4- y) cos (x — y) 4- sin (y 4- 2) cos (y — 2) 

4- sin (2 4- x) cos (2 — x) = sin 2 x 4- sin 2 y 4- sin 2 2. 
By [20], sin (x 4- y ) cos (x — y) = i (sin 2 x 4- sin 2 y). 
sin (y 4- 2) sin (y — 2) = i (sin 2 y 4- sin 2 2). 
sin (2 4- x) sin (2 — x) = i (sin 2 2 4- sin 2 x). 
.'. sin (x 4- y) cos (x — y) 4- sin (y 4- 2) cos (y — 2) 4- sin (2 4- x) sin (2 — x) 

= sin 2 X 4- sin 2 y 4- sin 2 2. 

50.Proyethat Bin 7g + sin 16° ^ ^ ^ 

Sin 76° ~ sin 16° 

By [20], sin 76° 4- sin 16° = 2 sm 46° cos 30° 

By [21], sin 76° - sin 16° = 2 cos 46° sin 30° 

sm 76° 4- sin 16° _. 2 sin 46° cos 30° 
sin 76° — sin 16° "" 2 cos 46° sin 30° 
= tan 46° cot 30° 
"^ = tan 60°. 
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51. ITove that COB 20*> + COS 100^+ COB 140« = 0. 

By [22], COB 20<>+ COB 100°= 2 COB 60° cos 40« 

= COB 40°. 
Also COB 140° = cos (180 - 40°) 

= — COB 40°. 
.-. COB 20° + COB 100° + COS 140° = 0. 

92. Prove that COB 30°+ Sin 36° = V^ cos 0°. 

C0fl36°+8m36° = v5(-;i=C0B36° + ^sin36°) 

= V2(coB 45° COB 36° + sin 45° sin 36°) 
= V2coB(46°-36°) 
= >^ COB 0°. 

53. Prove that tan 11° 15' + 2 tan 22° SO' + 4 tan 45°= cot 11° 15'. 

By Ex. 11, cot 11° 15' - tan 11° 15' = 2 cot 22° 30'. 
2 cot 22° 80'- 2 tan 22° 30' = 4 cot 45°. 
.-. cot 11° 15'- tan 11° 15' - 2 tan 22° 30' = 4 cot 45° = 4 tan 45°. 
tan 11° 15' + 2 tan 22° 30' + 4 tan 45° = cot 11° 15'. 

94. UAjB, C are the angles of a plane triangle, prove that 
sin 2^ + sin 2 B + sin 2 C = 4 sin ^ sin B sin C. 

^ + B+C=180° 
By [20], sin2^+sin2J5 = 28in(^ + B)cos(^-JB) 
= 2 sin C cos (-4 — JB). 
.-. sin2-4 + sin2B + sin2 C= 2sin Ccos(-4 — B) — 2 sin Ccos C 
= 2 sin C[coB(^ - B) + cos (^ +^] 
= 4 sin C sin ^ sin B. 

55. If ^, B, C are the angles of a plane triangle, prove that 

cos 2 J. + cos 2 B + cos 2 C = — 1 — 4 cos -4 cos B cos C. 

By [22], cos 2-4 + cos 2 B = 2 cos (^ + B) cos (^ — B) 
= — 2 cos C cos(J. — B). 
/. cos 2 ^ + cos 2 B + cos 2 C = — 2 cos C cos (-4 — B) + cos 2 C 

= - 2 cos C cos(^-B) + (l + cos 2 C7) — 1 
= — 2 cos C cos (A—B)+ 2 cos^C— 1 
= 2 cos C [cos C — cos (-4 — B)] — 1 
= 2 cos C[-cos (^+B) - cos (^-B)] - 1 
= 2 cos C (— 2 cos ^ cos B) — 1 
= — 4 cos -4 cos B cos C — 1. 
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56. UA^Bf C are the angles of a plane triangle, prove that 
8m3^ + sm3jB + 8in3C= — 4 cos -r- coe -^ cob -r- • 

46 46 2 

By [20], Bin3^ + 8in35 = 28inf (-4 + B)coB|(-4-B) 
= 2 Bin i (1 80 - C) COB I (-4 - i) 
= — 2coB|aco8|(-4 — B). 
8in3C=2sinfOcoB}C 

= 2 8in|(180--4-^coBjC 
= 2 cos § (^ + B) cos J C. 
.-. sin 3^ + sin 3 jB + Bin 3 = -2cos I C [cos i (^-iO+ cos J (il + /^)] 
= — 2cos|C(2cos iA cos |B) 
= — 4 cos f -4 COB § jB cos |C. 

57. UAyB, C are the angles of a plane triangle, prove that 
cos2^ + cos^B + cos^C = 1 — 2 cos -4 cos jB cos 0. 

1 + cos 2 ^ 



C0S2^ = 
COB^B = 



2 

1 + COS 2 5 



2 

„_, 1 + COS 2 O 
cos^C = 

^A^ 0T>. Qi", 3 + co8 2^ + cos2B + cos2C 
coei^^ + cos«J5 + cos^C = 

But, Ex. 65, 

cos2-4 + cos25 + cob2C= — 1 — 4cos-4cosJBcosC. 

= 1 — 2 cos -4 cos 5 cos c. 

Sa If^ + 5+0=90°, prove that 

tan^tan5+tanBtanC+tanCtan-4 = l. 

tan A tan B + tan B tan C + tan C tan ^ 

= tan -4. tan 5 + (tan ^ + tan J5) tan C 

A 4. x,. tan ^ + tan 5 
= tan -4 tan J5 + •— — , . . p. 
tan (^ + ^ 

_ tan A + tan B 

= tan -4 tan J5 + -7 r-r— ^ 

tan A + tan B 

1 — tan A tan B 

= tan A tan B+l — tan A tan B 
= 1. 
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59. n^ + B+C = 90*», prove that 

Bin^A + thiW + 8in«C = 1 — 2 sin ^4 sin B sin C 

sin C = cos (-4 + ^ 

= cos ^ COB fi — sin ^ sin £. 
sin C + sin.dsinB = cos.dco6fi. 
sin>C + 2 sin ^ sin B sin C+ sin^^ sin'B 
= cot^A cotflB, 
sinSC + 2 sin ^ sin B sin C= cofi*^ cofi'B - sinM sin^B 

= (1 - sinM) (1 - mn^B) - sin«-4 sin^A 
= 1 — sin«-4 — sin«B. 
.-. sinM + sin'B + sin«C = 1 — 2 sin -4. sin B sin C. 

60. If -4 + B+ C= 90°, prove that 

sin2^ + sin2B + sin2C = 4cos^co8BcosC. 

By [20], sin2-4 + sin2B = 2sin(^ + B)co8(^-B) 
= 2 cos Ccob(A — B), 

/.sin2^ + sin2B + sin2C = 2cosCcos^-B) + 2 8inCco8C 
= 2 cos C[co8(4 — B) + sin C] 
= 2 cos C [coB{A - B) -^ coB(A+B)] 
= i cos A cos B COB C. 



61. Prove that sin (sin-i x + sin-^ y) = x Vl — y* + y Vl — ««. 

sin (sin-i z + sin-^ y) = sin (sin-i x) cos (sin-* y) 

+ cos (sin-i x) sin (sin-* y) 
= xVl — y« + yVl — x«. 

62. Prove that tan (tan-* x + tan-* y) = f ^ • 

1 ""■ xy 

w r/n * /* 1 .* 1 \ tan (tan-* x ) + tan (tan-* y) 

By [6], tan(tan-*x+tan-*y) = :; ^ — - — , .^ \^ f^ 

•^ •■ -" ^ *" 1 — tan (tan-* x) tan (tan-* y) 

_. x + y 

1— xy 

2x 

63. Prove that 2 tan-* x = tan-* ; 



1-xa 



By [U], tan (2 tan-*x) = 2tan(tan-*x) 

^jr Lx»j, MMx ^« u»u *; ^ _ ^^^ (tan"* X) 

2x 



1-X2 

.'. 2 tan-*x = tan-* :; ;• 

1— x« 
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64. Prove that 2 sin-'x = sin-* (2«Vl — *«). 

sin (2 sin-i x) = 2 Bin (sin-' x) cos (gin-* x) 
= 2xVl-aJ». 



.-. 2 sin-^x = gin-i2x Vl — X». 

65. Prove that 2 co8-*x = co8-*(2x« — 1). 

cos (2 COB-* x) = 2 co(^ (co8-ix) — 1 
= 2xS»-l. 
.-. 2 coB-ix= coB-i (2x» — 1). 

66. Prove that 3 tan-^x = tan-* ^_g^, ' 



tan (tan-*x) + tan (2 tan-*x) 
tan (3 tan-ix) - ^ __ ;^ (tan-ix) tan (2 tan-ix) 



x + tan(2 tan-*x) 
"~ 1— xtan2tan-ix 
. 2x 

(Ex.63), = 2^ 

_ 3x-x> 
~l-3x2' 

3x-x» 



. 3 tan-* X = tan-* 



1-3x3 



67. Prove that sin-* -^| = tan-* \:^^ 
Let sin-*-Y| = n. 

Then -^| = 8inn. 

r — X 



^ 



= cos u. 



-v/ = tan n 

\y — X 

.-. n = tan-* 



y — X 
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6a Prov«that8ln-i'y^3^=tan-i-y|^- 



Let 
Then 



8in-i 



,_i./xziy = n. 



Sinn. 



\p^ = cos n. 



: tann. 






y — z 



\x — z \y— z 

69. Prove that tan-^ 



l-2x + 4xa 



y 

+ tan-i 



1 



H-2x + 4x2 



= *«^"'2^' 



^(^'^~ ^^2x + 4x' + ^" S + 2x + 4xO 



.-. tan-i 



l-2x + 4xa i + 2x + 4xg 

1 I 

(l-2x + 4x2)(l + 2x + 4x«) 

l + 2x + 4x«+l~2x + 4x« 
(1 - 2x + 4x2) (1 + 2x + 4x2) - 1 

2 + 8x2 
'4x2+16x* 
1 

'2X2* 
1 



l-2x + 4x2 



+ tan-i 



70. Prove that 
sin-i X = sec-i 



1 



Vl-X2 



Let sin-i z = n. 
Then x = sin n. 
Vl — x2 = cos n. 



1 ^ _iJ_ 

l + 2x + 4x2 ^ 2x2 



vr^=x2 

n = sec-i 



sin-i X = sec-i 



vr-x2 

1 
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7L Prove that 

2 8ec-ix = tan-i 



2%^aZri 
2~»a 



Let 2 sec-^ x = n. 
Then x = secin. 

1 

- = cos i n. 

2(iy-l = co8n. 
2-xa 



x2 
72. Prove that 



= coBn. 



x« 

2-x« 



= 8ecn. 



(2^,)'- 1 =*"»•»• 



4x8-4 
(2-x«)a 



= tan^. 



tan n = 



2-xa 



n = tan-i 



2Vx2-l 



|-X2 



tan-ii + tan-ii = 45°. 



tan (tan-i i + tan-H) = ^-ijj^ 

= 1. 

/. tan-ii + tan-^i = tan-i 1 
= 450. 

73. Prove that tan-i i + tan-i J = tan-i f 

tan(tan-ii + tan-H) = fry^ 

= f 
.-. tan-H + tan-i \ = tan-i f 

74. Prove that sin-i | + sin-i f | = sin-i ||. 

8in(8in-i| + sin-i H) = I X A + I X H 

= «|. 
.-. sin-i I + sin-i JJ) = sin-i f|. 



75. Prove that sin-i -^ + sin-i -4= = 45° 
V82 Vil 



sm 



V V82 VST/ V82 ^/4T 



V82 Vil V82 V4I 
6 ... 36 



41 V2 41 >^ 
1 . 

V2 

1 



. , 1 , . , 4 

V82 Vil y/2 

= 46°. 
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76. Proye that sec-* f + sec-i H = aec-iff 

co8(coff-4 + c«r-iH) = *x«-*><A 
= 44. 

.-. coB-i| + co8-ii| = cos-^if- 
Bec-i f + sec-i ^ = sec-i ft. 

77. Proyethattan-i(2 + V3) + tan-i(2-V3) = 80C-i2. 
Let tan-i(2 + V3)-tan-i(2-V3) = n. 
Then 



(2 + V3)-(2~V3) 

tann= -^ ^-p=^ -jh- 

l+(2 + V3)(2-V3) 



2V3 



= V3. 

seen = 2. 

.-. tan-i (2 + V3) - tan-i(2- VS) = Bec-i2. 

78. Prove that tan-^i + tan-4 + tan-i^ + tan-H- 46^ 



Let 

and 

Then 



tan-ii + tan-ij=», 
tan-ii + tan-ii = v. 

tann=^±i 



= f 
tanv=-iii- 

= 1. 

n + V = tan-i 1 
= 46^ 

tan-H + tan-4 + tan-i \ + tan-H = 45°. 



79. Given cos x = J, find sin i« 
and cos ix. 

cos X = 2 cos2 — 1. 

.•.2cos2|=l + i. 



cos»i = f 



X . z 

. X . 1 

8m-= i—p* 
2 Vs 



sin4x=±— 7t; cosJx=±-7=* 

V5 V5 
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80. Given tan 2 = i, find tan ix. 

2 tanix 
tanx= - — - — ^ — 
1 — tan^ix 

2tanix 

* l-tan«ix' 

l--tan2^x = 4 tan^x. 

taji^ix + 4 tan^x — 1 

= 0. 

.•.tanix=±V5-2. 

8L Given sin x + cos x = Vi, 
find cos 2 X. 

sin X + cos X = ^/i 
sin^x + 2 sin X cos x + cos *x 

= i. 

1 + 2 sin X cos X = i. 
2 sin X cos X = — i. 
sin 2 X = — i. 
.•.cos2x=±iV3. 

82. Giventan2x = ^,find8inx. 

tan 2 X = ^. 
sec22x = l + tan22x 

cos22x = ^V5. 
cos2x=±^. 
1 — 2 sin^x = ± ^. 
e^^ = A or Jf • 
sin X = ± f or ± J. 

83. Given cos 3 x = f f , find 
taii2x. 

cos 3 X = 4 cos^x— 3 cosx. 
4 cos^x — 3 cos X = If . 

By trial one solution is 
cos X = — i. 
4co88x — 3cosx — If 

=(cosx+i)(4 cos?x-f cosx--^). 

From 4 cos^ — | cos x — ^ = 
we have cosx = i±fV6. 

But i + *V6>l, 
and i-fV6<-l. 



Hence the only solation to 
cos X = — i. 

Then 8inx=±|>V2. 
taiix=±2\^. 
2 tanx 



tan«x = 



1— tan«x 

^ ±4V2 
1-8 

84. Given 2 cscx — cotx = V3, 
find sin ix. 

2 cscx — cotx= Vs. 

_2 cosx __ ^ 

sin X sin X 

2 - cos X = VS 8"i «• 

4 — 4 cosx + cos^x = 3 sin«x. 

= 3-3 C08«x. 

4 cofi^ — 4cosx+l = 0. 

cosx = i. 

l-28hiH« = i. 

sinHx = i. 

sinix = i. 

85. Find sin 18«»; cos 36°. 
(i.) 540 = 90° -36°. 

3X 18°=90°-2X 18°. 
cos(3x 18°) = sin (2 X 18°). 
4cos»18°-3cosl8° 

= 2 sin 18° cos 18°. 
4co8218°-3 = 2sinl8°. 
4 - 4 sinn8° - 3 = 2 sin 18° 
4sinn8°-2 8inl8°-l 
= 0. 

V6-1 



(ii.) 



.-. sin 18° 
cos36°=l-2sin218° 



V6+1 
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M. Solye the equation 

8inx = 28in(i;r + x). 

8inx = 2 8in(i;r + «K 
= VScosx+sinx. 
Vs cos X = 0. 

CO8X = 0. 

.-. X = i ^ or I ;r. 

87. Solve the equation 

sin 2 X = 2 cos x. 

sin 2 X = 2 cos X. 
2 sin X COB X = 2 cos x. 
2cosx(sinx— 1)=0. 

(i.) cos X = 0. 

x = 90°,27(y>. 

(ii.) sin X = 1. 

x = 90^ 
.-. X = 90° or 270°. 

88. Solve the equation 

co6 2x = 2 8inx. 

cos 2 X = 2 sin x. 
1 — 2 sin^ = 2 sin X. 
2sin2x+2sinx— 1 = 0. 

-1±V3 



sinx = - 



Binx = 



2 

-1 + V3 



x = sin-i^"^. 
2 

89. ISolve the equation 
sin X + cos X = 1. 

sin X + cos X = 1. 

sin«x + 2 sin X cos X + cos^ 

= 1. 

2 sin X cos X = 0. 

(i.) sin X = 0. 

X = 0°, 180°. 



(ii.) cos X = 0. 

X = 90°, 270°. 
.-. X = 0°, 90°, 180° or 270°. 
But X = 180°, 270° do not satisfy 
the given equation. 
Hence x = 0° or 90°. 



90. Solve the equation 

sin X + cos 2 X = 4 sin%e. 

sin X + cos 2 X = 4 sin^c. 
sinx + 1 — 2 8in«x = 4 sin^c. 
6 sin«x — sinx — 1 = 0. 

sin X = i or — i. 
x=30° or 8in-i(— i). 

91. Solve the equation 
4cos2x + 3coBx = l. 

4cos2x + 3cosx=l. 
8 cos?x — 4 + 3 cos X = 1. 
8 cos«x + 3C0SX — 6 = 0. 

cos X = — 1 or f. 
x = 180°orcoB-if. 

92. Solve the equation 

sm X + sin 2 X = sin 3 X. 

sin X + sin 2x = sin 3x. 
sin X + 2 sin X cos X 

= 3 sin X — 4 sin«x. 

4 sin«x — 2 sinx + 2sin X cos X = 0. 

sin X (2 sin^x — 1 +cos x) = 0. 

shi X (1 — 2 cos^x + cos x) = 0. 



(i.) 



sin X = 0. 
X = 0, 180°. 



(ii.) 2 cos^x — cos X — 1 
= 0. 
cos X = 1, — 4^. 

X = 0°, 120°, 240°. 
.-. X = 0°, 120°, 180°, or 240°. 
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93. Solve the equation sin 2 x = 3 sin^ — coi(^. 

sin 2 X = 8 sin^x — coi^ 
2 sin X COB X = 3 sin^ — co(^. 
3 sin^ — 2 sin X cos X — cos^ = 0. 
(3 sin X + cos x) (sin x — coe x) = 0. 

(i.) 38inx + co8X = 0. 

3 tan X + 1 = 0. 
tan X = — i. 

(ii.) sin X — cos X = 0. 

tanx^ 1. 

X = 46° or 225° 
.-. X = 46°, 226°, or tan-* (- i). 

94. Solve the equation tan x + tan 2 x = tan 3 x. 

tanx + tan2x = tan 3x. 

2 tan X 3 tan x — tan*x 



tanxH- 



1 — tan^x 1 — 3 tan^x 



/, . 2 3 — tannic \ _ 

^H^ + rr^^~ l-3tanO = ^' 

(I) tan X = 0. 

x = 0°, 180°- 

r'^ . . 2 3-tangx _^ 

<"•> ^ + r::^^-l-3tan«x = ^- 

(1 - tan«x) (1-3 tan^x) + 2 (1 - 3 tan^x) - (1 - tan^x) (3 - tan^x) 

= 0. 

— 6 tan«x + 2 tan*x = 0. 

tan*c (tan^x — 3) = 0. 

tanx = Oor ±V3. 

X = 0°, 180°; ± 60°, ± 120° 
.-. X = 0°, ±60°, ± 120°, or 180° 

95. Solve the equation cot x — tan x = sin x + cos x. 

cot X — tan X = sin X + cos X. 

cos X sin X 

= sin X + cos X. 



sm X cos X 
cos^x — sin^x 



= sin X + cos X. 



sm X cos X 
cos^x — sin^x = sin X cos x (sin x + cos x). 
(sin x+ cos x)(co8 x — sin x — sin x cos x) = 0. 
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fr) 8in 2 + COS X = 0. 

tanx= — 1. 

x=136°, -460, 

(il.) C08X — sillX— 8illXCO8Z = 0. 

cos X — sin X = sin X cos x. 
corfx — 2 sin X cos X + sin«x = 8in%c cofl^x. 
1 — 2 sin X cos X = sin^c cos«x. 
sin«x coflte + 28inxcosx-l = 0. 

8inxcosx=— 1± V2, 
sin2x= — 2 + 2>^. 
2x = 8in-i(2V2 — 2). 
x = isin-i(2V2-2). 
... X = - 46<>, 136% or i sin-i (2 V2 - 2). 

96. Solve the equation tan%c = sin2x. 

tan'x = sin2x. 
tan«x = 2 sin X cos X 
= 2 tan X cos^. 
_. 2tanx 
sec^ 
_. 2tanx 
l + tan^x' 
tan»x + tan*x = 2 tan x. 
tan X (tan«x + tan X — 2) = 0. 
(^•) tan X = 0. 

x = 0o, 180°, 
(li-) tan«x + tan X — 2 = 0. 

(tan X - 1) (tan^x + tan x + 2) = 0. 
tanx= 1. 

X = 46° or 226°. 
.-. X = 0°, 46°, 180°, 226° 

97. Solve the equation tan x + cot x = tan 2 x. 
tanx + cotx = tan2x. 

tanx + --^ = -2ianj^. 
tan X 1 — tan*x 
^^x±J._ 2tanx 
tan X "" 1 — tan^ 
1 - tan^x = 2 tan^x. 
tan*x + 2 tan2x — i = o. 

tan^x = — 1 ± V2 
= - 1 + V2. 
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sec^ = 1 + tan** 



(*V5)- 



1 — tan« 


1 + tanx 
1 — tanx 


1 + tanx 
cos X — sin X 



98. Solve the equation i a. ♦«,» ^ = cos 2 x. 

; = cos 2 X. 

, . ' = cofiftc — sin^ 
cos X + sin X 

= (cos X — sin x) (cos x + sin x). 

cos X — sin X = (cos x — sin x) (cos x + sin x)». 

(cos X — sin x) [1 — (cos x + sin x)^] = 0. 

(i.) * cos X — sin X = 0. 

tan X = 1. 

X = 46^ 226'*. 

(iL) 1 — (cos X + sin x)2 = 0. 

1 — (cos^ + 2 sin X cos X + sin^x) = 0. 

1 — (1 + 2 sin X cos x) = 0. 

sin X cos X = 0. 

x = 0°, 90°, 180°, 270°. 

.-. X = 0°, 46°, 90°, 180°, 226°, 270° 

99. Solve the equation sin x + sin 2 x = 1 — cos 2 x. 

8inx + 8in2x=l — cos 2 x. 
sin X + 2 sin x cos x = 2 sin^. 
sin X (1 + 2 cos X — 2 sin x) = 0. 
(i.) sin<c = 0. 

X = 0, 180°. 

(ii.) 1 + 2 cos X — 2 sin X = 0. 

sin X — cos X = i. 

sin^x — 2 sin X cos x + cos^x = i. 

2 sin X cos x = f . 

sin2x = f. 

X = i sin-i f . 
.•.x = 0°, 180°, orisin-if. 
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100. Solve the equation sec 2x + 1 = 2 coex. 

8ec22+ l = 2co6x. 

— V-+l = 2coex. 

C082X 

1 + cob2x = 2co6Xco82x. 
2 cos^ = 2 C06 X cob 2 X. 
cos X (cob X — cos 2 x) = 0. 
(i.) COB X = 0. 

X = 9(y, 270°. 

(li.) COBX— C082X = 0. 

COB X = COB 2 X. 

x=±2x + n3e0. 
X = 0°, 120°, 240°. 
.•.x = 0°, ±90°, ±120°. 

101. SoWe the equation tan2x + tan3x = 0. 

tan2x + tan3x = 0. 

tan 2x= — tan 3x = tan(— 3x). 
2x= — 3xQrl80° — 3x. 
(t) 6x = 0° + n360. 

X = 0°, 72°, 144°, 216°, 288°. 
(ii) 6x=180° + n360°. 

X = 36°, 108°, 180°, 262°, 334°. 
.-. X = 0°, ± 36°, ± 72°, ± 108°, ± 144°, 180°. 

102. Solvetheequation ton(J* + x) + tan(i3r — x) = 4. 

tan (ijr + X) + tan (ijr - X) = 4. 
1-htanx 1 — tanx _. 
1 — tanx l+tanx"" 
(1 + tan x)» + (1 - tan x)a = 4 (1 - tan«x). 
2 + 2 tan^x = 4-4 tan«x. 
6 tan«x = 2. 

tanx= ±— p' 
V3 
x=±J;r, ±f;r. 



103. Solve the equation Vl + sin x — Vl — sin x = 2 cos x. 



Vl + sin g — Vl — sin X = 2 cos x. 
1 + sin X — 2 Vl — sin^x + 1 — sin x = 4 cos^x. 
2 ± 2 cos X = 4 cos?x. 
2 cos^x ± cos X — 1 = 0. 

cos X = ± i or ±1. 

X = ± 60°, ± 120°, 0°, 180°. 
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104. Solve the equation tanxtan3x=— |. 

tanxtan3x= — f. 

3 tan X — tan^ 



Ex.19, tan3x = 


l-3tan2x 


3tan^— tan*x_ 
• 1-3 tan^x 


-f 


16tan2x-6tan*x = 


-2 + 6 tan«x. 


5tan*x-9tan«x-2 = 


0. 


tan2x = 


2, -i. 


tan2x = 

tanx = 

x = 


2. 

tan-i V2. 



105. Solve the equation sin (46° + x) + cos (46** — x) = 1. 

8m(45° + x) + co8(45°-x) = l. 

2co8(46° — x) = l. 

cos (46° — x) = i. 

46°-x=±60°. 

x=106°, -16° 



106. Solve the equation tan x + sec x = a. 


tanx + secx = 


a. 


secx = 


a— tanx. 


sec«x = 


a2 — 2 a tan X + tan^x. 


l + tan«x = 


a2 — 2 a tan X + tan^x. 


1 = 


a2 — 2a tanx. 


tanx = 


a2-l 
2a 


— cotx = 


2a 
a2-l 


= 


: cot (2 cot-la). 


.-. x = 


: — 2 cot-i a. 



107. Solve the equation cos 2 x = a (1 — cos x). 

cos 2 X = a (1 — cos x). 
2 cos^x — 1 = a — a cos X. 
2 cos^ + a cos X = a + 1. 



-a±VaH-8a + 8 
cos X = i 



,/-a±Vag + 8a + 8> 

: cos—* I 



, / — a±VaaH 
V 4 
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106. Solve the equation coe 2 a; (1 — tanx) = a (1 + tan as). 
C06 2x (1 — tan x) = a (1 + tan x). 
1 + tanx 



C062x = a 
coiflz — 8ln?x = a 



1 — tanx 
cos X + sin X 
cos X — sin X 



(i.) 



(li.) 



cos X + sin X = 0. 

tanx= — 1. 

x=136°, -46° 



cos X — sin X = ■ 



cos X — sin X 
cos^c — 2 Bin X cos X + sin^x = a. 

2 sin X cos x = 1 — a. 
sin 2 X = 1 — a. 

X = i sin-J (1 - a). 
.-. X = 1360, - 46°, or isin-' (1 - a). 

109. Solve the equation 8in«x + cos^x = ^^ sin«2 x. 

8in«x + coS»x = ^ sin2 2 x. 

sin«x + cos»x = (sin^x + co82x)(sin*x — sin«x cos^x+cos^x) 
= sin*x — sin^x cos^ + cos*x 
= (sln^x + cos^)« — 3 sin^x cos^ 
= 1 — 3 sin^x cofiftc. 
1 — 3 sin^x cos?x = ^ Bm^2x 

= J sin?x cos^. 
y sm«x cos^c = 1 
4 8in?x coB^ = f . 
8in22x = f. 
sin2x=±iV3. 

2x=±60°, ±120° 
X = ± 30°, ± 210°, ± 60°, ± 240°. 
= ± 30°, ± 160°, ± 00°, ± 120°. 



110. Solve the equation 

cos3x + 8cos«x = 0. 

cos 3 X + 8 cos«x = 0. 

4 cos^x — 3 cos X -f 8 cos«x = 0. 

12 cos^x — 3 cos x = 0. 

cos X (4 cos^x — 1) = 0. 



(i.) cos X = 0. 

X = 90°, 270°. 
(ii.) 4cos2x— 1 = 0. 

cos X = ± 1^. 

x=±00, ±120° 
.-. X = ± 60°, ± 90°, or ± 120°. 
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111. Solre the equation sec (x + 12(y») + sec (« — 120^ = 2 cob x. 
sec (x+ 120®) + sec (x— 120**) = 2 cosx. 
1 . 1 



= 2 cosx. 



cos (x + 120°) cos (X - 120«) 
cos (X + 120°) + cos (X- 120°) ^ 
cos (X + 120°) cos (X - 120) 



[22], 



2 cos X cos 120° 



cos^x cos« 120 — sin^x sin* 120 
— cosx 



= 2 cos X. 



= 2 cosx. 



(i.) 
(iL) 



i(cos2X — 3sin«x) 

2 cos X + cos X (cos^c — 3 sin^) = 0. 

2 cos X + cos X (4 cos%c — 3) = 0. 

COB X (4 cofl%c — 1) = 0. 

cosx = 0. 

x = 90°, 270°. 

4 cofiftc — 1 = 0. 
cos X = ± i. 

x=±60°, ±120°. 
.•.x = ±60°, ±90°, or ±120°. 



112. Solve the equation esc x = cot x + V3. 
CSC X = cot X + Vs. 
csc^ = cot^x + 2 V3 cot X + 3. 
1 + cot^x = cot^x + 2 V3 cot X + 3. 
2V3cotx= — 2. 
1 

COtX= 7=' 

V3 
X = — 60°, 120°. 
X = — 60° does not satisfy the given equation. 
.-. X = 120°. 



113. Solve the equation 
4 cos 2 X + 6 sin X = 6. 

4 cos 2 X + 6 sin X = 6. 

4 (1 — 2 sin^x) + 6 sin X = 5. 

8 sin^x — 6 shi X + 1 = 0. 

sin X = i, i. 
x = 30°, 160°, sin-ii. 



114. Solve the equation 

cos X — cos 2 X = 1. 

cosx — cos2x= 1. 

cos X — (2 cos^x — 1) = 1. 

2 cos^ — cos X = 0. 

cos X = 0, i. 
x=±90°,±60° 
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115. 8dyetheeqiiAtion8in4x — 8in2x = 8inflk 

sin 4x — sin 2 X = sin X. 
[20], 2co6 3xsinx = Binx. 

8inx(2co6 8x— 1) = 0. 
(L) sinx = 0. 

x = (y>, 180^. 
(iL) 2 008 3x- 1 = 0. 

008 3x=i. 

8x=±60 + n360«. 
x=±20«, ±140<>, ±S 
= ±20°, ±140*, ±100°. 
.•.« = 0°, ±20°, ±100°, ±140°, ±180°- 

116. Solve the equation 2 sin^ + sin* 2x = 2. 

2sin*c + 8in«2x = 2. 

2 sin*x + 4 sin^ caS«x = 2. 

sin«x + 2 sin»c(l-8in«x) = 1. 

2 sin*x — 8 sin%c +1 = 0. 

sin«x=l, f 
sinx=±l, ±Vi. 

x=±90°, ±46°, ±136°. 

117. Solve the equation cos 6x + cos 3x + cos x = 0. 

cos 6x + cos 3x + cos X = 0. 
[22], 2cos4xcosx + cosx = 0. 
(i.) cosx = 0. 

x = 90°, 270°. 
(ii.) 2cos4x+l = 0. 

cos 4 X = — i. 

4x = ±120°+n360° 
x=±30°, ±120°, ±210°, ±300° 
= ± 30°, ± 120°, ± 160°, ± 60° 
.•.x=±30°, ±60°, ±90°, ±120°, or ±160° 

118. Solve the equation secx — cotx = cscx — tan x. 

secx — cotx = cscx — tan x. 

1 co8x __ 1 sin X 

cos X sin X "^ sin X cos x 

sin X — cos^x = cos x — sin^. 

(sin X — cos x) (1 + sin X + cos x) = 0. 
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(i.) sinx — cosx = 0. 

tanx= 1. 

z = 46% 226<>. 
(ii.) l + ginx + co8X = 0. 

sin X + cos X = — 1. 
sin^ + 2 sin X cos X + caS'x = 1. 
2 sin X cos X = 0. 
Bin 2 X = 0. 

2x = 0, 18(y>. 

x = QP, 180°, 9(y>, 27(y>. 
.-. X = 0% 46°, ± 90°, or 226° 

119. Solve the equation tan^ + cot^x = J^.' 
tan^x + cot?x = y. 

tan*x-Vtan»c+l = 0. 

tan%E = 3, i. 

tanx=±V3, ±-^- 
V3 

x=±60°, ±120°, ±30°, ±150°. 

'l20. Solve the equation sin 4 x — cos 3 x = sin 2 x. 
sin 4x — cos 3x = sin2x. 
sin 4x — sin 2 X = cos 3x. 
[21], 2 cos3x8inx = cos3x. 

cos3x(2sinx — 1) = 0. 
(i.) cos3x = 0. 

3x=±90°+n360°. 
x=±30°, ±160°, ±90° 
(ii.) 2 sin X— 1 = 0. 

sin X = i. 

x = 30°, 160°. 
.-. X = ± 30, ± 90°, ± 160° 

121. Solve the equation sin x + cos x = sec x. 
sin X + cos X = sec X. 

sm X + cos X = • 

cosx 

cos X sin X + cofi^x = 1. 

cos X sin X = 1 — cos^x 

= sin^x. 

sin X (cos X •— sin x) = 0. 



192 



TBIOONOMETRY. 



0.) 8inx = 0. 

(ii.) 008« — giiix = 0. 

tanx = 1. 

x = 46% 226° 
.% X = 0°, 46^ 180°, 226°. 

122. Solve the equation 2 coe x cos 3x + 1 = 0. 

2 cos X cos 3x + 1 = 0. 

2 cos X (4 cos^ — 3 cos x) + 1 = 0. 

8 cos*x — 6 cos^x +1 = 0. 

C08«X=i, i, 

cosx=±\^, ±f 

x=±46°, ±136° ±60°, ±120°. 

123. Solve the equation cos 3x — 2 cos 2x + cos x = 0. 

cos 3x — 2 cos 2x + cos X = 0. 

cos 3x + cos X = 2 cos 2x. 
[22], 2cos2xcosx = 2 cos2x. 

cos2x(cosx — 1) = 0. 
(i.) cos2x = 0. 

2x=±90° + n360°. 
X = ± 46°, ±136° 
(ii.) cos X — 1 = 0. 

cos X = 1. 
x = 0°. 
.•.x = 0°, ±46°, ±136°. 

124. Solve the equation tan 2x tan x = 1. 

tan2x tanx= 1. 
tan 2 X = ctn X. 
2x=±90°-x. 
3x=±90°+n360° 

X = ± 30°, ± 160°, ± 270°. 
.-. x=±30°, ±90°, ±160. 

125. Solve the equation sin (x + 12°) + sin (x — 8°) = sin 20°. 

sin (X + 12°) + sin (x - 8°) = sin 20°. 
[20], 2 sin (X + 2°) cos 10° = sin 20° 

= 2 sin 10° cos 10°. 
sin (x + 2°) = sin 10°. 
X + 2° = 10°, 170°. 
X = 8° or 168°. 
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126. Solve the equation tan (60° + x) tan (60° — «) = 

tan (60 + X) tan (60° - X) = - 2. 
[6], V3 + tanx V3 — tanx _ __ « 

1— Vatanx l + VStanx 
3 — tan%B 



1 — 3 tan^x 
3 — tan«x= -2 + 6tan«x. 
7 tan«x = 6. 
tanx = Vf. 

X = tan-i Vf . 

127. Solve the equation sin ^x + 120°) + sin (x + 60°) = f . 

sin(x+ 120°) + 8in(x + 60°) = f. 
[20], 2sin(x + 90°)coe30° = f 

2 COB XX "2-= t- 

C06X=i>^. 

x=±30°. 

128. Solve the equation sin (x + 30°) sin (x — 30°) = f 

8in(x+ 30°)sin(x-30°) = f 
[23] , - i (cos 2 X - cos 60°) = i. 

C08 2X — cos60°= — 1. 
C08 2x= — i. 

2x=±120°+n360°. 
x=±60°, ±240° 
= ±60°, ±120°. 

129. Solve the equation sin*x + cos*x = f . 

sin*x + co8*x = f . 
sin*x + 2 sin^x cos^x + cos*x = 2 sin^x cos^ + f . 
(sin^x + cos2x)2 = 2 sin^x cos^x + f . 
1 = 2 8in?x cos^ + f . 
2 8in?x cos^x = f . 
4 sin^x cos^x = f . 
8in22x = f. 
8m2x= ±iV3. 

2x=±60°, ±120°. 
X = ± 30°, ± 60°, ± 120°, or ± 150°. 
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130 Solve the equation sin^ — co8*x = A. 

8in*x — coB*x = j^. 

(ain^ + corfx) (sln«x — corfx) = A- 
sin^ •— coflftB = j^. 

2 8in2x-l = A- 

sin x = ± f . 
aj=±8in-4. 

131. Solve the equation tan (x + 30°) = 2 cos x. 

Let X + 30° = y. 

Then tan y = 2 cos (y — 30°). 

sin y ^/o I • 

= V3 cos y + Bin y. 

cosy 

sin y = VS cos^ + sin y cos y. 

sin y (1 — cos y) = V3 cos^. 

sin^ (1 — cos y)^ = 3 cos^. 

(1 — cofi("y) (1 — 2 cos y + cos^y) = 3 cos*y. 

1 — 2 cos y + 2 cos"y — cos*y = 3 co8*y. 

4 cos*y — 2 cofi("y + 2 cos y — 1 = 0. 

(2 cos y - 1) (2 C08»y + 1) = 0. 

(L) 2 COS y ~ 1 = 0. 

cos y = i. 

y=±60°. 

aj=30°, -90°. 

(ii) 2 cos»y +1 = 0. 

cos»y= — i. 

cos y = — Vi. 



(■ 



x = cos-i/'-4-)~^ 



= 150°-cos-i-J-- 



.-. X = 30°, - 90°, or 150° - cos-i J_ . 
But X = — 90° does not satisfy the original equation. 



.-. X = 30°, or 160° — cos-i 



i-ky 
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132. Solve the equation 8ecx = 2tanx + i. 

sec X = 2 tan x + J. 
sec*^ = 4 tan^ + tan x + |>j. 
1 + taxAc = 4 tan^x + 1 = x + A- 
3 tan^x + tan X — } J = 0. 

x = tan->3^, or — tan-if. 

X33. Solve the equations sin (x — y) = cos x, cos (x + j/) = sin as. 

sin (x — y) = cos x. 

X — j/ = 90o — X, or W + x. 
y = 2x-90°, or -W. 
cos (x + y) = sin x. 

x+y = 90° — X, orx — 90**. 
y = 90o — 2x, or —90°. 
(i.) y = "- 90°, X indeterminate. 

(ii.) y=2x-90° = 90°-2x. 

.-. x= 46°, y = 0°, or x= 136°, y = 180°, 
or X = 226°, y = 0°, or x = 316°, y = 180°. 
.-. x = 46°, y=0°; x=136°, y = 180°; x=-46°, y=180°; 
X = — 136°, y = 0°, or y = — 90°, x indeterminate. 

134. Solve the equations tan x + tan y= a, cot x + cot y = 6. 

tan X + tan y = a. 

cot X + cot y = 6. 

tan x = a— tany. 

cot X = 6 — cot y. 

(a — tan y) (6 — cot y) = 1. 

a6 — 6 tan y — a cot y + 1 = 1. 

b tan y + a cot y = a6. 

b tan^ + a = a6 tan y. 

b tan^ — a& tan y + a = 0. 

a6±Va^-4a6 

tan V ^ :rz • 

^ 26 

tanx= a — tany 



_ o6 ^ yggftg — 4 06 
26 



,^ = tan-i^^-^^-— ;• 

, , / a6±Va262-4a6 \ 
2^=^*^"'V 26 ^y- 
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135. Solve the equation sin {« + 12*^ cob (x — 12°) = coa 33® sin 67^ 

sin (x + 12<») COS (x - 12*») = cos 33° sin 67° 
[20], i (sin 2 X + sin 24°) = i (sin 90° + sin 24°). 

sin2x = 8in90°. 

2« = 90°+n360°. 
x = 46°or 226° 

136. Solve the equation sin-i x + sm-i ix = 120°. 

Bin-»x + sin-iix = 120°. 

sin (sin-i x + si n-^jx) = i^/3. 

xVl-ixa + ixVl-x2 = iV3. 

xV4-x2 + xVl-x2= V3. 



x« (4 - x2) = 3 - 2V3xVl-x« + x^ (1 - x«). 
3x3-3 = -2V3xVl-x2. 
9x*-18x2+9 = 12x«(l-x^. 
21x* -30x2 + 9 = 0. 
7x4- 10x2 + 3 = 0. 

x2 = l, f 
x=±l, ±Vf. 

137. Solve the equation tan- ^ x + tan-i 2 x = tan-i 3 VS. 

tan-ix + tan-i2x = tan-i3 Vs. 
tan(tan-ix + tan-i2x) = 3 V3. 

3x = 3^3(1-2x2). 
x= V3 (1-2x2). 
2V3x2 + x-V3 = 0. 

138. Solve the equation sin-i x + 2 cos-i x = f *. 

sin-ix + 2 cos~i x = f ;r. 

sin (sin-i x + 2 cos-i x) = i V3. 

X cos (2 cos-J X) + Vl— x2 sm (2 cos-i x) = i V3. 

x(2x2- 1) + Vl-x2 X 2xVl-x2 = iV3. 

x(2x2-l) + 2x(l-x2) = iV3. 

x = iV3. 
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139. Solve the equation sin-i x + 3 co8~i x = 210°. 

sin-i x + S C08-1 X = 210<>. 

8i n(8in-i g + 3 cos-ix) = - f 

X cos (3 c os-iz) + Vr^ sin(3 cos-ix) = - f 

M423-3aj) + Vl -x2[3Vrr72_4(i _^a)l] = _ / 

a;(4x8- 3x) + (1 -x2) [3 - 4(1 -x^)] = - f 

4x*-3xa-l + 6x2-4x*=-f 

2x2= f 
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140. Solve the equation 
tan-i s + 2 cot-i x = 136° 
tan-i X + 2 cot-i x = 136°. 

tan(tan-ix + 2cot-ix) = — 1. 

taiirtan-ix4-2tan-i-)= — i. 



x + 



'-h 



3-x 



2 

X 



a^ + x 



■= — 1. 



■ = -1. 



-X2-1~""^- 
X8 + X = 1 + X'i. 

»*-a;2 + a;-l = o. 

(»-l)(x2+l) = o. 

.-. X = 1. 

141. Solve the equation 

^-M2+l)+tan-i(x-l)=tan-i2x. 

tan-M« + l) + tan-i(x-l) 
= tan^i 2 X. 



tan[tan-i (x+ 1) + tan-i (x 



-1)] 



= 2x. 



■ = 2x. 



; = 2x. 



g+l+x-1 

1-(X2-1) 

2x 
2-x2 

x = 2x- 
x» — X = 0. 
« = 0, 1, 



142. Solve the equation 

^^-^^^ + tan-i^Il2 
aJ+1 X— 1 

x+1 x-1 

tan(tan-lf±|+tall-l^=?^ 
\ x+1 x—lj 



-X8. 
-1. 

= *^. 
= - 1. 



x±2 X— 2 
x+1 ■*"x-l 



J _ (x+2^Jx^-2) 
(x+l)(x-l) 

(x-l)(x+2) + (x+l)(x-2) 
(a+l)(x-l)-(x+2)(x-2) 
2x2 -4__ 






= -1. 



3 



x=±Vi. 
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143. Solve the equation 

2tan-»« = 6(y». 
tan-ix = 30«, 210°. 

X = tan 30®, tan 210° 

144. Find the value of ^jt 
a sec X + 6 C8CX, when tanx = 'y/-* 

tanx= -7* 
o* 

6i 

sec^x = 1 + -i 
a* 



a« + 6« 



a* 
cotx = -j- 



CSC2X = 



6« 



a* 
cscx = ^— ^- 

a sec X + & CSC X 

= a«(a«+6«)*+6»(a«+6«)* 

= (a' + 6')*. 

145. Find the value of sin 3x, 
when sin 2 X = Vl — m^. 



sin 2 X = Vl — 1 
cos^ 2 X = m2. 
cos 2 X = ± m. 



1—2 sin^x = ± m. 
2 sin^ = 1 ± m. 



sinx 



=/ 



±m 



sin3x=8sinx — 4 sin'x 



146. Find the value of 
csc*x — sec^ 



csc^x + sec^x 



, when tan x = V^. 

tanx= Vf. 
8ec2x=l + f 

= f 
cotx = Vt. 
csc^x =1 + 7 
= 8. 
csc^ — sec^ _ 8 — ^ 
'* csc2x + sec%B ""8 + f * 

= f. 

147. Find the value of sin x, 
when tan^x + 3 cot^x = 4. 

tan2x + 3cot2x=4. 
3 



tan2x + - 



= 4. 



tan2x 
tan*x— 4tan2x+3 = 0. 

tan^x = 1, 3. 

cot2x = 1, i. 

csc2x = 2, f. 

8in2x = i, f. 
sinx= Vi» iVs. 
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148. Find the value of 
when 5 tan X + sec X = 5. 



cos X, 



6tanx + 8ecx=6. 
6 8inx+l = 6co8X. 
6sinx = 5 coax— 1. 
26 (1 — cos^c) 

= 26 C0&2X — 10 cos X + 1. 
SOcos^x— lOcosx— 24 = 0. 

C08X=f, —J. 



149. Find 
when tan x = 

tanx = 



the yalne 

g 
V2a+1 



of sec X, 



8ec*c=l + 



V2'a + i 



8ecx = 



2a+l 
ag + 2a-H 
2a+ I 
g+l 
V2a+I 



150. Simplify the expression fcosx+ ca»y)^+ jsinx + sin y)> . 

(cos X + COS y)^ -h (sin x + sin y)» 
cos2i(x — y) 
_ [2 cosi(x+ y)co8 i(x- y)y -h [2 sin i(x + y) cos i(x- y)]' 

coS»i(x — y) 
= 4 cos«i(x + y) + 4 sin«i(x + y) = 4. 



151. Simplify the expression 



sin (X + 2 y) -- 2 sin (X + y) + sin X 



cos (X + 2 y) — 2 cos (x + y) + cos x 

sin (x + 2 y) — 2 sin (x 4- y) + sin x 

cos (X + 2 y) — 2 cos (x + y) + cosx 
— [sin (x + 2y) -h sin x] — 2 sin (x + y) 
"~ [cos (x + 2 y) + cos x] — 2 cos (x + y) 
__ 2 sin (x -h y) cos y — 2 sin (x -h y) 
"" 2 cos (x + y) cos y — 2 cos (x + y) 
_ sin (x + y) (cos y -- 1) 

cos (x + y) (cos y — 1) 

sin (x + y) . . , . 
= — ) — r^ = tan (x + y). 
cos(x + y) ^ '^^ 



i(x + y) 
152. Simplify the expression 



sin (x — 2) + 2 sin x 4- sin {x+ z) 
sin (y — 2) + 2 sin y + sin (y + 2) 

sin (x — z) + 2 sin X + sin (x + 2) 

sin (y— 2) + 2 sin y + sin (y + 2) 
__ [sin (x — 2) + sin (x + 2)] + 2 sin x 
"" [sin (y — z) + sin (y + 2)] + 2 sin y 
_ 2 sin X cos 2 4- 2 sin x 
~ 2 sin y cos 2 + 2 sin y 
_ sin X (cos 2 4- 1) __ sin x 
"~ sin y (cos 2 4- 1)~ sin y 
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•■«« o- i*^*u COS 6a; — COS 4x 

153. Sunplify the expraanon -T--; — ; — r-z — 

*^' ^ 8in6x + 8m4x 

cos6g — cos4g _ 2 cos 6x cos z 
sin 6x + sin 4x'~2 sin 5xco8X 

_ C08 6x 
""sin 6x 
= cot 6x. 

154. Simplify the expreasion tan-i (2 x + 1) + tan-i (2 x — 1). 
tan [Un-M2x + 1) + un-i (2* - 1)] = j:!|tl±2xr^. 

_ 4x 
2-4x2 
2x 



1-2x3 
.-. Un-i (2x + 1) + tan-i (2x- 1) = tan~^ ^_f^^^ - 

155. Simplify the expression 

1.1.1.1 



1 + sin^x 1 + cos^x 1 + sec?x 1 + csc^x 

1 + sin^x 1 + cos^x ^ 1 + sec^x 1 + csc«x 

Vl + sin^x 1 + csc2x>^ \1 + cos^x 1 + sec2x/ 

— /_!_ . sin^ \ , / 1 cos^ \ 

"" VI + 8in2x "^ 1 + sinsxy/ "*" Vl + cos^x 1 + cos^x/ 

_ 1 + sin% 1 4- cos^ 

"~ 1 + sin^x 1 + cos^x 
= 1 + 1. 
= 2. 

156. Simplify the expression 2 sec^x — sec*x — 2 csc^ + csc*x. 

2 sec^x — sec*x — 2 csc^x + csc*x 

= — 1 + 2 sec^x — sec*x +1 — 2 csc%c + csc^x 
= — (sec2x — 1)2 + (csc»c — 1)2 
= — tan^x + cot2x. 
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Entbance Examination Papers. Page 106. 



L Prove that 

cos co-^ = sin tf ; 
sec (i ;r + ^) = -- esc tf ; 
tan (— ^) = — tan tf ; 
CSC (;r — ^) = CSC tf. 
In the figure let 

AOB= e, 
AOW=-0, 
^0C = 90°+ tf, 
ulOD = 180°-^, 

OW=0B^0C=0D, 
BR,CM,ND±OA. 

Then the triangles LOB, LOR, MCO, and NOB are equal, and 




(i.) 



(ii.) 



m 



(iv.) 



BT 
COS OBL = — - = sin LOB, 

UiS 

. COS co-^ = sin 0. 
sec AOC = - ^ = -^ = - CSC AOB. 



. sec(i;r + tf)= — csc tf. 
.-. tan (— ^) = tan e. 



= -^=-tan^OB. 



2. Draw the curve of tangents, 
and show the changes in the value 
of this function as the arc increases 
from 0° to 60°. 



I y = tan x. 
As X increases from 0° to 90° and 
from 90° to 180°, y increases from 
to + 00 and from — oo to 0, and as x 
continues to increase from 180° to 
360°, y takes the same series of 
values again, since tan (x + 180°) = 
tan X. The initial value may be any 



CSC AOB = ^ = ^= CSC AOB. 

CSC (Tc — e)=^ CSC e, 

negative or positive integral multiple 
of 180°, instead of 0°, without change 
in the series of values of y. Also, 
at equal angular distances in oppo- 
site directions from any quadrantal 
angle tan x has equal values with op- 
posite signs. For the first quadrant 
we have for corresponding values of 
X and y 

X = 0, 30°, 46°, 60°, 90°. 



' = 0,^1, 



V3, 
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Sappoae now that the yalues of x 
are laid off along a given horizontal 
straight line from any initial point 0, 
and at each point a perpendicular is 
erected of a length equal to y, the 
perpendicular being drawn upward 
if y is positive, and downward if y is 
negative. The extremities of these 
perpendiculars form the required 
curve. The shape of this curve is 
shown in the figure. 



tJO' 



This curve consists of an infinite 
series of parallel branches, whose 
horizontal distance from each other 
is 180°. Each branch consists of 
equal upper and lower halves, the 
one of which can be obtained by 
rotating the other through 180° about 
the middle point of the branch. 

3. In terms of positive angles less 
than 46°, express the values of sin — 
250°, csc}3 3r,tan— y TT. Also find 
all the values of 6 i n terms of a 
when cos d = Vsin^a. 

(i. ) sin - 250° = sin (1 10° - 360°) 

= sin 110° 

= sin (90° +20°) 

= cos 20°. 
(ii.) csc{i7r = c8cH180° 

= esc (180°+ ,12180°) 

180° 
= -csc — 

= — CSC 15°. 



(iii.)tan-V*=tan(}*-63r) 
= tanf3r 
= tan 120°. 
= tan (90° + 30) 
= — cot 30°. 
(iv.) OOB = Vsin^a 

= ± sin a 
= ± cos (90° -a). 
If costf= + cos(90°-a) 

^=±(90°-a) + n360° 
where n is any integer. 
If cos tf = — cos (90° — a) 

= 180°±(90°-a)+n360° 

.•.tf=90°-a+n360°, 

a- 90° + n 360°, 

270°-a + n360°, 

90°+a + n360°. 

Or, tf = 90°-ar+n360°, 

270° + a + n 360°, 

270°-ar+n360°, 

90° + a + n 360°. 

Or, ^=(2n+l)90°±a. 

4. (a) Given cos x = 0.5, find 

cos 2 X and tan 2 x. 

(b) Prove that vers (180° -A-\-) 

vers (360°-^) = 2. 

(a) cos X = 0.5 

sin X = Vl — cos 'x 

= ±Va75 

= ±0.5V3; 

sinx 

tanx = 

cosx 

cos 2 X = cos^ — sin%B 
= 0.25-0.75 

= -i. 
2 tanx 



tan2x = 



1 — tan^x 
±2V3 



1-3 

= ±V3. 
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(6) vei8(180«-^) = l-co8(18(y>-^) 

= 1 + C08 -4. 

Yen(S6(y- A) = l-coB{36GP- A) 

= 1 — 008 A, 

.'. vera (180« '-A)-h vers (360° - A) 

= 1 + C06-4+ 1 — coe^ 
= 2. 



5. Prove the check formnlsB : 

a + h:c = coai(A — S):B\niC; 
a — 6 : c = sin i (-4. — ^ : COB i C. 
By the Law of Signs (§ 33), 

a : 6 : c = sin ^ : sin J? : sin C 
.*. a + 6 : c = (sin -4 + sin 5) : sin C 
a — b:c= (sin A — sinS) :a\a C 
By [20] and [21], 

sin ^ + sin J5 = 2 sin i(^ + J?) COS i(^ — 5) 

= 2 sin i(180°- C) cos i(^ - B) 
= 2sin(90°-iC)cosi(^-J5) 
= 2 cos i C cos i (^ — 5). 
sin ^ — sin J5 = 2 cos i (il + J?) sin i (4 — B) 
= 2 sin i C sin i {A — B). 
.-. o + 6 : c = 2 cos i C sin i (4 — J?) : sin C 

= 2 cosi C sin i(^ —.J?) : 2sini Ccos^ C 
= sin i (-4 — B) : sin i C. 
a + 6 : c = 2 sin i C cos i (^ — B) : sin C 

= 2siniCco8i(^— B) : 2siniCcosiC 
= cos i (-4 — B) : cos i C. 



6. In a right triangle, r (the 
hypotenuse) is given, and one acute 
angle is n times the other ; find the 
sides about the right angle in terms 
of r and n. 

Let A and B be the acute angles 
of the triangle, a and b the sides 
opposite A and B respectively. 

Then B = nA, 

^ + J5=90<>. 
90° 



.ul = 



n+1 



B = 



n90° 



n+1 
a = r sin -4. 
90° 



= r sm 



n+1 
6 = r sin J5 

n90° 



= r sin 



:r cos 



n + 1 

90° 
n+l" 
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7. The tower of McGnw Hall is 
125 feet hig^ and from its summit 
the angles of depression of the liases 
of two trees on the campus, which 
stand on the same level as the 
Hall, are respectively 67^ 44' and 
16^ 59", and the angle sabtended by 
the line' joining the trees is 99° SO'. 
Find the distance between the trees. 




Let A and C be the summit and 
base of the tower, B and R the 
bases of the trees. Then in the 
triangle ABC, 

C=90°, 
AC =l2b, 
^ = 90^- 67° 44' 
= 32° 16'. 
AB=AC8ecA 

= 126 sec 32° 16'. 

Similarly in the right triangle 
ARC, 

AR= AC sec A 
= 125 sec 73° 1'. 



log 125 = 2.09691 

log sec 32° 16'= 0.07285 

log ^5= 2.16976 

^B= 147.83. 

log 125 = 2.09691 

log sec 73° 1'= 0.53448 

log ^B'= 2.63139 

AR= 427.96. 

In the triangle ABR^ 

^ = 99° 30'. 
6'= 147.83. 
6 = 427.95. 

tani(5-ir) = |^tani(B+20 

280.12 , .„,_, 
= 575:78 *^^'^- 
log 280.12 = 2.44734 
colog 575.78 =7.23974 
log Un 40° 16'= 9.92766 
log tan i (B - B') = 9.61474 
i(B-ir) = 22°23'3" 
i(g-hgO = 40°15' 

B'= 62° 38' 3" 
,sin A 



BR-AR 



= 427.95 



sin B 

sin99°30' 



sin 62° 38' 3" 

log 427.95 = 2.63139 

log sin 99° 30'= 9.99400 

colog sin 62° 38' 3"= 0.06156 

log BR= 2.67694 

BR=^ 476.27. 

Required distance, 476.27 ft. 
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11. 



L Prove that 

co t (— e) = — cot^; 
csc;r — 0=csc^; 
sm(;r + ^) = — sin^; 
sec co-^ = CSC ^ ; 
cos (i ;r + ^) = — sin 6, 




Let AOB = $. 

AOR=-e. 

AOE=lS(y-$. 
AOF=ie(P'^$, 
0A= 0B= 0R= OC 
= OD=OE=OF. 
BL, CM, DM' EU ± OA, 

Then the triangles LOB, LOW, 
MCO, MDO, L'OE, UOF are 
equal. 



(M 

(u.) 

(iii) 
(iv.) 

(V.) 



cot^OB'= 



OL 



LB 



= — cot AOB, 



OL 
LB' 

.'. cot {—0) = — cot e. 

C8C^0JS = ^ = g = C8C^0B. 
.-. CSC 7t — e c= CSC ^. 

sin (tt + ^) = — sin 0, 
.-. sec co-^ = CSC e, 
, co&{i7e + 6) = — sin 6, 



2. Show that in any plane triangle sin ^^ = -i/^ jr ' 

By the Law of Cosines (§ 34), 



.'. cos -4. = 
1 — cos A = 



a2 = 62 + c2 - 2 6c cos A, 
62 + c2-a'^ 



2 6c 
2 6c-62-c24-a2 



a2- 



26c 



26c 



206 
By [16], 



But 

or if 



TBIGOKOKETBY. 



1 — C08il = 2smH-4. 
* 26c 



0^ - (6 - c)2 = (a + 6 - c) (a - 6 + c), 
« = i(a + 6 + c). 

d»-(6-c)«=(2«-2c)(2«-26) 
= 4(a-6)(«-c). 

...^j^=,.^/inEMEi 



■Vi 



6c 



3. Find the valae of sin (9± ^ 
in terms of sin 9, cos 9, sin ^, and 
cos^. 

C 




js; ^ 



Let 



OA=OB= OC, 
CD±OB, CF, DE±OA,DQ±CF. 
Then AOC=e+e'. 
DCG = e. 

sin(. + ^ = ff 

_ Qg + Z)^ 

OC 
_2)^ CG 
OC 00 
^^y^OD CG CD 
OB OC'^ CD OC 
= sin ^ cos ^+ cos 6 sin ^. 

4. Given tan 45° = 1 ; find all the 
functions of 22° SC 



tan 46° = 1, 
sec«46°=l + tana46° 
= 2. 

sec 46° = >^. 

C08 46° = -i=- 

V2 

sin 45°= tan 46° cos 46° 

1 



By [17], 
sin22°3(K 



^^ 






1 - cos 46° 



^1- V^ 

2 

>^~1 
2^/^ 



= iV2- V2, 



and COS 22° 30^ 



->/ 



1 + COS 46° 



tan 22° 30' = 



i V2 + V2. 
sin22°3y 
COS 22° 30' 



V2TV2 
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cot22°3(K = 



2-V2 

_ 2-V2 

V2 . 
= V2-1. 
1 



tan22°30' 

1 



,V2-1 
= V2+1. 



sec 22° 3(y = Vl + tana 22° SO' 
= V4-2V2. 



CSC 22° 30' = Vl + 0012 22° 30' 
= V4 + 2V2. 

5. Determine the number of so- 
lutions of each of the triangles : 
0= 13.4, h = 11.46, A= 77° 20'; 
c = 58, a =76, C = 60°; 
6=109, a = 94, ^ = 92°10'; 
c = 309, & = 360, C= 21° 14' 26". 
(i.) a = 13.4, b = 11.46, A= 77° 20'. 
a>6 
.'. one solution, 
(il) c=68, a=76, C = 60°. 
asinC' = 76x iV3 

= 75 X 0.866 + 
= 64.+. 
c < a sin C 
.-. no solution, 
(iii.) 6 = 109, a = 94, ^ = 92° 10'. 
X > 90°, a < 6, 
.*. no solution, 
(iv.) c=309, 6=360, C=21°14'26". 
& sin C < 6 sin 30° 

<180. 
.*. 6 > c > 6 sin C 
.'. two solutions. 



6. In a parallelogram, given side 
a, diagonal (2, and the angle A 
formed by the diagonals ; fhid the 
other diagonal and the other side. 



S 




Ji 



Q 



In the parallelogram PQRS^ given 
PQ = a, QS = d, PTQ = il, re- 
quired PB and PS. 
TQ = iQ8 
= id. 

8inrPQ = -|^sinPrQ 

= i-sin^. 

From this formula, TPQ must be 
determined by logarithms. 

rQP= 180°- TPQ- A 

^^ ^ sin PTQ 

_ sin(180°- TPQ-^) 



= a 



sin A 



_ sin (TPQ +^) 
sin A 
PB=2PT 



sin A 

From this formula PR must be 
determined by logarithms. 
tani(Q5P~QPS) 

= ^^~g tani(QSP+QP^ 

a— d^ 



a+d 
a — d 



tan(90°-iPQ5) 
cot i PQS, 



a + d 

from which QSP and QPS must be 
determined. 
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^^ ^^ Bin QSP' 

from which PS may be determined. 

7. A and B are two objects whose 
distance, on accounjb of intervening 
obstacles, cannot be directly meas- 
ured. At the summit of a hill, 
whose height above the common 
horizontal plane of the objects is 
known to be 617.3 yds., angle ACB 
is found to be 15<» 13' 16". The 
angles of elevation of C viewed from 
^ and ^ are 2P 9^ 18" and 23« 16' 34" 
respectively. Find the distance from 
AtoB. 




Let D be the point directly under 
C in the same horizontal plane with 
A and B. Then 

AC=CDc8C CAD 

= 617.3 CSC 21°9' 18". 

log 617.3 = 2.71374 

log CSC 21° O' 18" = 0.44262 

log ^C= 3.16636 

^C= 1433.4. 

BC=CDcscCBD 

= 617.3 CSC 23<> 16' 34". 

log 617.3 = 2.71374 

log CSC 23° 16' 34" = 0.40362 

log £C = 3.11726 

BC = 1310.0. 



taai i {ABC — BAC) 

Aft -Dfi 

= ^ tan 82- 23' 22". 

log 123.4= 2.09132 
colog 2743.4= 6.56171-10 
log tan 82° 23' 22" = 10.87414 
\o^\An\(ABC-BAC)= 9.52717 
\(ABC—BAC)= 18° 36' 20" 
i (ABC +BAC)= 82° 23' 22" 
^5C=100°69'42" 



AB=AC 



= 1433.4 



sin ABC 

sin 15° 13' 16" 



sin 100° 69' 42" 

log 1433.4 = 3.16636 

log sin 16° 13' 16" = 9.41919 

colog sin 100° 69' 42" = 0.00804 

log ^5= 2.58359 

^5=383.35 

Distance AB is 383.36 yds. 

in. 

1. Trace the value of tan and 
that of CSC 9, as ^ increases from 
0° to 360°. 

(i.) When ^ = 0°, tan ^ = 0; and, 
as increases from 0° to 90°, tan d 
increases from to qd. As ^ in- 
creases from 90° to 180° and from 
180° to 270°, tan increases from 
— QD to and from to -f qd ; and, 
as increases from 270° to 360°, 
tan increases from — oo to 0. 
Since tan (180° + ^) = tan ^, the 
succession of values of tan is the 
same from = 180° to ^ = 360° as 
from ^ = 0° to ^ = 180° ; and, smce 
tan (180°— ^) = — tan ^, tan stakes 
the same series of values in the 
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second quadrant as in the first, but 
in the opposite order and with the 
opposite sign. In the first quadrant 
theyalues of tan for several angles 
are given in the following table : 

^=0^30°, 45^60°, 90<». 
tan^ = 0, >^, 1,^, QD. 

(u.) When tf = 0*^, esc ^ = oo ; and 
as d increases from 0^ to 90°, esc 
decreases from oo to 1. As ^ in- 
creases from 90° to 180° and from 
180° to 270°, CSC increases from 
1 to QD and from — qd to — 1 ; and 
as $ increases from 270° to 360°, 
CSC $ decreases from — 1 to — qd. 
Since esc (180° + 0) = — cac 0, C8C 
takes the same succession of values 
from = 180° to ^ = 360° as from 
^ = 0° to ^ = 180°, but with the op- 
posite sign ; and since esc (180° — 0) 
= C8G 0, C8C takes the same series 
of values in the second quadrant as 
in the first, but in opposite order. 
In the first quadrant the values of 
CSC for several angles are given in 
the following table : 

= O°,3O°, 46°, 60°, 90°. 

csctf=oo,2, ^^,^, 1. 

2. (a) Find the remaining function 
of when cos ^ = — i 'S^. 

(p) Determine all the values of 
that will satisfy the relation cot = 
2cos0. 
(a) cos^=— i^^. 

sin^ = Vl-cos2^=±i. 
sin 1 



cot« = -^=:f Vs. 
tan tf ^ 



Bec^ = 



1 ^ 
cos 0' 
1 



2_ 



- = 2 cos tf . 



csc^=-r-i=±2. 
sin 

(6) cot« = 2co8«. 
cosg . 
Bine' 
cos 9 = 2 sin 9 COS tf. 
cos 9 = sin 2 $, 

^=900 — 2«or2tf — 90°. 
(i.) 3 tf = 90° + n 360°. 
tf=30° + nl20° 
= 30°, 160°, 270°. 

(iL) ^ = 90°. 

...^=30°, 90°, 160°, 270°. 

3. Prove the identity 

sin^^ — cos'^ 



tan ^ — cot -4 = 



tan = 



COB0 



= =F 



V3 



sin A cos A 

= — 2 cot 2 ^. 

sin A cos A 

tan -4. — cot -4 = r ; — r 

cos A Bm A 

— BJP^-^ ~~ cos^^ 

~" sin ^ cos A 

But cos^^— sin2^= cos 2 ^ 

2 sin ^ cos ^ = sin 2 ^. 

A * A — cos 2 ^ 

.-. tan A — cot A = -r—. — r— r 

i sm 2 ^ 

= — 2 cot 2 -4. 

4. Derive an expression for the 
sine of half an angle in a triangle in 
terms of the sides of the triangle. 
SeelL, Ex. 2. 

5. Construct a figure and explain 
fully (giving formulae) how you 
would find the height above its base, 
and the distance from the observer, 
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of an inaocearible vertical object 
that is yiflible from two points whose 
distance apart is known, and which 
can be seen from one another. 




Let CD be the vertical object, A 
and B the two points of observation. 

Measure the angles CAB, CBA, 
and CAD, Then 
. sin CBA 



AC = AB 



= AB 



= AB 



BiaACB 

sin CBA 



CB = AB 



Bin (1S0°- CAB -CBA) 

sin CBA 
8m(CAB+CBA)' 

sin CAB 



Bin {CAB -^ CBA) 

CD = AC sin CAD 

. sin CBA sin CAD 



= AB 



am (CAB + CBA) 



6. Given two sides of a plane 
triangle equal respectively to 121.34 
and 216.7, and the included angle 
47° 21' 11", to find the remaming 
parts of the triangle. 
Let 6=121.34. 
c = 216.7. 
A = 47° 21' 11". 
Then tan i (C - B) 
_c-b 
c + b 
95.36 



tani(C+B) 



log 96.36= 1.97937 
colog 338.04= 7.47103-10 
log tan 66° 19^ 24" = 10.35806 
logtani(C-5)= 9.80846 

^(C- 5) = 32° 46" 19" 

^(C-f.^)=z 66° 19^24" 

C = 99° 4' 43". 

JB=33°34' 5". 

sin A 



a = b 
= 121.34 



sin B 
sin47°2ril" 
sin 33° 34' 6" 



338.04 



tan 66° 19' 24" 



log 121.34 = 2.08400 

log sin 47° 21' 11" = 9.86661 

colog sin 33° 34' 6" = 0.25733 

log a = 2.20794 

a =161.42. 



7. In a right triangle, if the dif- 
ference of the base and the perpen- 
dicular is 12 yds., and the angle at 
the base is 38° 1' 8", what is the 
length of the hypotenuse ? 

a- 6 =12, 

B=38° 1' 8". 
^ = 61° 68' 62". 

^ ,. / 7.V tani(^ + g) 
«+^=(«-^)taniU-i^; 
__ tan 46° 

~ ^^ tan 6° 68' 62" 
= 12 cot 6° 68' 62". 

log 12= 1.07918 
log cot 6° 68' 62" = 10.91204 
log (a + 6)= 1.99122 
a -f- 6 =97.998 

a-6=12 

a = 64.999 
c = a CSC -4 
= 64.999 CSC 61° 68' 62". 
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log 54.999 = 1.74036 

log CSC 61° 68' 62'' = 0.10368 

log c = 1.84393 

c = 69.812. 

Length of hypotenuse, 69.812 yds. 

IV. 

L By means of an equilateral 
triangle, one of whose angles is 
bisected, find the numerical values 
of the functions of 30° and 60°. 




G I) B 

Let ABC l)e an equilateral tri- 
angle ; AD the perpendicular from 
AcmBC \ and let the length of each 
side of the triangle be 1. Then 

BAD = 30°, DBA = 60°. 
AD = V^ J52 - 52)3 



= iV3. 
sin BAD = cos ABD = 



BD 
AB 
sin 30° = cos 60° =i ; 

(iosBAD= sin ABD = ^ 
AB 

COS 30° = sin 60° = iV3 ; 



3. Prove that 



sin g 4- sin ^ 
COS 6 — COS d" 



tan BAB = cot ABD = 

tan 30° = cot 60° = 



BD 



cot BAD = tan ABD = 
cot 30° 



AD 
J_ 

V3' 

AD 

BD 

tan 60° =V3; 



sec BAD - 
sec 30°: 



■ CSC ABD = -.- 
AD 

:csc60° =4=; 
V3 



^cABD=ff^ 



C6C BAD 
CSC 30° = sec 60° = 2. 



2. If 9 be any angle, prove that 
sm a = tan ^ : Vl + taii^^'. 
cos $ = Vc8c2^ — 1 : CSC e. 



(i.) 



Vl + tan^tf = Vsec*^ 
= sec 0. 



.'. tan ^ : Vl + tan^^ = tan ^ : sec ^ 
— sing . 1 
~ cosg ' cosg 
= sing. 



(ii.) 



VcSC2g — 1 = VcOt^g 

= cot e. 



Vcsc^g — 1 : esc g = cot 6 :cBC0 
_coSg ^ 1 
• ~ sin g * sin 6 
= cos d. 



= — cot i (g — g'), when and g' are any 



sin g = sin [i (g + go -f i (g - g^] 

= sin i (g + g') cos i (g - g') + cos i (g + go sm i (g - gO- 
sin g'= sin [i (g + g') - i (g - g')] 

= sm i (g 4- go cos i (g - g') - cos i{0-h0^ sin i (g - gO- 
/. sin g + sin g'= 2 sin i(g+ g')cos i(g — gO- 
cos g = cos [i (g + go + i (g - g')] 

= cos i (g 4- g') cos i (g - g') - sin i (g + g') sin i (g - go. 
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'c08^=cai[i(tf+^-i(«-O] 

= COS i (<? + O COS i (tf - ^ + Sin i(^+ Osin i (^- ^. 

. cos tf- cos ^= - 2 sin i(« + ^ sin i(tf- ^. 

8lng + 8ing^ _ 2sini«y+^co6i(g-gO 
co8«-cos^ -2sini(<? + ^8ini(«-0 

_. co8i(g-'y) 
sin i(^-^ 

= — coti(«— O- 



4. Find sin 2 9, cos 2 9, and tan 
2 9, in terms of functions of 2 6. 
sin 2 « = sin (^ + tf) 

= sin tf cos ^ + cos ^ sin tf 

= 2 sin ^ cos tf. 

cos 2 tf = cos (tf + ^ 

= cos tf cos ^ — sin tf sin tf 
= cos2^ — sin2^. 
tan2^ = tan (tf + ^) 

tantf+ tantf 



1 — tan^ tantf 
2 tan g 
l-tan^d' 



5. Assuming the law of sines for 
a plane triangle, prove that 

(a + 6) : c = cos i (^ — J8) : sin i C, 
(a-6):c = 8in i(il — 5): cosi C. 
See I., Ex. 6. 

6. At 120 ft. distance, and on a 
level with the foot of a steeple, the 
angle of elevation of its top is 62° 27'; 
find the height. 

A = 62° 27', h = 120. 
a = h tan A 
= 120 tan 62° 27'. 
log 120= 2.07918 
log tan 62° 27'= 10.28260 
loga= 2.36178 
a = 230.03. 
Height of steeple, 230.03 ft. 



7. Solve the plane triangle given 
the three sides, 

a = 48.76, b = 62.02, c = 80.24. 

a = i(a+6 + c) 

= 96.96. 

a — a = 47.20. 

,-6 = 33.04. 

a - c = 16.72. 

__ /47.20 X 33.04 X 16.72 



=V 



96.96 
log 47.20 = 1.67394 
log 33.04 = 1.61904 
log 16.72 = 1.19646 
colog 96.96 = 8.01791 — 10 

2 )2.40734 
log r = 1.20367. 

logtani^= 9.52973 
log tan i 5= 9.68463 
log tan i C = 10.00722 

i^= 18° 42' 29" 
^B= 25° 48' 66" 
i C = 46° 28' 35" 

A= 37° 24' 68" 
B = 61° 37' 62" 
C = 90° 67' 10" 



^+5+0=180° 0' 0". 
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V. 
L In how many years will a 
of money double itself at 4 per c 


sum 
.ent, 

emi- 

the 
is 

m 

find 


3. 

whic 
= 1 

8(1 
20 si 

(i.) 
(u.) 


2 
C08 2x= 1— 2Bin«x 


interest being compounded s 
annually? 

Let the sum be 8, Then 
amoont at the end of n years 

(1.02)' "S, 
and (1.02)*-5 = 2 8, 


= -Vl-m2. 
8in2x = Vl — C0822X 

= ±m. 
tan2x = '*^f 

C08 2X 


(1.02)*" = 2. 
2 n log 1.02 = log 2. 

n = * ^^^2 , 
* log 1.02 
log 2 = 0.30103. 


^^Vl-m*' 

Find all values of x under 300®, 
h satisfy the equation V8 cos 2 x 
— 2sinx. 


log 1.02 = 0.00800. 

.-. n = 17.6. 
The sum will double itself in 
years. 


/8co8 2x = l--2sinx. 
8co8 2x= 1—4 sill x+4sin^. 
- 2 sin*r)= 1— 4sinx+4 sin^x. 
n^x — 4smx— 7 = 0. 

sin X = 3^ or — i. 
8mx=/ff. 


2.Givensin^-^+^^-"'', 
sin 2x and tan 2 X. 


x = sin-i/ff. 
sinx= — i. 

X = 330*» or 210°. 



4. What is always the value of 

2 sin^ sin^y + 2 cos^c cos^y — cos 2 x cos2 y ? 
2 sin^x 8in2y + 2 cos^ cos^y — cos 2 x cos 2 y 
= 2(sinx siny + cosx cosy)^— 4 sinx siny cosx cosy — cos 2 x cos 2 y 
= 2 cofl2 (X — y) — (sin 2 x sin 2 y -f cos 2 x cos 2 y) 
= 2 cos* (x — y) — cos (2 X — 2 y) 
= 2 cog2 (x — y) — cos 2 (x — y) 
= 2 cos2 (x — y) — [2 cos^ (x - y) — 1] 
= 1. 

5. Find the area of a parallelogram, if its diagonals are 2 and 3, 
intersecting each other at an angle of 35^. 

Area of each of the four triangles into which the diagonals divide the 
parallelogram: =ix}xisin35<' 

= f sin 36°. 
.-. Whole area = 3 sm 36°. 

sin 35° =0.5736. 
.-. Whole area = 1.7208. 
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6. Find the bearing and distance 
from Cape Horn (66<» 66' S., 67^ 40' 
W.) to Falkland Islands (61<» W S., 
69» W.). 

Difl. lat = 4« 16' = 266'. 
Mid. lat. = 63^ 47' 30". 
Diff. long.= 8°40' = 620'.' 
Depart. = Diff. long. X cos mid. lat 
= 620 cos 63*> 47' 30". 
Depart. 

^^^^"^=Disn;it 

= ^co8 63*>47'30". 

log 620= 2.71600 
colog266= 7.69346-10 
log cos 63° 47' 30" = _A77139 
log tan course = 10.08086 

course = N. 60° 18' 9" E. 
Dist. = diff. lat. X sec course 
= 266 sec 60° 18' 9". 

log 266 = 2.40664 

log sec 60° 18' 9" = 0.19468 

log dist. = 2.60122 

dist = 399.23. 

Bearing, N. 60° 18' E. ; distance, 

399 miles. 

VI. 

1. In a certain system of loga- 
rithms 1.26 is the logarithm of i. 
What is the base ? 

[Be careful to remember what 
T.26 means.] 

Let the base = 6, 

Then h^'^ = h 

6 = 8* 
= 16. 
The base is 16. 



2. Find the tangent of 3 x in 
terms of the tangent of x. 
tan3x = tan (2 x + x) 

_ tan 2 X -h tan x 

"" 1 — tan2x tanx 

2 tanx 



1 — tan2x 



+ tanx 



2 tanx ^ 
1 — tan^ 
_ 3 tan X — tan*x 
"■ 1-3 tan^x 

3. One angle of a triangle is 36°, 
and one of the sides including the 
angle is 24. What are the smallest 
values the other sides can have ? 

The smallest value of the side op- 
posite the given angle is 24 sin 36°. 
The third side may have any value 
from to oo. 

log 24 = 1.38021 

log sm 36° = 9.76869 

log(24 8m 36°) = 1.13880 

24 sm 36° =13.766. 

4. Find all the values of x, under 
360°, which satisfy the equation 

tan 2x (tan^x — 1) = 2 sec2x — 6. 
tan2x(tan2x — 1) 

= 2 sec^x — 6. 

2 tan X .^ , ,. 
(tan^x — 1) 

= 2 (1 + tan^x) - 6. 
— 2 tan X = 2 tan^x — 4. 
tan2x + tanx = 2. 

tan X = 1 or — 2. 

(i.) tanx=l. 

x = 46° or 226°. 

(ii.) tanx= —2. 

x= tan-i(— 2). 



1— tan^x^ 
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5. Two ships leave Cape Cod 
(42° N. 70° W.), one sailing E., the 
other sailing N.E. How many miles 
must each sail to reach longitude 
66° W. ? 

Diff. long. = 6° = SOC. 
(L) For the first ship, 

Dist. = diff. long. X cos lat. 
= 300 cos 42°. 
log 300 = 2.47712 
log cos 42° = 9.87107 



(ii. 



log dist. = 2.34819 
Dist. = 222.94. 
For the second ship, 
Course = 45°. 



.*. depart. = diff. lat 
Let diff. lat. = d. 
Then 
diff. long. = depart. X sec mid. lat. 

300 = d sec (42° + i d). 
Bytriald=3°36'30'' 
= 216.6', 
Dist. = diff. lat. x sec course 
= 216.6' sec 46° 
log 216.6 = 2.33646 
log sec 46° = 0.16061 
log dist. = 2.48697" 
Dist. = 306.17. 
First ship must sail 223 miles ; 
second ship 306 miles. 



e.UA + B+C= 180°, find the value of 

tan-4 + tanB + tanC — tan^ tanJBtanC. 

tan^l + taxiB+ tan C— tan^ tan £ tan C 

= tan-4 + tanJB-f tanC(l— tan-4 tanB) 

= tan^ + tanJB+tan[180°— (^ + 5)] (l-tauil tan 5) 

= tan-4 + tanJB— tan(-4.-f B) (1 — tan ^ tan 5) 

A I J. n tan ^ + tan B ,^ ^ . ^ _^ 

= tan-4 + tanB— ; — r — ^r- — = (1 — tan -4 tan ^ 

1 — tan-4 tanJB^ ' 

= 0. 



vn. 



1. What is the base, when log 
0.008 = -1.6? 

If the base = 6, 

6"^-* = 0.008. 

&"' = TTfinr. 
5f = limn 

= 126. 
.-.6=126* 
= 26. 
The base is 26. 

2. If cos (a — 6) = 3 cos (a + 6), 

find the value of — ^ 1 • 

sec a sec b 



cos (a — 6) = 3 cos (a 4- 6). 
cosa cos6 + suiasin& 

= 3 cos a cos 6 — 3 sin a sin 6. 
2 cos a cos & = 4 sin a sin &. 
cosacos6= 2 sinasin6. 
cos (a + 6) = cos a cos 6— sin a sin b 
= ico8a cos 6. 
2 



sec (a + 6) = 



cos a cos b 
= 2 sec a sec 6. 



sec (g 4- &) _. ^ 
sec a sec b 
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3. The area of an oblique-angled 
triangle is 60. One angle is 90°, and 
a side adjacent to that angle is 12. 
Solve the triangle. 

Area = ibc8inii. 



60=sXl2 8in3(y> 


= 3c. 




.•.c=y. 




tani(C-B) = ^toni(C+JJ) 


=¥' 


tan i (180°- 30°) 


= A 


tan 76° 


log 7 = 


0.84610 


colog 43 = 


8.36663 


log tan 76° = 


10.67195 


logtani(C-/?) = 


9.78358 


\{C-B)^ 


31° 16' 60" 


i(C+2^) = 


76° 


C = 


106° 10' 60" 


B = 


43° 43' 10". 



a=6 



=12 



sin^ 
sin J3 
sin 30° 



sin 43° 43' 10" 
_ 6 

sin 43° 43' 10"* 

log 6 = 0.77816 

colog sin 43° 43' 10" = 0.16044 

log a = 0.93869 

a = 8.6814. 

4. Find all yalues of x, less than 
360°, which satisfy the equation 
sin 2 X — cos x = cos^c. 
sin 2 X — cosx = cos^c. 
2 sin X cos X — cos x = cos^c. 
cos X (2 sinx— 1— cos x) = 0. 
(i.) cosx = 0. 

x=90°or270°. 



(iL) 2SU1X — 1 — cosx = 0. 

2sinx— 1 = cosx. 
48in^ — 4sinx + 1 = cos^ 

= 1 — sin^x. 
6sin%c — 4sinx = 0. 

sinx = or %, 
x = 0°, 180°, 63°7'48", 

or 126° 62' 12". 
.-. « = 0°, 90°, 180°, 270°, 63° 7' 48", 
or 126° 52^ 12". 
Of these values, however, only the 
following satisfy the original equa- 
tion: 
X = 90°, 180°, 270°, 63° 7' 48". 

5. Find, by Middle Latitude Sail- 
ing, the course and distance from 
Cape Cod (Lat. 42° 2' N., Long. 70° 
4' W.) to Fayal (Lat. 38° 32' N., 
Long. 28° 39' W.). 

DifE. lat. = 3° 30' = 210'. 
Mid. lat. =40° 17'. 
Diff. long. = 41° 26' = 2486'. 
Depart = diff. long. X cos mid. lat 
= 2486 cos 40° 17'. 
__ depart. 
"" diff. lat 
_ 2486 cos 40° 17' 
210 
log 2486= 3.39633 
colog 210= 7.67778 
log cos 40° 17' = 9.88244 
log tan course = 10.96566 

Course = S. 83° 40' 43" E. 
Dist. = diff. lat. X sec course 
= 210 sec 83° 40' 43". 
log 210 = 2.32222 
log sec 83° 40' 43" = 0.96819 
log dist =3.28041 
Dist= 1907.3 
Course, S. 83° 41' ; distance, 1907 
miles. 



tan course = - 
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6. In any triangle ABG^ prove 

tani^taniB + tani-4taniC + taniBtaniC = l. 
tani^tani^ + tani^taniC + taniBtaniC 
= tan iA tan i-B + tan i C (tan i A -f tan iB) 
= tan i^ tan iB + tan [9(y»- i(^ + B)] (tan i^ + tan iB) 
= tan i^ tan iB + cot i (-4 -f B) (tan iil + tan \B) 

= 1. 



vm. 

1. What is the base of a system 
of logarithms in which 

log3?b = 2.33i? 
Let the base = 6. 
Then ^^=^^h' 

6=(3-*)-t 
= 38 
' =27. 
The base is 27. 

2. Given the area of a right tri- 
angle, and the smallest angle, find 
the legs of the triangle in terms of 
the data. 

= F 

= A. 

ab=2F. 

■r= tan-4. 



a2=2FtanA 
62 = 2Fcot^. 



Let area 
given angle 
Then, 



a = V2 F tan ^. 
6 = V2J^cot^. 



3. Find a and 6, given ^—^ = V2, 
tan b 



*rina_ 
sin b 
tana _ 
tan & 
sin a = 
tana = 
sin a 
cos a 
sin g ___ 
sin b 

V2 = 



Vs. 

^^8in6. 

V3tan6. 
sin 6 

C066 

V3 ?***'• 



= ^/z 



COS & 

COS 6 
V|cos6. 
2 sin26. 
f cos26. 

2sin26+fcos26. 
1. 

&) = 1. 
i. 

±i. 

±30°or±160° 
y/2Bmb 

-^- 

a=±46<>or±135°. 

4. One angle of an oblique-angled 
triangle is 45°, and an adjacent side 
is V2. What is the smallest value 
the opposite side can have ? Solve 
the triangle when the opposite side 
isf. 



co6a = 

sin2a = 

cos2o = 

sin^o + cos^o = 

2sin264-fcos2& = 

2 8m26 + f (1-sin^ 

8m26 = 

8in& = 

6 = 

sina = 



218 



TBI60N0METBY. 



(i.) Smallest value of opposite side is 
>^8iii46*'=l. 

a > 6 > a sin JS. .-. two solations. 
sinil = i-sinB 



= V2 X J sin 46<» 
= t. 
log 4 = 0.60206 
colog 6 = 9.30103 
logsin^ = 9.90309 
^ = 63<^ 7' 48" or 126« 62' 12". 
C = 180 - (^ + B) 

= 8P 52' 12" or 8« T 48" 
^ sinC 
sin£ 

log 6 = 0.09691 0.09691 

log sin C= 9.99661 9.16061 

colog sin J» = 016061 0.16051 

log c = 0.24303 9.39793 - 10 
c = 1.76 2.60 

5. A ship leaves Cape Cod (42^ 2' 
N., 70''4' W.) and sails 200 knots on 



c = 6- 



a course S. 40° £. Find the latitude 
and longitude reached. 
Diff. lat.= distance x cos course 
= 200 cos 40°. 
log 200 = 2.30103 
log cos 40° = 9.88425 
log diff. lat.= 2.18628 
diff. lat.= 163.21' 

= 2° 33' 13". 
Mid. lat. =40° 46' 24". 
Diff. long.= depart. X sec. mid. lat. 
Depart. = distance X sin course 

= 200 sin 40°. 

Dlff. Iong.=200sm40°sec40°46'24". 

log 200 = 2.30103 

log sin 40° = 9.80807 

log sec 40° 46' 24"= 0.12062 

log diff. long. = 2.22972 

diff. long. = 169.72' 

= 2° 49' 43". 

Latitude reached, 39° 29' N. ; lon- 
gitude, 67° 14' W. 



6. If 2 tan 2 a = tan 2 6 sin 2 6, find the relation between the tangents 

of a and 6. 

2tan2a = tan26sin2&. 



4 tan g 
1 - tan2a " 



2 tan 
1 — tan26 

4 tan 6 
1 - tan^ft 

4tan26 



X 2 sin 6 C06& 

X tan h coe% 
1 



tan a 



1 — tan26 sec^ft 

4tang6 
(1 - tan26) (1 + tan26) 

4tang6 
1 — tan*6' 

tan36 



1 — tan2a 1 — tan«6 
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tan a (1 — taii*6) = tan^fe (1 - tan^a). 
tan26 tan2a + (1 — tan*&) tan a — tan^ft = 0. 

.-. tan a = tan* or — : — ir 
tan^d 

= tan^ft or — cot%. 



IX. 

L What is the base of the system 
of logarithms when log 3 = 0.3976 ? 
Let the base = b, 



Then it 



,0.3976 __ 



= 3. 



0.3976 log 6 = log 3 
, . log 3 
^^^^ = 0^76 
_ 0.47712 
0.3976 
log 47712 = 4.67863 
log 39760 = 4.59946 
log (log 6)= .07918 
log h = 1.2000 
6=16.849. 

The base is 16.849. 

2. Solve the right-angled triangle 
in which one angle is 30°, and the 
difierence of the legs is 4. 

a-6 = 4, 5 = 30°, ^ = 60°. 

- = tanB 
a 

1 



6 = 



V3 
V3 



a. 



= 4. 

4V3 



V3-I 
= 2 (3 + V3). 



= 2(V3 + 1). 

_4c^ 
3 
2a 

= 4(V3 + 1). 

3. Find x, given sec x=2 tan x+2. 
sec X = 2 tan x + 2. 

sec^x = 4 tan^x + 8 tanx + 4. 
1 + tan2x = 4 tan^x + 8 tanx + 4. 
3 tan^x + 8tanx + 3 = 0. 

-4± V7 
tanx = ^ 

_ - 4 ± 2.6469 

3 
= 1.3641 or - 6.6469. 
.-. X = 126° 26' 44",- 63° 33' 16", 
98° 33' 31", or - 81° 26' 29". 

4. One angle of a triangle is 
double another angle. The side op- 
posite the first angle is three-halves 
of the side opposite the second angle. 
Find the angles. 

A = 2B, a=f 6. 

sm -4 = r sm 5 




= f sin ^ A, 
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2 sin iA cosiA = ) sin ^A. 

C06£=f. 

co8i4 = 2coe«iil — 1 

= i. 
log COB il = 0.09691 

^ = 82^49' 9". 
log COB B= 9.87606. 

5 = 410 24' 86". 
C=IW-{A + B) 
= 66° 46' 16". 

5. Find, by Middle Latitude Sail- 
ing, the coarse and distance from 
Funchal [32« 38' N., 16° 64' W.] to 
Gibraltar [36° 7' N., 5<» 21' W.]. 

Diff. lat. = 3«29'=209'. 

Mid.lat =34^22' 30". 

Di£f.long.= ll<»33' = 693'. 



Depart = diff. long, x sec. mid. laL 
= 693 sec 34« 22' 30". 
depart 

= ?g sec 34° 22' 30". 

log 693= 2.84073 

colog209= 7.67986 

log sec 34^22' 30"= 0.08336 

log tan coarse = 10.60393 

Coarse = N. 76^ 2' 18" E. 
Dist.= diff. lat X sec coarse 
= 209 sec 76° 2' 18". 
log 209 = 2 32016 
log sec 76° 2' 18" = 0.61749 
log diBt= 2.93764 
Dist = 866.24. 
Coarse, N. 76° 2' E. ; distance, 866 
miles. 



6. Redace to its simplest form cos 2 x tan (46° + x) — sin 2 x. 
cos 2 X tan (46° + x) — sin 2 x 

= (cos^ — sin^c) :;; — : 2 sin X cosx 

^ '1 — tanx 

, ^ . „ . cos X + sin X _ . 

= (co8%c — sm^) 2 smx cosx 

^ ' cos X — sin X 

= (cosx + sin x)2 — 2 sinx cosx 

= coa^x + sin^ 

= 1. 

X. 

1. If the base of our system of logarithms were 20 instead of 10, what 
would be the logarithm of one-tenth ? 

1 



logjo^O 

1 



1.30103 
= 1.23138. 
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2. The area of a right triangle 
is 6, and the sum of the three sides 
is 12. Solve the triangle. 
db = 12. 



a + 6 = 12 - Va2 + b^, 
= 144 - 24 Va2 + 62 + aa + i 



a6=72-12Va2 + 62. 



12 = 72-12Va2 + 62. 



Va2+62 = 5. 
a2 + 62 = 25. 



a2+2a6 + 62=25 + 24 
= 49. 
a + 6=7. 
a2-2a6+62 = 25--24 
= 1. 
a-6=l. 
.*. a = 4. 
6 = 3. 
c = 5. 
a 
b 

log tan^ = 10.12494. 
^ = ^S"" r 48". 
5 =36^62' 12". 



tan^ = : 



3. Reduce to its simplest form 

cos^B + sin^B cos 2 ^ — sin^^ cos 2 B. 

cos25 + sin^B cos 2 ^ — sin^^ cos 2 B, 
= 1 — sin25 + sin25 cos 2^ — 8in2^ cos 2B 
= 1 + 8in25(cos 2^ — 1) — sin^^ cos 25 
= 1 + sm25 (2 sin2^) — sin2^ cos 2 5 
= 1 + sin2J. (2 sin25 — cos 2 B) 
= 1 + sin2-4 (2 sin25 -1 + 2 sin2^ 
= 1 — sin2^ + 4 sin2^ sin25 
= C0S2J. + 4 sin2^ sin25. 

4. Two angles of a triangle are 40° 14' and 60° 37'. The sum of the two 
opposite sides is 10. Find these sides. 



a — 6 = (a + 6) : — ! ; . . ^^ 
^ ' tan i(A + B) 



= 10 



logtanl0°ll'30" = 

cologtan60°25'30" = 

log(a — 6) = 

a — 6 = 



tan 10° 11' 30" 
tan 60° 25' 30"* 
log 10= 1.00000 
9.25473 
9.91726 



0.17199 
1.4859 

a+6 = 10 

a= 5.743 
6= 4.257. 
The sides are 5.743 and 4.257. 
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5. A ship leaves Cape of Good 
Hope (34« 22' S. , 18° SC E. ) and sails 
N. 4(y> W. to latitude SOP S. Find, 
by Middle Latitude Sailing, thelongi- 
tude reached and the distance sailed. 
Difl. lat =4«22' = 262'. 
Mid.lat. = S2P 11'. 
Course = 40®. 
Depart. = diff . lat. X tan course 

= 262 tan 40**. 
Diff. long. = depart, x sec mid. lat. 
= 262tan40°sec32«ir. 
log 262 = 2.41830 
log tan 40«= 9.02381 
log sec 32® ir= 0.07246 
log diff. long. = 2.41466 
Diff. long. = 269.76' 

= 4® 19^ 46". 
Dist.= diff. lat.x sec course 
= 262 sec 40®. 
log 262 = 2.41830 
log sec 40° = 0.11676 
log dist. = 2.63406 
dist.= 342.02. 



Longitude reached, 14® 10" E.; 
distance sailed, 342 miles. 

6. The base angles of a triangle 
are 22® 30' and 112® 30'. Find the 
ratio between the base and the height 
of the triangle. 

Let ^ = 22®30', 5 = 112® 30', 
C = base, p = altitude. 

C=180®-(^+^ 

= 46®. 
p = d sin^. 
sinC 
sm^' 
c __ sinC 
p ~sin-4 BinB 

sin 46® 

~ sin 22® 30' sin 112® 30^ 
_ 2 sin 22® 30' cos 22® 30' 
sin 22® 30' cos 22® 30' 
= 2. 
The base is twice the altitude. 



c = b- 



XL 

1. What is meant by the logarithm of a number n in the system whose 
base is 8 ? What will be the logarithm of 4 in this system ? 

(i.) The logarithm of a number n in the system whose base is 8 is the 
power to which 8 must be raised to produce n. 
(ii.) The logarithm of 4 in this system is f. 

2. Establish the formula : 

. o 1 /^ 1 « V /l — cos X 
sm f X = ± (1 + 2 cos x) -y 

Which sign should be used when x lies in the first quadrant ? When z 
lies in the second quadrant ? 

sin f x= sin (x + ix) 

= sinx cosix + cosx sin^x 

= 2 sin ix coB^ix + (1 — 2sin2|x) sin ix 

= sinix(2cos2ix — 2sin2|x+ 1) 

= sin ix (2 cosx + 1). 
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But 



1 — cosx = 2 sin^^^x. 



. sin ix 



-.^- 



^- 



sinf x= ± (1 + 2 cosx) 

If X lies in the first quadrant, sin f x and coex are positive, and the 
positive sign must be used. 

If X lies in the second quadrant and is < 120°, sin | x and 1 + 2 cos x 
are positive ; and if x is > 120°, sin f x and 1 + 2 cos x are negative. 
Hence the positive sign should be used in both cases. 



3. In a triangle tvro angles are 
equal to 32° 47' and 49° 28' respec- 
tively, and the length of the in- 
cluded side is .072. Solve the tri- 
angle. 

A = 32° 47', B = 49° 28', c = 0.72. 
C=180°-(^ + B) 
= 97° 45'. 
sin -A 
sm C 
^ sin 32° 47'. 

sin 97° 45' 
log .072 = 8.85733 - 10 
log sin 32° 47' =9.73357 
colog sm 97° 45' = 0.00399 

log a = 8.59489 -10 
a = 0.039345. 
^ sin^ 
' sin C 

-0 072^^^^^' 
-"•"^^ sin 97° 45' 

log .072 = 8.85733 -10 
log sm 49° 28' = 9.88083 
colog sin 97° 45' = 0.00399 

log 6 = 8.74215 -10 
6=0.055226. 

4. A circular tent 30 ft. in diam- 
eter subtends at a certain point an 



b=c- 



angle of 15°. Find the distance of 
this point from the centre of the tent. 




Let A be the centre of the tent, 
B the point of observation, and BC 
the tangent from B to the circle 
representing the tent. Then 

AC=ld,B=r 30', C = 90°. 
AB = AC C8C B 
= 16 esc 7° 30'. 
log 15 =1.17609 
log CSC 7° 30' = 0.88430 
log AB = 2.06039 
^-B= 114.92. 
Distance of point of observation 
from centre of tent, 115 ft. 

5. A ship leaves Lat. 42° 2' N., 
Long. 70° 3' W., and sails N. 40° E., 
a distance of 420 miles. Find, by 
Middle Latitude Sailing, the position 
reached. 
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Diff. lat.= dist. x coe coorae 
= 420 COS 4(y>. 

log 420 =2.62326 
log cos 40^" = 0.88426 

log diff. lat. = 2.60750 
Diff. lat = 321.74' 

= 6^ 21' 44". 

Mid. lat. = 44° 42' 62". 
Depart. = dlst. X sin coarse 

= 420 sin 40°. 
Difi.long.= depart. X sec. mid. lat. 
= 420 sin 40 sec 44° 42' 62". 
log 420 = 2.62326 
log sin 40° =9.80807 
log sec 44° 42' 62" = 0. 14836 

log. diff. long. = 2.57968 
diff. long. = 379.91' 

= 6° 19' 55". 

Latitude reached, 47° 24' N. ; lon- 
gitude, 63° 43' W. 



TCJJ. 

1. Express an angle of 60° in 
radians. 

360° = 2 jr radians. 

.-. ^'^ = ? radians. 

2. Represent geometricaDy the 
different trigonometric functions of 
an angle. State the signs of each 
function for each quadrant 

See Trigonometry, § 21. 

3. Express tan and sec in 
terms of sin 0. 



tan0 = 


sin 

COS0 




sin0 




Vl - sinV 


sec0 = 


1 

COS0 


__ 


1 



Vl — sinV 



4. Derive the formula 
sin a + sin /3 = 2 sin 4^ (a + /3) cos i (a — /J), 
sm a = sin [i (a + /3) + i (a - /3)] 

= sm i (a + /3) cos i (or — /3) + cos i (a + /J) sin i (a — /3). 
sin /3 = sin [i (« + /3) - i (a - /3)] 

= sin i (a -f /3) cosi (a — /3) - cos i (a + /3) sin i (a — /3). 
.'. sin a + sin/3 = 2 sin ^ (a + /3) cos i (a — /3) 



5. Show that if a, &, and c are the 
sides of a triangle and A is the angle 
opposite the side a, 

then a2 = 62 + c2 — 2 6c cos^. 
See Trigonometry, § 34. 

6. Given cos 2 x = 2 sin x, find the 
value of sin x. 

cos 2 X = 2 sin X. 
1 — 2 sin2x= 2 sinx. 



2sin2x4-2 8inx— 1 = 0. 

-1±V3 



smx = ■ 



V3-1 



7. Given two sides of a triangle 
a = 450.2, 6 = 425.4, and their in- 
cluded angle C = 62° 8' ; find the 
remaining parts of the triangle. 
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tanKJ. -^ = ^^tani(^ + B) 



a + b 

24.8 



tan 68<» 56'. 



875.6 
log 24.8= 1.39446 
colog 875.6= 7.05769-10 
log tan 68° 66' = 10.22008 
rtmi{A-E)= 8.67222 
i(^-B) = 2°4r30" 
iU + ^) = 58°56' 

A = 61° 37' 30". 
5 = 66° 14' 80". 
\ sin C 



sin^ 



= 460.2 



sin 62° 8' 



sin61°37'30" 

log 460.2 = 2.65341 

log sin 62° 8' = 9.94647 

colog sin 61° 37' 30" = 0.05669 

logc = 2.66647 

c = 462.34. 



xni. 



2. Write the simplest equivalents 
for sin {n + 0), tan (2 ;r - 0), cob 
(f«-0),sec(ir + 0). 

sin (« + 0) = — sin ^. 
tan (2 « — 0) = — tan 0. 
cos (1^ — 0) = — sin 0. 
sec (ir + 0) = — sec 0. 

3. Express (a) tan 4> in terms of 
sin 0, cos 0, and cot </>, respectively, 
and (h) cob </> in terms of tan 0, 
sec 0, and cosec 0, respectively. 

(a) tan = ^^^ 

_ sin 
Vl — 8in20 ' 

cos 

1 

cot 

1 



1. Express an 
radians. 

360° =2 7t radians. 

.-. 16° = — radians. 



ie of 16° in 



(6) cos = 



sec 



1 



Vl 4- tan20 ' 
= Vl - 8in20 



=v- 



_ VcscV — 1 



CSC0 



4. Show (o)thatsin(a + /3) + sin(a:-/3) = 2sina:cos^; 
(6) that cos (a + /3) + cos(a — /3) = 2 cosa cos/3, 
(a) sin (a + /3) = sin a cos j8 + cos a sin j8. 
sm (a — /3) = sin a cos /3 — cos a sin /J. 
.-. sin (a 4- /3) + sin (a — /3) = 2 sin a cos/3. 
(6) cos (a + /3) = cos a cos /3 — sin a sin /3. 
cos (a — /3) = cos a cos /3 + sin a sin /3. 
/. cos (a + /3) + cos (a — /3) = 2 cos a cos j8. 
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5. AflBume the f ormnlA cos a = 



26c 



-, and show that Bfai*i a = 



<*~^)j^~"\ when< = i(a+6-hc). 

28inHa=l 2^^— 

__ a ^-(6a -25c + C) 

26c 
^ ra + (6-c)Ua-(6-c)] 



26c 

__ (a+6-"C)(a-6 + c) 

26c 

_ (2<-2c)(2a-26) 

26c 

(a-6)(a-c) 
sin*ia = ^ ^j '• 



6. Obtain a formula for tan i a 
in terms of cos a. 

C08a= 1 — 2 sin^ia 

= 2co8*ia— 1. 

. -, 1 — cosa 



008^4^0: = 



2 

1 + cos tt 
2 



tanSia 



__8inH£ 
cos^ia 
_ 1 — COB a 
"" 1 + COS a 



tani 



«=Vrf 



— cosa. 



cos a 



7. The base of a triangle c= 656. 7, 
and the two adjacent angles a = 
66« 20'.2, /3 = 70° OCS ; calculate 
the area of the triangle. 



7=18(y>-(a + ft 

sin a 

a = c-; 

sm 7 

Area = i oc sin /3 

. .sinasin/3 

— tC* — : 

sm7 

- 1 trr^ >,,o Sin66<>2(K.2sin7(y>0(y.5 

- *<^-^) sin 44039^.3 

log (556.7)«= 5.49124 

colog 2 = 9.69897-10 

log sin 65° 20^.2 = 9.95845 

log sm 70° 00^.5 = 9.97301 

colog sm 44° SO'.S = 0.16314 

log area = 5.27481 

Area =188280. 

8. Given < a < 90°, and log 
cos a = 1.86254, to determine a. 

a = 45°24'20". 



XIV. 

1. Reduce an angle of 3.5 radians 
to degrees. 

1 A' 180° 
1 radian = • 

.-. S)^ radians = 

ic 

630° 



3.14159 

log 630 = 2.79934 

log 3.14169 = 0.49715 

2.30219 

3i radians = 200.64° 

= 200° 32' 24". 

More accurately, 

1 radian = 57.29578°. 
3i radians = 200.536° 

= 200° 32' 6". 
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2. Define the different trigono- 
metrical functions of an angle, and 
give their algebraic signs for an angle 
in each quadrant. 

See ^Mgonometry^ § 21. 

3. Write Simple equivalents for 
the following functions : sin (— a); 
cos (—a); tan(i;r+a); sec(|;r— a). 

sin (— cr) = — sin a. 
cos (—a) =C08a. 

tan f — + a j = — cot a. 

sec (J TT — a) = — esc a. 



4. Express cosec a in terms, 
respectively, of sin a, cos a, tan a, 
cot a, sec a, 

1 



co6eca = 



sin a 



1 



Vl — cos«a 



V 



= \1 + 



1 



tan^a 



= Vl + cot^a 
— secg 
Vsec^a — 1 



5. Reduce (cos a cos /J — sin a sin /3)* + (sin a cos ^ + cos a sin /S)^ to 
its simplest equivalent. 

(cosacosjS — sinasin/3)*+ (sin a cos /J + cos a sin /3)* 
= cos2 (a + /5) + sina(a + /3) 
= 1. 



6. Show that tan ^- — a j = t-jt 
tan (46° — a) = 



1 — tang 
tancr 
tan 46° — tan a 
tan 46° + tan a 
1 — tan a 
1 + tana 



7. The sum of two sides, a and h, 
of a triangle is 646.7 ft., the sum of 
the opposite angles, a and /3, is 124°, 
and the ratio sin a : sin /3 = 1.003 ; 
determine the angles and sides of 
the triangle. 

7=180°-(a + /3) 
= 66°. 
a + 6 = 646.7. 
a__ sing 
6 ~ sin /3 
= 1.003. 



a = 1.0036. 
a + 6 = 2.0036. 
2.0036=646.7 
646.7 
2.003 
= 272.»4. 
a =1.0036 
= 273.76. 

tani(a-/3)=^^tani(a + / 
0.81882, 



646.7 



tan 62°. 
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log 0.81882= 0.91319 
colog 646.7^= 7.26225-10 
log tan 62°''= 10.27438 
log tan i (a- /J) = 7.44977 
i(a-i3)= 9'41" 

*(a + i3) = ?2^ 

a = 62° O' 41" 
/3 = 61° SO' 19". 

sin 7 



= 272.94 



sin 56° 



sin 61° 50^ 19" 



log 274.94 = 2.43606 

log sin 56° = 9.91857 

colog sin 61° 50^ 19" = 0.05472 

log c = 2.40935 

c = 256.65. 

a Given < a < 90°, and log 
cot a = 0.03293, to determine a. 
a = 47°10'12". 

XV. 

1. Express (a) an angle of 2 rad- 
ians in degrees ; (6) an angle of 30° 
in radians. 

(a) 1 radian = 57.29578°. 
.-. 2 radians = 114.59156° 
= 114° 35' 30". 
(6) 360° = 2 71 radians. 

.-. 30° = ^ radians, 
o 

2. Give simple equivalents for the 
following functions : 

tan (— x), cosec (— x), sin f x + ^ )» 

sin (x- 1), tan (5^ -x), 

sin (2 TT — x). 

tan (— x) = — tan x. 

CSC (— X) = — CSC X. 



sin^x + -) = cosx. 

sin^x — ^) = — cosx. 

tan(^ — xj = cotx. 
sin (2 jr — x) = — sin X. 

3. Given tan x = | to express 
sin X, cos X, cot x, sec x, and cosec x 
in terms of a and 6. 

1 



sinx = - 



cscx 





Vl 4- cot^ 




a 




y/a^-^b^ 


cosx = 


Vl-sin^B 




b 




Va2+6« 


cotx = 


1 
tanx 


^ 


6. 




a 


6ecx = 


1 
cosx 




Va2 + 68 


~" 


b 


cscx = 


1 
sinx 




Vaa + 6a 




a 


4. Show that 




'fan /I -+- fs».r 


._8in(a±6) 



cos a cos b 



sin (a ± 6) = sin a cos6 ± cos a sinb. 
sin (g ± 6) _ sinacosft . cosasinft 



cos a cos b cosa cosb cosa cos6 
= tana± tan 6. 
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5. Derive the formnlffi 



. /l + cos a . - , /l - 

3ia=±-y ,8inia=±-y^— 



,- . . , . .1 — coaa 

COB^ -— • - ' — ' — • - • 



cos a = 2 cos2 1 a — 1 
= 1 — 2 8in2ia. 



, /l + cosa 
.•.co8ia=±-^ 

. , . /l — cosa 
smia=±-^ 



6. Given 180° < < 270^ and log cot = 0.3232, to determine <f>, 

4> = 222° 52' 12". 

7. The sides of a triangle are a = 32.5 ft., b = 33.1 ft., c = 32.4 ft. 
Calculate the area of the triangle and the angle c opposite the side C, 
using the following formulae: 



8 = Vp (p — a) (p — b) {p — c) = ^ab sin C, 

in which 8 denotes the area of the triangle, and p = i (a + b -{- c). 

1) = 49, log p= 1.69020 

p-a= 16.5, log (p-a) = 1.21748 

p-b = 15.9, log (p-b) = 1.20140 

p - c = 16.6, log (p - c) = 1.22011 

log 82=5.32919 

log 8 = 2.66459. 

8 = 461.94. 

28 

sm c = -T- 

db 

_ 2 X 461.94 

32.5 X 33.1* 

log 2 = 0.30103 

log 461.94 = 2.66459 

colog 32.5 =8.48812 

colog 33.1 = 8.48017 

log sin 0=9.93391 

C = 59° 11' 8". 
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ExsBciBE XXIII. Page 119. 



1. Giyen logio2 = 0.30103, logio3 = 
logioO, logiol4,logio 21, logio4, logio 
logiolJ. 

Iogio2 + logio8 
= 0.30103 
= 0.47712 



logioO 
logio2 
10gio3 

.logiod 



= 0.77816 



logio21 = logio3 + logio7 
logio 3 = 0.47712 
logio 7 = 0.84610 



.-.logio 21 = 1.8 

logio 12 = logio 3 + logic 4 
logio 3 = 0.47712 
logio 4 = 0.60206 

.-.logio 12 =1.07918 

logio 1 
logio 1 
logio 2 



= logio 1 — logio 2 
= 0.00000 
= 0.30103 



•. logio i =1.69897 



logio I 
logio 7 



= logio 7 — logio 9 
= 0.87610 



logio32= 0.96424 
• logio J =1. 



= 0.47712, logio 7 = 0.84610; find 
12, logio 6, logio*, logio i, logio J, 

logio 14 = logio 2 + logio 7 
logio 2 = 0.30103 
logio 7 = 0.84510 

.•.logiol4 = 1.14613 

logio 4 = 2 logio 2 
logio 2 = 0.30103 



.-.logio 4 = 0.60206 

logio 6 = logio 10 -logio 2 
logio 10 = 1.00000 
logio 2 = 0.30103 

.-.logio 6 = 0.69897 

logio J =2 logio i 
logio i =1. 



.Mogioi =1.39794 

logio ih = logio 21 — logio 20 
logio 21 =1.32222 
logio (10X2)= 1.30103 

. logio ii =0.02119 



2. With the data of example 1 ; find 

logjlO, loga6, logs 6, logT*, logsyfj- 
1 1 



logalO = 



logio2 0.30103' 



, c logio 6 0.69897 „ „„« . 

^^^'^ =1^2 = 030103 = 2-^224. 

i«„ A - logio5 _ 0.69897 _ 

^^«»^ - i4;3- 0:47712 "^•*^^- 



^^* logio 7 9.87610 



= -0.3662. 
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lo&TfT= 2 logsS- 3 10g57 
_ 21ogio3 — 31ogio7 

logioS 
_ 1.39704 - 2.63630 
0.47712 



3. Giyen logioe = 0.43420 ; find 

Oge 2, loge 3, loge 5, loge 7, loge 8, loge 9, loge f, lOge f, l0g« ff , l0g« A- 
A 47719 

, _ 0.69897 _ - ,,^. . 

^^^*^ = 613429 =^-^'^^- 

, ^ 0.84510 , -,_^, 

^^«^^ = 613429 =^-^^^^- 

loge 8 = 3 loge 2 = 2.07944. 

loge 9 =2 loge 3 = 2.19722. 

loge } = loge 2 - loge 3 = - 0.40546. 

loge i = 2 loge 2 - loge 6 = - 0.22314. 

loge If = log e 5 + loge 7 - 3 loge 3 = 0.25952. 

loge A = loge 7 - (loge 5 + loge 3 + 2 loge 2) 

=-2.14843. 

4. Find x from the equations 5* = 12, 16* = 10, 27* = 4. 

5 * = 12. .-. X logio 5 = logio 12. 
^^ logic 12 ^ 1.07918 ^ 

* logic 5 0.69897 ^•^"• 
16 * = 10. .-. X logic 16 = logic 10. 

logic 16 1.20412 
27 * = 4. .-. X logic 27 = logic 4. 

^ _ logic 4 _ 0.60206 _ 

* — ^ 1^ — ^ ^o<o/» — 0.420ol. 

logic 27 1.43136 



Exercise XXIV. Page 125. 

1. Calculate to five places of decimals loge 3, loge 5, loge 7. 
In the case of loge 3 the calculation is carried out below to ten places, 
for use in the next example. 
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In the f onnola 

z 



log« 



let 



and 






T.+ 



3(2«+l)» 6(2«+l)* 



« = 5' Then ^^ = 8, 2« + 1 = 2, 

« z 



8x 2« 

2.00000000000 



5X2* 



1.00000000000 



0.26000000000 



0.06260000000 -r 



1 = 1.00000000000 
8 = 0.08333333333 
5 = 0.01260000000 
7 = 0.00223214286 

9 = 0.00043402778 

0.00097666260 -r 11 = 0.00008877841 



0.01662600000 -r 



0.0a390626000 -r 



0.00024414062 -r 13 = 0.00001878005 



0.00006103515 -r 15 = 0.00000406901 



0.00001626879 ^ 17 = 0.00000089768 



0.00000381470 -r 19 = 0.00000020077 



0.00000096367 ^ 21 = 0.00000004541 



0.00000023842 -r 23 = 0.00000001037 



0.00000006960 -r 25 = 0.00000000238 



0.00000001490 -r 27 = 0.00000000065 



0.00000000372 -r 29 = 0.00000000013 



0.00000000093 -r 31 = 0.00000000003 



0.00000000023 ^ 33 = 0.00000000001 



1.09861228867 
.•.loge3 = 1.0986122886. 
Again, let 2 = 4. Then 2 + 1 = 5, 22 + 1 = 9, and 

^*4 V9 3X9«5X96^ J 



3X9« 

2.000000 



0.222222 + 1 = 0.: 



0.024691 



0.002743 + 3 = 0.000914 



0.000305 



0.000034 + 6 = 0.000007 
0.223143 
. loge } = 0.22314. 
loge 5 = 0.22314 + log, 4 

= 0.22314 + 2x0.69316 
= 1.60944. 
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Again, let 2 = 6. Then 2 + 1 = 7, 2 « + 1 = 13, ^nd 

1 . 1 . > 



''^l=^(i 



13 "*" 3 X 13» 



5X 136 



13 

13 
13 
13 
13 



2.000000 



0.153846 + 1 = 0.153846 

0.011834 

0.000910 -r 3 = 0.000303 



0.000070 



0.000005 -r 5 = 0.000001 



0.154150 
.-. loge i = 0.15416. 

log 7 = 0.15416 + loge 6. 

= 0.16415 + loge 2 + loge 3 
= l.»4591. 

2. Calculate to ten places of decimals loge 10. 

2 = 9. Then z + l = 10, 22 + 1 = 19, 

^^* 9 V19 3X 19» 5X 196"^ / 

2.00000000000 



Let 

and 



19 
19 
19 
19 
19 
19 
19 



0.10526316789 + 1 = 0.10626316789 



0.00554016621 



0.00029158769 + 3 = 0.00009719590 



0.00001534672 



0.00000080772 + 6 = 0.00000016164 



0.00000004251 



0.00000000224 + 7 = 0.00000000032 
0.10536051666 

.-. loge -\? = 0.1053605156. 

loge 10 = 0.1053606166 + 2 lege 3 
= 2.3026850930. 

3. Calculate to five places of decimals log 10 2, log 10 e, log 10 11. 



logio e = : 



1 



: = 0.43429. 



loge 10 2.30268 

To calculate log 10 11, let z = 10. Then z + 1 = 11, 2 2 + 1 = 21, and 

1 . 1 . \ 



logioH = 21ogioc(— ■ 



.3 X 21* 6 X 216 
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2.000000 



.21 
21 
21 



0.006238 -r 1 = 0.005238 



0.004636 



0.000216 -r 3 = 0.000072 
0.096310 



• logio H = 0.00631 X logio « 
= 0.00631 X 0.43429 
= 0.04139. 

log 10 11 = 0.04139 + logio 10 
= 1.04139. 
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1. Given ir= 3.1416926, compate sin 1', cos 1', and tan 1' to as many 
decimal places as possible. 

The circular measm^ of 1' is 

"^ =^-^i>^ = 0.0002^^ 



10800 10800 

the next figure being or 1. 

Again, taking the value of sin 1" as computed in the text-book, 
0.00029088 +, we have 

cos l'> Vl - (0. 



>Vl- 0.000000084617 

> VO.999999916383 

> 0.999909967691. 



Also, cos l'< Vl - (0.00029088)« 



< Vl - 0.000000084612 

< VO.999999916388 

< 0.999999967694. 

Hence, cos 1' = 0.99999995769, correct to eleven decimal places. 
But sin X > X cos X. 

.-. sin r> 0.0002908882 X 0.99999996769 

> 0.0002908882 (1 - 0.00000004231) 

> 0.0002908882 - 0.00000000002 

> 0.00029088818. 
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Therefore sin V lies between 0.00029088818 and 0.00029088821. That 
is, correct to nine places of decimals, 

sin r = 0.000290888, 
the next two figures being 18, 19, 20 or 21. 

Repeating the process, beginning with the last yalae of sin 1^ the com- 
patation can be carried still further. To eleven places 
sin r = 0.00029088820 +. 
From the values of sin 1' and cos V we have 
sinr 



tanr = 



cosT 
0.000290888 



0.99999995769 
= 0.000290888012+. 

2. Compute sin 2^ by the same method, and also by the formula 
sin 2 X = 2 sin X cosx. To how many places do the two results agree ? 
The circular measure of 2' is 

Tt _ 3.1415926 _ 
6400-5400 - 0.0005817764 +. 

Hence sin 2" lies between and 0.0005817765, 



and cos 2' > Vl - (0.00058178)2 

> Vl - 0.0000003502 

> VO.9999996498 

> 0.9999998249. 

But sin «>« cosx, 

hence sin 2'> 0.0005817765 X 0.9999998249 , 

> 0.0006817765 (1 - 0.00000002) 

> 0.0005817765 - 0.00000000012 

> 0.0005817763. 

Hence, sin 2' = 0.000581776, correct to nine decimal places. 

Again, sin 2^ = 2 sin V cos 1^ 

= 2 X 0.000290888 X 0.99999995769 
= 0.000681776 (1 - 0.00000004231) 
= 0.000581776 - 0.000000000026 
= 0.000681776 +. 

The two methods, therefore, both carry the calculation to the same 
number of places. 
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3. Compute sin 1^ to four places 
of decimaLs. 
The circular measure of 1® is 
ir _ 8.1416926 
180 



180 



- = 0.01745329. 



Hence, cos r> Vl- (0.6i 8)« 
>V0.999676 

> 0.999. 

And sin P >0.01745 (1-0.001) 

> 0.01746 -0.000 

> 0.0174. 

Hence, to four decimal places, 
sin 1° = 0.0174. 

4. From the formula cos x = 1 — 

X x^ 

2 sin' - show that cosx> 1 — — • 

Since sinx<x, 
we have sin - < - • 

X X* 

l-28in»|>l-f- 

x« 
.-. cosx>l--- 



5. Show by aid of a table of 
natural sines that sin x and x agree 
to four decimal places for all angles 
less than 4° 40^. 

The circular measure of 4° 40', or 
280^, is 

280jr _7jr 
10800 " 270 

_ 7 X 3.1415926 

270 
= 0.08145. 
The circular measure of 4° 41' is 
0.08146 -f 0.00029 = 0.08174. 



From a table, 

sin 4° 40' = 0.0814. 
sin 4° 41' =0.0816. 

Hence sin x and the circular meas- 
ure of X agree for 4° 40', and there- 
fore for all smaller angles to four 
decimal places ; but they differ for 
larget angles. 

6. If the values of log x ajid log 
sin X agree to five decimal places, 
find from a table the greatest value 
X can have. 

Let X be expressed in minutes. 
Then its circular measure is 
jrx 



10.800 X 60 
and its logarithm is 

log X" + (log n - log 648000) 
= logx" + (0.49716 - 5.81158) 
= logx"- 5.31443 
= logx" + 4.68557 -10. 

But from the explanation preced- 
ing Table IV., if we remember that 
log sines are given in the Table 
increased by 10, we have 

logsinx + 10 =logx" + 8 
log sin X = log x"+ S— 10 

Hence, if, for five places, logsinx 
= logx, we have 

logx"+4.68557-10=logx"+S-10 
.-.iS =4.68557. 

But, the greatest angle for which 
this value of S can be used is given 
in the Table as 2409". Hence, the 
greatest angle for which logx and 
log sin X agree to five decimal places 
is 

2409" = 40' 9". 
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Exercise XXVI. Page 128. 

* L Ck)mpate the sine and cosine of 6' to seven decimal places. 
From Example 2, Exercise XXV, 

sin 2' = 0.000681776+. 
Also, from Example 1 of the same Exercise, 

cos r = O.999O0»968. 
Hence, sin 3' = 2 sin 2' cos 1' — sin V 

= 2 X 0.000681776 (1 - 0.0000001) - 0.000290888 
= 2 X 0.00068178 - 0.00029089 
= 0.00087266. 
Also, cos 2' = 2 cos* 1' — 1 

= 2 (0.990999968)2 - 1 
= 2 X 0.99999992 - 1 
= 0.999999840+ . 
cos 3' = 2 cos 2^ cos r — cos V 

= 2 X 0.99999984 X 0.9999999 - 0.99999996 
= 2 X 0.99999974 - 0.99999996 
= 0.99999978+ . 
Finally, sin 6' = 2 sin 3' cos 3' 

= 2 X 0.00087266 X 0.99999978 
= 0.00174632. 
cos 6' = 2 C0S2 3' — 1 

= 2 (0.9999998)« - 1 
= 2 X 0.9999996 - 1 
= 0.9999992+ . 

2. In the formula (1) let y = P. Assummg sin P = 0.017464 +, 
cos 1° = 0.999848+ , compute the sines and cosines from degree to 
degree as far as 4°. 

sin 2° = 2 sin P cos 1° 

= 2 X 0.017464 X 0.999848 
= 0.034902. 
sin 3<* = 2 sin 2° cos 1° — sin 1° 

= 2 X 0.034902 X 0.999848 - 0.017464 
= 0.052340. 
sin 4<* = 2 sin 3<> cos V — sin 2° 

= 2 X 0.052340 X 0.999898 - 0.034902 
= 0.069762. 
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cob2*»=2c<*«1«-1 

= 2 (0.9W848)« - 1 
= 2 X 0.9996»6 - 1 
= 0.9 



COB 3° = (2 COS 2<' - 1) cos P 
= 0.098784 X 0.090848 
= 0.008632. 

cos 4° = 2 coe 3° cos 1° — cos 2° 

= 2 X 0.008632 X 0.000848 - 0. 
= 1.996960 - 0. 
= 0.007668. 



ExKBCisB XXVIL Page 132. 



1. Find the six 6th roots of — 1 ; 
o£ + l. 

-I = cosl80o+i8inl80° 
+ 1 = cos 0® + 1 sin 0°. 

Hence, the six 6th roots of — 1 
are 

V3 + i 



2 



cos 30<* + i8in 30°=- 

cos 00° + i sin W=i, 

cos 150° + i sin 150° = ^=^^!^^ • 



cos 210° + i sin 210°=- 



■yfs- 



2 
cos270°+tsin270°=-i. 

>/3-i 



cos 330°+ t sin 330°=- 



2 



The six 6th roots of + 1 are 
cos 0° + t sm 0° = + 1. 

1 + V^ 



cos 60° +i sin 60° =■ 



cos 120° + i am 120° = 



2 
-1 + V=3 



cos 180° + i Bin 180° = — 1. 



cos 240° + i sin 240° = 



cos 300° + t sin 300° = 



-l-^/^. 

2 
1-V^ 

2 



2. Find the three cube roots of i. 

i = cos 00° + t sin 00°. 
Hence the three cube roots of i 



cos 30° +i sin 30° = 



cos 150° + i sin 150° = 



V3 + i , 

2 
->/3+i 



cos270° + £sin270°=-i. 

3. Fmd the four 4th roots of — i. 

-i=cos270° + ism270°. 

Hence the four 4th roots of — i 
are 

cos 67i° + tsin 67i° 
cosl57i° + isml57i°. 
cos247i°+i8in247i°. 
cos337i°+isin337i° 
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4. Express sin 4 and cos 4 in terms of sin and costf. 

'An A .^n . n 4X3X2 ^ . ,^ 
sm 4 ^ = 4 cos^^ sm ^ rr cos $ Bm*$ 

= 4 cos'5 sin ^ — 4 COB tf sin'^. 
An ^n 4X3 ^^.«^, 4x3x2x1.,^ 

COS 4 = C0S*5 rr— C0fl?5 SUl^^ H — SUl*^ 

IH li 

= cos*^ — 6 cos2^ sin^tf + sin*^. 

Exercise XXVIII. Page 134. 
L Verify by the series for sinx and cosx that sin^ + cos^ = 1. 

'"^* = *-6+i20-50ro+ • 

, «« , «« sfi , 
*««*=^-2+2i-720+ • 

,.«„*, = ^,_ _ + ___ + 

eoe^=l_,.+ |_^ + g^+ 

sin^x + cos^x = 1. 

2. Verify by the series that sin (— x) = — sin x and cos (— x) = cos x. 

The series for the sine consists entirely of odd powers of x and, there- 
fore, changes its sign with x; while the series for the cosine consists 
entirely of even powers, and is unchanged when x changes its sign. 

3. Verify from the series that sm 2 x = 2 sin x cosx. 

• o o (2x)8 . (2x)5 (2x)7 . 

sm 2x = 2x— ^ — ^ + ^ — - — ^ — ^ + 

6 ^ 120 6040 ^ 

-o 4x8 4x6 8x7 ^ 

~^* 3 "^ 16 315"^ 

2x8 . 2x6 4x7 



„/ 2x8 , 2x6 4x7 X 



., . 2x8 , 2x6 4x7 , 

Also, smxcosx = x ^ + -^ ^77 + • 

o o olo 

.*. sin 2 X = 2 sin X cosx. 
4. Verify from the series that cos 2 x = 1 — 2 sin^. 

= l_12x)_2 (2x)f_ (2x)« (2x)8 
2 ^ 24 720 ^40320 

= cos 2 X. 
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5. Find the series for sec x as far as the term containing the 6th 
power of X, 

^* = ^^='-^0- 2 +24-720-^ ) 

^ 2 24 ^ 720 ^ 

6. Find the series for x cot x, noting that x cot = -: — coex. 

' ^ srnx 

x» ^ x» x^ , 

, x» , x^ x^ , 

XC06X _ I _ ^ _ 2x5 _ 11 x» __ 
srnx "" 3 46 1890 

7. Calculate sin 10° and cos 10° to 6 places of decimals. 
The circular measure of 10° is t^* 



H««, .tolO.= j|-!(g)Vi(i)'- 

-'"■='-i(i5^H(i5)'-s(ii) 

Taking K = 3.141502, we find 



7t \» 



« = 3. 141502 ^ = 0.174638 

«« = 9.869604 2"7l8a ~ ^'^^^^^^ 

««= 31.006269 5^^ = 0.000886 
«*= 97.409083 ^. ^,^ = 0.000039 

^4 X lo* 

«« = 306.019597 I20x^l8<^ " 0.000001 

.-. sin 10° = 0.174533 - 0.000886 + 0.000001 
= 0.173648. 
cos 10° = 1 - 0.015231 + 0.000039 
= 0.984808. 

Note. The powers of tt need be computed only once, and can then be 
used for finding the functions of all angles. 



^16^.12; 


■^3i6u;-^ • 


It _ 

12" 


= 0.261709 


3X 128 


= 0.006081 


2ir« 
16 X 12* " 


= 0.000164. 
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8. Calculate tan 16° to 6 places of decimabs. 
The circular measure of 16° is ~ • 

« = 3.141602 

jr« = 31.006269 

«6 = 306.019507 

.-. tan 16° = 0.267044 

9. From the exponential Talues of cos x show that cos 3 x = 4 cos^ 
-3 cosx. 

cosx = i (e^ + e-*0' 
.-. cos 3x = i (€8« + e-^«) 

= i (e » + c-«) (c«*< - 1 + e-2x») 
= cosx [{i(e«' + c-^)}24 - 3] 
= cosx (4 cos^ — 3) 
= 4 cos'x — 3cosx. 

10. From the exponential value of sin x show that sin 3 x = 3 sin x 
- 4 sin^x. 

sin 3 X = — (e3« — e-^*») 

= ^ (e" - e-«) (e»»< + 1 + e-»»0 

= sinx (— 4 sin^ + 3) 
= 3 sinx — 4 sin^ 
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Exercise XXIX. Page 137. 



1. The angles of a triangle are 
70°, 80°, and 100°; find the sides of 
the polar triangle. 

Given ^=70°, 5=80°, C=100°; 
to find a\ h\ c'. 

a' = 180°- 70° =110° 
6' =180°- 80° =100°. 
c'=180°-100°= 80°. 

2. The sides of a triangle are 40°, 
90°, and 125°; find the angles of the 
polar triangle. 

Given a - 40°, 6 = 90°, c = 126° ; 
required A% R, C\ 

^'=180°- 40° =140°. 
5^=180°- 90°= 90°. 
C'=180°-126°= 56°. 

3. Prove that the polar of a 
quadrantal triangle is a right tri- 
angle. 

Let the triangle ABC be a quad- 
rantal triangle. 
Then 6 = 90°. 

Let A'B' C be the polar triangle. 

B' + 6=180°. 
But b= 90°. 

.'.R= 90°. 
.-. triangle A^RC^ ib a right tri- 
angle. 



4. Prove that, if a triangle have 
three right angles, the sides of the 
triangle are quadrants. 

Every vertex is the pole of the 
opposite side. Every side is, there- 
fore, 90°. 

5. Prove that, if a triangle have 
two right angles, the sides opposite 
these angles are quadrants, and the 
third angle is measured by the num- 
ber of degrees in the opposite side. 

Let ABC be the triangle, and 
5=C=90°. 

Then A is the pole of a. There- 
fore h and c are quadrants, and the 
angle A is equal to the side BC 
measured in degrees. 

6. How can the sides of a spheri- 
cal triangle, given in degrees, be 
found in units of length, when the 
length of the radius of the sphere is 
known? 

Since the sides of the triangle are 
arcs of great circles, every degree of 
arc is ^ of the circumference of a 
2 TCr 



great circle or 



360 



, where r is the 



radius of the sphere. Hence, to find 
the length of a side, multiply its 

measure in degrees by -^ or ^. 
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7. Find the length of the sides of the triangle in Example 2, if the 
radius of the sphere is 4 feet. 

The sides are 

6= 90°= 90x^^ft.= 2«ft 



Exercise XXX. Page 140. 



1. Proye, by aid of Formula [38], 
that the hypotenuse of a right tri- 
angle is less tfian or greater than 90°, 
according as the two legs are alike 
or unlike in kind. 

By Formula [37], 

cos c = cos a cos 6. 

If a and h are both < 90° or both 
> 90°, cos a and cos b have the same 
sign. Hence cose is positive, and 
c<90°. 

But if a and b are unlike in kind, 
cos a and cos b have opposite signs. 
Hence cos c is negative, and c > 90°. 

2. Prove, by aid of Formula [41], 
that in a right spherical triangle 
each leg and the opposite angle are 
always alike in kind. 

Formula [41], 

cos^ = cos a X sin B. 

B < 180°. .-. sin Bis positive. 

Hence sign of cos A is same as 
sign of cos a, and both must be 
either greater or less than 90° ; that 
is, alike in kind. 

3. What inferences may be drawn 
resi)ecting the values of the other 
parte : (i.) if c = 90°; (ii.) if a= 90°; 



(iii.)ifc = 90°anda = 90°; (iv.) if 
a = 90° and 6= 90°? 



0) 


Ifc = 90°, 




O = cosax cos 6 


cos a or cos 6 = 0. 


. 


.aor6 = 90°. 


If 


a = 90°. 




cos-4 = 0x BvaB 




= 0. 




.-. ^ = 90°. 


Hence, 


from Ex. 6, § 42, 




B = b, 


(ii.)If 


a = 90°, 




cos-4 = 0x sinB. 




.-. A = 90°. 




.-. c = 90°. 




B=b. 


(iii.) H 


c = 90° 


and 


a = 90°, 


from (i.) and (ii.) 




^ = 90°. 




B = b. 


(iv.) H 


a = 90° 


and 


6 = 90°, 


from (u.) 


c = 90°. 




B=6 




= 90°. 



TEAGHEBS' EDFTIOK. 



245 



4. Deduce from [38] - [43] and 
[18]-[23] the formula 
tanH & = tan i (c — a) tan i (c + a) . 
From [38], page 138, we have 
cose 
cosa' 
cosa — cose 



cos6 = - 



cosa 
cosa + cose 

cosa 
cos a — cos c 



whence 1 — cos h = 

1 + cos6 = 

1 — cos 6 _ 

" 1 + cos6~ cosa+ cose 

But by [18], page 65, 

l--cos6 __ ^ ,-. 

i-r r= tan«i6. 

H-cos6 ' 

And if in [23] and [22], page 66, 

we write a and e ia place of A and 

B and divide [23] by [22], we get 

cos a — cos e 

cosa + cose 

= — tan i (a + e) tani (a — e) 

= tani (e H- a) tani (c — a). 

.•.tanH& 

= tani (e + a) tani (e — a). 

5. Deduce from [38]-[43] and 
[18]-[23] the formula 
tana (46° -i^) 

= tan i (e — a) coti (e + a). 

From [39], 

. . sin a 
BmA = — — ; 
sm c* 

whence, operating as in Example 4, 

we have 

l — sinA _ sin c — sin a 
1 + sin ^ sin e + sin a 
If ia [19], page 55, we substitute 

90° + ^ for z, and remember that 

cos (90°+^) = - sin A, [19] reduces 

to the form 

^^^ = cot2(45°+i^) 



= tana(46°-i^), 
(smce 45° + i A and 45° — i-<l are 
complementary angles). 

And by dividing [21] by [20], 
page 56, and writing e for A and a 
for B, we have 
sin e — sin g 
sin e + sin a 

= tan i (e — a) cot i (c + a). 
.•.tan2(46°-i^) 

= tan i (e — a) cot i (e + a). 

6. Deduce from [38]-[43] and 
[18]-[23] the formula 
tan2 15 = sin (e — a) esc (e + a). 
From [40], by operating as before, 
1 — cos B tan e — tan a 



But 



1 + cos B tan e + tan a 
tan e — tan a 



tan e + tan a 



sme 
cose 


sm a 
cosa 


sin e , sin a 
cose cosa 
sin e cos a — cose sm a 



sin c cosa + cose sin a 
_ sin (e — g) 
"" sin (e + a) 
And by [18], page 65, 
1 — cos^ ^ - , _ 

sm (e + g) 
= sin (e — a) esc (e + a). 

7. Deduce from [38] -[43] and 
[18] -[23] the formula 
tan2^e= — cos(^+^8ec(^— i?). 
By [43] , cos c = cot A cot B 
__ cot A . 
""tan^' 
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whence, as before, 

l — co8C _ tan B— cot J. 
1 + COB c "" tan B + cot -<! 



' cos (-4 — B) 

= — cos (-4 + B) sec (-4 — B). 



a Deduce from [38] -[43] and [18] -[23] the formula 
tanH-A = tan[i(i4 + B) -46^ 
tan[i(A-J5) + 46°]. 

From [41], ^ — ''- 



cosa = co6il cscB = 



sin B 



whence, as before, 



or. 



1 — cosa _ 8in.g — cosil 
i + cosa~ sinB+ co8-4 

ai _ sin.g+8in(^ — 90°) 
^*" **^*"8inB-sin(A-90«)' 



If in [20] and [21] page 66 we substitute B for A and ^ — 00° for B, 
and divide [20] by [21], we obtain 

= tan [i (^ + J5) - 46°] cot [i (B -.A) + 46°] 
= tan[i(^ + B)-46°]tan[i(il-B) + 46°], 
smce i(il - B) + 46° = 90°- [i(JB- ^) + 46°]. 

.-. tanH^ = tan [i(^ + B) -46°] tan [i (^ - B) + 46°]. 



9. Deduce from [38]-[43] and [18]*[23] the formula 

tan«(46°- ic) = tani(^ -a)coti(^ + a). 

By [39], 



sin a 
8mc= -7- 



sinA 

^ ' smA 

tonH(90»-c) = ^24^^. 
'^ ' sin^ + sina 

or, by [20], [21], tan^ (46° - i c) = tan i (-4 + o) cot i (4 - a). 



10. Deduce from [38]-[43] and [18]- [23] the formula 

tan2 (46° - i6) = sin (^ - o) esc (^ + a). 



By [42], 



sin 6 = 
■ cos (90°- 6) = 



tana 
tan^ 
tang 
tan^ 
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whence 

or, by Ex. 6, 



tan2i(W-&) = 



tan^ — tano 
tsjiA + tana 



-•"-•^'Siff-:! 



= sin (J. — a) CSC (-4 + a). 



11. Deduce from [38]-[43] and [19]-[23] the formula 



By [41], 



whence 



tana (45° - i^) = tan* (A - a) tani (^ + a), 

. _ C08-4 

8m B = » 

cos a 

t«i«(45o-iB) = 55i«^5054, 
^ ' cosa + cos^ 



or, by [22], [23], tan2(46°-i^ = - tani(a + 4)tani(a-^) 

= tani(^ + a)tani(-4 -o). 



Exercise XXXI. Page 142. 



1. Show that Napier^s Rules lead 
to the equations contained in For- 
mulas [38], [39], [40], and [41]. 

cose = cosacosd. 

sin a = cos (co. c) cos (co. A) 
= sine sin A. 

sin 6 = cos (CO. c) cos (co. B) 
= sin c sin B, 



sin (co. B) - 
cos 5 = 

sin (CO. A) - 
cosA- 

sin (CO. A) - 
cos A - 

sin (co. B) • 
cos 5 = 



: tan a tan (co. c). 
: tan a cot c. 
: tand tan(co. c). 
: tan 6 cote. 

: cos a C08(C0. J5). 
: COS a sin B, 
■ cos6cos(co. 4). 
: COS 6 sin 4l. 

: tan (CO. £) tan 6 
: cot B tan b. 



sin & = tan a tan (co. A) 

= tan a cot A, 
cos c = tan (co. A) tan (co. B) 

= cot4 cotB» 

2. What will Napier's Rules be- 
come, if we take as the five parte of 
the triangle, the hypotenuse, the 
two oblique angles, and the comple- 
ments of the two legs ? 

Every part being replaced by ite 
complement, every fimction is re- 
placed by the complementary func- 
tion. Napier's Rules therefore 
become : 

(i.) Cosine of middle part equals 
product of cotangente of adjacent 
parte. 

(ii.) Cosine of middle part equals 
product of sines of opposite parte. 
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Exercise XXXII. Page 146. 



1. Solye the right triangle, giyen 

Taking co. c as the middle part, 
by Rule IL, 

cose = cosacoeb. 
logcosa =9.90546 
logcos6 = 9.86026 
log cose =9.76672 
c =64*' 20'. 
Taking a as the middle part, we 
have, by Rule I., 

sina = tan&cotB, 
whence tan& =sinatan£, 

and tan ^ = -: — 

sma 

log tan 6 = 9.97989 

colog sin a = 0.22613 

1(^ tan 5=10.20402 

B= 67^69' 19.3". 

Taking 6 as the middle part, by 

Rule I., 

sin h = tana cot J., 
tana =sin& tan J.. 

, tana 
. tan-4. = -r-T-* 
sm 

log tan a = 9.86842 

colog sin 6 = 0.16186 

logtan^ = 10.03027 

^ = 46° SO' 43.2". 

2. Solve the right triangle, given 
a = 86° 40', 6 =32° 40'. 

cose =cosacos6. 

tan A = tan a esc b. 

tan B = tan & CSC o. 
logcosa =8.76461 
log cos 6 = 9.92522 
log cose =8.68973 

c = 87° 11' 39.8". 



log tan a =11.23476 
logcscft = 0.26781 
logtan^ = 11.60266 

^ = 88° 11' 67.8". 
log tan 6 =9.80697 
logcsca = 0.00074 
log tan 5 = 9.80771 

5 =32° 42' 38.7". 

3. Solve the right triangle, given 
a =60°, 6 =36° 64' 49". 

cose =cosacos&. 

tanJ. = tanacsc&. 

tan 5 = tan& esc a. 
log cos a* =9.80807 
logcos6 = 9.90284 
log cose =9.71091 

e =59° 4' 25.7". 
log tan a =10.07619 
log CSC 6 = 0.22141 
logtan^= 10.29760 

A = 63° 15' 13.13". 
log tan 6 =9.87676 
logcsca = 0.11675 
log tan 5 =9.99160 

B= 44° 26' 21.6". 

4. Solve the right angle, given 
a=120°10', 6=160° 69' 44". 

cos e = cos a cos 6. 

tan A = tan a esc 6. 

tan B = tan 6 esc a. 
logcosa =9.70116 
logcos-6 = 9.94180 
log cose =9.64296 

e =63° 56' 43.3.". 
log tan a = 10.23666 
log CSC 6 = 0.31437 
logtan^= 10.66002 

A = 106° 44' 21.26". 
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log tan 6 =9.74383 
logcsca = 0.06320 
log taii5 = 9.80703 

B=Ur lO' 47.14". 

5. Solve the right triangle, given 
c= 56° 9^32", a =22° 16' 7". 
tan 6 = Bin a tan B. 
cos A = tan 6 cot c. 
cosi^ = tana cote, 
log sin a = 9.67828 
log tan 2^ = 10.62709 
log tan 6 =10.10637 

h = 61° 63'. 
log tan 6 =10.10637 
log cote = 9.84266 
log cos A = 9.94803 

A = 27° 28' 26.71". 
log tan a =9.61188 
log cote = 9.84266 
log cos JB =9.46454 

B = 73° 27' 11.16". 

6. Solve the right triangle, given 
c = 23° 49' 61", a = 14° 16' 35". 
cos b " = cos c sec a. 
sin A = sin a esc e. 
cos B = tan a cote. 

log cose =9.96130 
logseca = 0.01362 
log cos 6 =9.97492 

b =19° 17'. 
log sin a =9.39199 
logcscc = 0.39368 
log sm^ = 9.78667 

A = 37° 36' 49.4". 
log tan a = 9.40622 
log cote = 10.33488 
logcosJB= 9.76060 

JB = 64°49'23.3". 



7. Solve the right triangle, given 
e = 44° 33' 17", a = 32° 9' 17". 

cos 6 = cose sec a. 

sm A = sinacscc. 

cosB = tana cote, 
log cose =9.86283 
logseca = 0.07231 
log cos 6 =9.92614 
b = 32° 41'. 
log sin a =9.72608 
logcsce = 0.16391 
log sin A = 9.87999 

^ = 49° 20' 16.3". 
log tan o = 9.79840 
log cote = 10.00676 
log cos 5= 9.80615 

B = 50° 19' 16". 

8. Solve the right triangle, given 
c = 97° 13' 4", a = 132° 14' 12". 

cos b = cos e sec a. 
sin ^ = sin o CSC e. 
cobB = tana cote, 
log cose = 9.09914 
logseca = 0.17260 
log cos 6 =9.27164 

6 =79° 13' 38.18". 
log sin a =9.86946 
logcscc = 0.00345 
logsm^ =9.87290 

A = 48° 16' 10". 
But A and a must be of the same 

kind, 

.-. A = 131° 43' 60". 

log tan a =10.04196 
log cote = 9.10259 
log cos JB = 9.14466 

5 = 81° 68' 53.3". 

9. Solve the right triangle, given 
a = 77° 21' 60", A = 83° 66' 40". 



260 



SPHSBICAIi TBIGOKOMETBY. 



sine ^ainacBcA. 
8iii6 = tana cot ^. 
sinB =8ecacoBil. 
logsina =9.08035 
log C8C^ = 0.0^43 
log sine =9.99178 

c =78° 63' 20". 
Since c is foond from its sine, it 
may have two values which are 
supplements of each other. 
Hence also c = lOl'^ 6' W\ 
log tan a =10.64030 
logcot-4= 0.02666 
log sin 6 = 0.67604 

b = 28° 14' 31.3", 
or = 161° 46' 28.7". 

logseca =0.66004 
log cos il= 0.02323 
log sin B =9.68327 

J5= 28° 49' 67.4", 
or =161° 10' 2.6". 

10. Solve the right trian^e, given 
o = 77° 21' 60", -4 = 40° 40' 40". 

sin c = sin a CSC ^. 
But sin ^< sin a. 

.'. sinc>- 1, which is impossible. 

11. Solve the right triangle, given 
o = 92° 47' 32", B = 60° 2' 1". 

tan c = tan a sec B. 

tan b = sin a tan B. 

cos A = cos a sin B. 
log tan a =11.31183 
log sec B= 0.19223 
log tan c =31.60406 

c =91° 47' 40". 
log sin a = 0.99948 
log tan 2? = 10.07671 
log tan 6 = 10.07619 
b =60°. 



log cos a =8.68765 
logsinJ = 9.88447 
log cos^ = 8.67212 

^ = 92° 8' 23". 

12. Solve the right triangle, given 
a = 2° 0' 66", 5 =12° 40'. 

tanc = tan a sec B. 

tan6 = sin a tan B. 

cos^ = cos a sin B. 
log tan a =8.64639 
log sec B = 0.01070 
log tanc =8.66709 

c = 2° 3' 66.7". 
log sin a =8.64612 
log tanB = 9.35170 
log tan 6 =7.89782 

b =0° 27' 10.2". 
log cos a =9.99973 
log sin £ = 9.34100 
log 006^ = 9.34073 

A = 77° 20' 28.4". 

13. Solve the right triangle, given 
a = 20° 20' 20", B = 38° 10' 10". 

tanc = tan a sec B. 

tan& =sinatanJ5. 

cos^ = cos a sin B. 
log tan a =9.66900 
log secjB = 0.10448 
log tan c = 0.67348 

c = 26° 14' 38.2". 
logsma =9.64104 
log tanjB = 9.89545 
log tan 6 =9.43649 

b = 16° 16' 50.4". 
log cos a =9.97204 
log sinB = 9.79008 
log cos-4 = 0.76302 

-4 = 54° 35' 16.7". 
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14. Solve the right triangle, given 
o = 64°3(r, JB=35°30'. 

tan c = tan a sec B. 

tan& =8inatanJ5. 

cos^ = cosa smB. 
log tan a = 10.14673 
log sec B = 0.08931 
log tan c =10.23604 

c =69«5r20.7^ 
log sin a =9.91069 v 

log tan jB = 9.85327 
log tan 6 =9.76396 

b =30«8'39.3". 
log cos a =9.76396 
log sin jB = 9.76396 
log cos^ = 9.62790 

A = 1(P IT 36''. 

15. Solve the right triangle, given 
c = 69*^ 25' 11", -4 = 54° 54' 42". 

sin a = sin c sin A, 
tan6 = tanccos^. 
cot B = cos c tan A. 
log sine =9.97136 
logsin^ = 9.91289 
log sin a =9.88426 

a =50°. 
log tan c =10.42641 
logcos^= 9.75964 
log tan 6 =10.18496 

b = 66° 50' 49.3". 
log cose = 9.64596 
log tan^ = 10.15336 
log cot B= 9.69930 
B = 63° 25' 4". 

16. Solve the right triangle, given 
c= 112° 48', -4 = 56° 11'- 56". 

sin a = sin e sin A. 
tan b = cos A tan c. 
cot £ = cos e tan A. 



log sin e = 
log sin A - 
log sin a = 

a : 
log cos ^ = 
log tan c = 
log tan 6 = 

6 = 
log cose = 
logtan^ = 
log cot jB = 



9.96467 
: 9.91968 
: 9.88426 

60°. 
■ 9.74632 

10.37638 
: 10.12170 
: 127° 4' 30". 
' 9.58829 
: 10.17427 
9.76256 
: 120° 3' 60". 



17. Solve the right triangle, given 
e = 46° 40' 12", A = 37° 46' 9". 

sin a = sin ^ sin c. 

tan6 = tane cos^. 

cotB= tasiA cose, 
log sin ^ =9.78709 
log sine = 9.861 78 
logsma =9.64887 

a =26° 27' 24". 
log tane =10.02533 
log cos ^= 9.89789 
log tan 6 = 9.92322 

6 = 390 57/ 41 5//^ 

log cose =9.83645 
log tan^ = 9.88920 
log cot 5 = 9.72565 
B = 62° 0' 4". 

18. Solve the right triangle, given 
c = 118° 40' 1", A = 128° 0' 4". 

sin a = sin e sin A, 
tan b = tan c cos A. 
cot B = cos c tan A, 
log sine =9.94321 
log sin A = 9.89662 
log sin o =9.83973 

a = 136° 16' 32.3". 
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log tan c =10.26222 
logco6^= 9.78036 
log tan 6 =10.06157 

6 = 48^ 23' 38.4''. 
log cose = 0.68008 
logtan^ = 10 .10717 
log cot B= 0.78815 

J5=68°27'4.3". 

19. Solve the right triangle, given 
^ = 63^ 15' 12", B = 135** 33' 30". 

cos a =cos^ cacB. 
C0S& = cos B CSC ^. 
cose = cot -4 cotjB. 
log cos^ = 0.65326 
colog sin B = 0.15480 
log cos a =0.80806 

a = 50° 0' 4". 
log cosB = 0.85360 
colog sin A = 0^040 16 
log cos 6 =0.00284 

b = 143° 5' 12". 
log cot ^= 0.70241 
log cot B = 10.00850 
log cose = 0.71001 

c = 120° 55' 34.3". 

20. Solve the right triangle, given 
A = 116° 43' 12", B = 116° 31' 25". 

cos a = cos A cacB. 

cos 6 = cos JB CSC -4. 
log cos c = cot A cot B. 
log cos^ = 0.65286 
log C8cB = 0.04830 
log cos a =0.70116 

a = 120° 10' 3". 
log co8 2? = 0.64088 
logcsc^ = 0.04904 
log cos 6 =9.69892 

6 = 119° 59' 46". 



log cot^ = 0.70100 
log cot jB = 0.60818 
log cose =0.40008 

c = 75° 26' 68". 

21. Solve the right triangle, given 
^ = 46° 50' 42", B = 57° 59' 17". 

cosa = co6^ cscB. 
COS& =cosBcsc^. 
cose = cot -A cot B. 

log cos^ = 0.83382 
logcscB = 0.07164 
log cosa =0.00546 
a = 36° 27'. 
log cosB = 0.72435 
log csc^ = 0.13501 
log cos 6 =0.86026 

' 6 = 43° 32' 37". 

log cot^ = 0.06073 

log cotB = 0.70509 

log cose =0.76572 

c = 54° 20'. 

22. Solve the right triangle, given 
^ = 00°, 5=88° 24' 35". 

cosa = cos^ cscB. 
cos6 = cosBcsc^. 
cose =cot^ cotB. 
cos ^ =0. 
.•.cosa = 0. 

.-.a = 00°. 
csc^ = 1. 

.-. h=B. 

.-. b = 88° 24' 36". 
cot ^ = 0. 
.-. cos e = 0. 

.•.c = 90°' 

23. Define a quadrantal triangle, 
and show how its solution may he 
reduced to that of the right triangle. 
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A qaadrantal triangle is a tri- 
angle haying one or more of its 
sides equal to a quadrant. 

Let A'RC be a quadrantal tri- 
angle with side A'R^W*, or a 
quadrant. 

Let ABC be its polar triangle. 
- Then since 

.*. ABC is a right triangle. 

.-. all parts of the polar triangle 
may be found by formulas for right 
triangle. The parts of A'B'C may 
then be found by subtracting proper 
parts of ABC from 180°. 

24. Solve the quadrantal triangle 
whose sides are : 

a=174°12'49.r. 
6= 04° 8' 20". 
c= 90°. 

Let A' B, C, o', ir af represent 
the corresponding angles and sides 
of the polar triangle. 
Then A'= 5°47'10.9'^ 
B = 85° 51' 40^'. 
C' = 90°. 

tanHC 

= - cos (B' + ^Osec (B-A\ 
tanHft' = tan [i(B'+ ^') - 46°] 

tan[45° + i(B'-^')]. 
tanHa' = tan [i (^ + A') - 45°] 

tan[45°-i(B'-A0]. 

^ + ^' = 91°38'50.9''. 

^-^' = 80° 4' 29.1". 
\(Af-{-Br)-' 45° = 49' 25.6". 
45° + i (B' - w^') = 85° 2' 14.6". 
\{JB-\- A") — 45° = 0° 49' 25.5". 
45° - i (B' - ^') = 4° 57' 45.4". 



log cos (B-\- A') = 8.45863 

log sec (J5' - A') = 0.76356 

2 )9.22219 

log tanic' = 9.61110 

ic'= 22°12'66f". 
c'= 44° 25' 53". 
0=135° 34' 7". 
log tan 0° 49' 25.5"= 8.15770 
log tan 86° 2' 14.6" = 11.06133 
2 ) 9.21903 
log tan i 6'= 9.60952 

i6'= 22° 8' 35". 
6'= 44° 17' 10". 
5 =135° 42' 60". 
log tan 0° 49' 26.6" =8.15770 
log tan 4° 57' 46.4" =8^3867 
2 )7.00637 
log tania' = 8.54819 

ia'= 2° 1'25". 
a'= 4° 2' 60". 
A = 176° 67' 10". 

25. Solve the quadrantal triangle 

in which 

c = 90°. 

A = 110° 47' 50". 
J5= 135° 35' 34.5". 
Let A\ B, C, a', 6', c' represent 
the corresponding angles and sides 
of the polar triangle. 
Then a' = 69° 12' 10". 

6' = 44° 24' 26.6". 
C = 90°. 
tan A' = tan a' esc 6'. 
tan B — tan 6' esc a', 
cos c' = cot A' cot B, 
log tan a' =10.42043 
log CSC 6' = 0.16606 
log tan^'= 10.67548 

^'= 75° 6' 68". 
0=104° 63' 2". 
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logtany = 

log CSC a' = 

log tan B^^ 

B - 

b- 

lQgOOt^' = 

log cot B' = 
logooec' = 

C- 



9.90101 

0.02926 
10.02027 

40* 20' 12". 
133« 39' 48". 
9.42462 
9.97973 
9.40426 
: 76° 18' 21". 
: 104° 41' 39". 



26. Given in a spherical triangle 
Aj Cy and c = 90° ; solve the tri- 
angle. 

, sin a = sine Bin ^. 

= 1X1. 
.-.a = 90°. 
Then P is the pole of 6, and B=b; 
but B and 6 are otherwise indeter- 
minate. 

27. Given ^ = 60**, = 90°, and 
c = 90° ; solve the triangle. 

Bin a =sinesinX 
tan6 = tanccos^. 
cotB= cosctan^. 
sina = sin^. 

a = -4 = 60°. 
tan6 = «x i 

= CO. 

6=90°. 

cotB=0x -s/S 

= 0. 

B=90°. 

28. Given in a right spherical tri- 
angle, A = 42° 24' 9", 5 = 9° 4' 11"; 
solve the triangle. 

cose = cot -4. cotB. 
cot^>l. 
cotB>l. 
.-. cose >1, 
which is impossible. 
.-. triangle is impossible. 



29. In a right 
a = 119° 11', B = 
the triangle. 

tanft = 

tanc = 

coe^ = 

log sin a = 

log tan B = 

log tan 6 = 

b = 

log tana = 

log cos B = 

log tanc = 

c = 

log cos a = 

log sin B = 

log cos A = 

A = 



triangle, given 
126° 64' ; solve 

sin a tan B. 
tan a sec B. 
cos a sin B. 

9.94106 
10.12446 
10.06551 
130° 41' 42". 
10.26298 

0.22164 
10.47452 
71° 27' 43". 
9.68807 
9.90292 
9.69099 
112° 67' 2". 



30. In a right triangle, given 
c = 60°, 6 = 44° 18' 39"; solve the 
triangle. 



cosa = 
sin A - 
tanB: 

log cose : 
C0logCOS6 : 

log COS a ■ 

a ' 

log sin a • 

log CSC C : 

log sin A : 
A 
log tan 6 
log CSC a ■ 
log tanB 
B 



: cose sec 5. 
: sina CSC c. 
= tanbcsca. 
= 9.80807 
= 0.14636 
= 9.96342 
: 26° 3' 61". 
= 9.64284 
= 0.11676 
= 9.76869 
= 36°. 
= 9.98966 
= 0.36716 
= 10.34671 
= 66° 46' 7". 



31. In a right triangle, given 
A = 156°20'30", a = 66°16'46"; 
solve the triangle. 
' It is impossible, becaose a and A 
are unlike in kind. 
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32. If the legs a and 6 of a right 
spherical triangle are equal, prove 
that COB a = cot ^ = Vcosc. 

C06C = cos a COB&. 

But COS a = cos 6. 

.'. cose = C06%. 

.*. coea = Vcosc. 
sin 6 = tan a cot A 
But sin a = sin b, 

.*. cosa = cot^. 



33. In a right triangle prove that 
coS*A X sin^c = sin (c — a) sin (c+ a) 



By [39], sin^ = ^. 
^ sine 



. cos2^ = 1 — 



sin^a 



sin^c 
_ sin^c — sin^g 
sin*c 
coi^-4 sin^c = sin^c — sin^a. 
But 
sin {c + a)=:^ sine cosa + cosesina. 
sin(c — a) = sincco6a — coscsino. 

.-. sin (c + a) sin (c — a) 
= sin^c 008% — cos^c sin^a 
= sin2c (1 — sin^a) — (1 — sin^c) sin^a 
= sin^ — sin^a. 
.-. cos?^ sin^e = sin (c — a) sin (e + a). 

34. In a right triangle prove that 
tan a cos c = sm & cot ^. 

8in& =tanacot^. 
sin 6 
tana 
cose =cot^ cot 5. 
cose 
cots' 
cose _ Bin 6 
* * cot jB tan a 
tan a cos c = sin 6 cot B. 



cot-4 = ■ 



cot-4. = - 



35. In a right triangle prove that 
sin2^ = coa^B + sin^a 8in«-B. 
cosB= cos6sin^. 

8in«^ = ^ 
cossft 
= cos's sec^ft 
= cos2JB(l + tan26). 
sin a = tan 6 cot 5. 
tan6=: sin a tan S. 
.-. sin^w^ = cos2JB + sin% tan^S co^B 
= cos^S + sm^a sin^S. 

36. In a right triangle prove that 
sin (6 + c) = 2 cos2 ia coab sine, 
sin (6 + c) 

= sin6cosc + cos&sine 

(sinftcosc , ^\ 

= (tan6cotc+ l)co8&sinc. 
But tan 6 cote =cos^. 
.'. tan6 cote + 1 = cos -4 + l 

= 2cos2i^. 
.-. sin (6 + c) = 2 cos2 i^ cos6 sine. 

37. In a right triangle prove that 
sin (c — 6) = 2 sin2 ^a cos6 sin c. 
sin (c — b) 

= sin e cos b — cos c sin b 

\ BmccosbJ 
= sin c cos 6(1 — cote tan 6) 
But cot e tan 6 = cos A. 
.*. 1 — cote tan 6= 1 — cos-4 
= 2sin2^^. 
.-. sin (c — 6) = 2 sin2 i -4 cos 6 sin c. 

38. If, in a right triangle, p de- 
note the arc of the great circle 
passing through the vertex of the 
right angle and perpendicular to the 
hypotenuse, m and n the segments 
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of the hypotenuse made by this arc 

adjacent to the legs a and 6, prove 

that 

(i.) tan^ = tan c tan m. 

(ii.) sin^ = tan m tan n. 




(i.) In triangle BCA 

coaB= tan a cote. 

cosB 
.-. tan a = - -— • 
cote 



In right triangle CBD 

coBB = tasiBDcotBC 
= tanm cot a. 
tanm 



. tana = 



cos B 



Multiplying the two equations, 

^ _ tanm ^ cosB 

tan% = ^ X 

cos 5 cote 

= tanm tane. 
(ii.) In triangle CBD 

sin p = tan m cot BCD ; 
and in triangle CAD 

sin p = tan n cot DC A. 

But, since BCD + DC A = 90°, 
cot BCD X cot DC^ = 1. 
.*. sin^ = tan m tan n. 



Exercise XXXIII. Page 149. 



1. In an isosceles spherical tri- 
angle, given the base b and the side 
a ; find A the angle at the base, B 
the angle at the vertex, and h the 
altitude. 

Let ABA' be an isosceles triangle, 
A and A' being the equal angles, 
a and a' the equal sides. 

Let h the arc of a great circle be 
drawn from B perpendicular to AA', 
meeting A A' in C. 
Then in the right triangle A'BC, 
h = ib hi triangle ABA\ 
c = a in triangle ABA\ 
B = iBm triangle ABA\ 
cos A = cot a tan ^ h. 
sini 5 = esc a sin ih. 
cos h = cos a sec i 6. 



siniA- 



2. In an equilateral spherical 
triangle, given the side a ; find the 
angle A, 

In the equilateral triangle AA'A'^ 
draw B,TC AC ± to A' A". 
Then in the right triangle AA'C^ 
sin^a = sin a sin i^. 
_ sin \a 
sin a 
— sin jg 
""2 sin^acosia 
= isecia. 

3. Given the side a of a regular 
spherical polygon of n sides; find 
the angle A of the polygon, the 
distance B from the centre of the 
polygon to one of its vertices, and 
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the distance r from the centre to the 
middle point of one of its sides. 




In the regular polygon ABDE 
draw arcs from the vertices Aj JB, 



Then ACB = 



ACM = 



etc., through the centre O, and from 

C to If, the middle of one side. 

360°. 

n 

180° 
— ♦ 
n 

CAM = iA, 

AM=ia, 

AC=R, 

MC = r. 

ami A = seciacoB 
sin 22 =8iniacsc 
sinr =taniacot 



180° 

n 
180° 

n 
180° 

n 



4. Compute the dihedral angles made by the faces of the five regular 
polyhedrons. 

If a sphere is described about a vertex of the polyhedron as a 
centre, the adjacent vertices of the polyhedron lie on the sphere and 
are the vertices of a regular spherical polygon, of which the angles 
are required. 

If a is the length of a side of this polygon, i.e. one of the angles of a 
face of the polyhedron, and n the number of sides, i.e. the number of 
faces of the polyhedron which meet at a vertex, we have for the different 



POLYHEDROir. 


a. 


n. 


Tetrahedron . . . 


60° 


3 


Cube 


90° 


3 


Octahedron .... 


60° 


4 


Dodecahedron . . . 


108° 


3 


Icosahedron . . . 


60° 


5 



But, if -4 is an angle of the spherical polygon, we have from Ex. 3 

• 1 >. 1 180° 
sin iA = sec ia cos • 
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POLYHBDBON. 


Snri^. 


liOO Sin | A. 


A. 


Tetrahedron . . . 


Vj 


9.76144 


70° 31' 46" 


Cube 


Vi 




90° 


Octahedron .... 


Vt 


9.91195 


109° 28' 14" 


Dodecahedron . . . 


i sec 64° 


9.92976 


116° 33' 44" 


Icosahedron . . . 


4= COB 36° 

V3 


9.97043 


138° 11' 36" 



5. A spherical square is a regular 
spherical quadrilateral. Find the 
angle A of the square, having given 
the side a. 

This is a special case of Ex. 3 for 

which n = 4. Hence 

' ^ A , 180 

sm^J. = sec i a cos -7- 
4 

= — 7=secia. 



Also cos i ./I = Vl — isec^^a. 

^ , . cosj ^ 

.-. ml\A — - — f— 7 

sm ^ ^ 



-4 



1 — jsecgja 
i sec^ \a 



= V2cos2^a— 1 
= VcoB a. 



Exercise XXXIV. Page 152. 



1. What do Formulas [44] be- 
come if ^ = 00° ? if 5 = 90° ? if 
C=90o? ifo = 90o? if A = 5 = 
90°? if a = 6 = 90°? 
If -4 = 90°, 

sin a sin B = sin 6, 
sin a sin C = sin c. 
IfjB = 90°, 

sin a = sin 6 sin ^, 

sin 6 sin C = sin c. 
If C = 90°, 

sina = sine sin^, 
sin 6 = sin c sin B, 



Ifa = 90°, 

sin B = sin 6 sin ^, 
8inC = sine sin ^. 

If^ = B=90°, 
sin a = sin &, 
sin c = sin a sin C 
= sin 6 sin O. 

n a = 6 =90°, 
sin B = sin -4, 
sin C = sin c sin ^ 
= sin c sin B, 
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2. What does the first of [46] be- 
come if^ = 0°? if-4 = 90°? if 
A= 180°? 

If ^ = 0°, 

cos o = cos (6 — c). 
If ^ = 90°, 

CQsa= cosfecosc. 
UA = 180°, 

cos a = cos (b + c). 

3. From Formulas [46] deduce 
Formulas [46], by means of the 
relations between polar triangles 
(§ 48). 



Substituting in Formulas [46] for 
o, 6, and c, their equals, 180° — A\ 
180° - R, 180° - C, we obtain 
cos (180° -^O 

= cos (180° - BO cos (180° - CO 
+ sin (180° - BO sin (180° - C) 
cos (180° — -4'). 
.-. —cos J.' 

= cos R cos C — sin B' sin C coaA\ 
cos -4' = — cos B' cos C 

-H sin B' sin C cos a'; 
and similarly, 
cos B' = — cos -4' cos C 

+ sin ^' sin C cos 6'; 
cos C = — cos A^ cos B' 

+ sin A' sin B' cose'. 



Exercise XXXV. Page 157. 



1. Write formulas for finding, by 
Napier's Rules, the side a when 6, c, 
and A are given, and for finding the 
side 6 when a, c, and B are given. 

(i.) In Fig. 46 suppose p drawn 
from O, dividing c into m and n. 

Then the required formulas are 
obtained by advancing the letters in 
tan m = tan a cos C. 
cos c = cos a sec m cos (6 — m). 
They are 
tan m = tan 6 cos A, 
cos a = cos 6 sec m cos (c — m). 
(ii.) By drawing p from ^, and 
advancing the letters two steps, 
tan m = tan c cos B. 
cos 6 = cos c sec m cos (a — m). 

2. Given find 

o= 88° 12' 20'', ^= 63° 15' 11", 
6=124° 7' 17", B= 132° 17' 59", 
C= 60° 2' 1": c= 60° 4' 18". 



^(p-a)= 17° 67' 28.6" 

i (a + 6) = 106° 9' 48.6" 

iC= 25° 1' 0.6" 



log cos i (& — a) : 
log sec i (a + &) - 

log cot i : 

log Un i (^ + B) : 

log sec i{Ai- B)- 
log cos i(a + b) • 
log sin i 
log cos i c 



: 9.97831 
: 0.66636 (n) 
: 9.33100 
: 0.86467 (n) 

: 0.86868 (n) 
: 9.44464 (n) 
: 9.62622 
= 9.93954 
: 29° 32' 9". 



log sin i (6 -a) =9.48900 
log esc i (a + 6) =0.01761 
log cot i = 0.33100 

log tan i(B-^) = 9.83761 

i(B-A)= 34° 31' 24". 

\(A + B)^ 97° 46' 35". 

A= 63° 16' 11". 

B = 132° 17' 69". 

c= 69° 4' 18". 
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3. Given find 

a =120° 66' 36", il = 120^58' 3", 

6= 88<'12'2a", B= 63^16' 9", 

0= 47^42' 1"; c= 66«62'4(r'. 

|(a-6)= 16° 2r 37.6". 

i(a + 6)=104°33'67.6". 

iC= 23° 61' 0.6". 

log cos i (a -6) = 9.98205 
log sec i (a + 6) = 0.60947 («) 
log cot i C = 0.35448 

log Uni (^ + 10 = 10.93600 

i(^ + 10 = 00°36'36"(n) 

log sin i (a -6) =9.44976 
log CSC i (a + 6) =0.01419 
log cot i C = 0.35448 

log tan 1(^-^ = 9.81843 

i(A-E)= 33° 21' 27". 

i{A + B)= 96° 36' 36". 

^ = 129° 68' 3". 

B= 63° 16' 9". 

log sec i (^ + 10 = 0.93890 (n) 
logco8na + &) = 9.40063 (n) 
log sin i C = 9.60676 

log cos ic =9.94618 

ic = 27°66'20". 
c = 56° 62' 40". 

4. Given find 

h = 63° 16' 12", J5 = 88° 12' 24", 

c = 47°42' 1", C= 55° 62' 42", 

^ = 59° 4' 25"; a =60° 1' 40". 

i(6+c) = 55°28'36.6". 

1(6 -c)= 7° 46' 35.6". 

i^ = 29°32'12.5". 

log cos i (6 — c) = 9.99699 

colog cos i (& + c) = 0.24662 

log cot i^ = 10.24671 

log tan i (2? + C) = 10.48932 

i{B+ C) = 72° 2' 33". 



log sin i (6 — c) : 

colog sin i (6 + c) = 

log cot i A 

logtsmiiB—C)' 

i(B-C7): 

B- 
C- 

log cos i (6 + c) •■ 

colog cos i (B + C) : 

log sin i ^ 
log cos i a 

a- 



: 9.13133 
: 0.08413 
: 10.24671 
: 9.46217 
16° 9' 61", 
72° 2' 33". 
: 88° 12' 24". 
: 66° 62' 42". 

: 9.76338 
: 0.61101 
: 9.69284 
: 9.96723 
: 26° 0' 60". 
■ 60° 1' 40". 



5. Given find 

6= 69° 25' 11", B= 66° 11' 57" 
c = 109° 46' 19", C = 123° 21' 12" 
A= 64° 64' 42"; a= 67° 13'. 

i(c-6) = 20°10'34". 

i(c + 6) = 89°35'46". 

iA =27° 27' 21". 

logcosi(c-6) = 9.97260 

colog cos i (c + 6) = 2.15167 

log cot i ^ = 10.28434 

log tan i (C + 10 = 1?. 40841 

^(C+B) = 89°46'34.6'' 

logsini(c-6) = 9.63770 
colog sin i (c + 6) = 0.0000 
log cot i ^ = 10.28434 



logtani(C-B)= 9.8 

i(C-B)= 33° 34' 37.8". 
C= 123° 21' 12". 
J5= 66° 11' 67". 

logcosi(c + 5) =7.84843 

colog cos i (0 + ^ = 2.40837 

log sin i^ = 9.66376 

log cos i a =9.92066 

ia=33°36'30". 
a =67° 13'. 
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Exercise XXXVI. Page 159. 



1, What are the formulas for com- 
puting A when B, C, and a are 
given ; and for computing B when 
-4, C, and h are given ? 

(i.) In Fig. 47 suppose p drawn 
from C. Then advance the letters 
in 

cotx = tan -4 cscc, 

cos C = cos-4 cscx sin (2?— x). 

The required formulas are 

cotx = tan 2^ CSC a, 

cos^ = cos B cscx sin(C--x). 

(ii.) Suppose p drawn from A^ 
and advance the letters two steps. 
The required formulas are 

cot X = tan C esc 6, 

cos jB = cos C CSC X sin (^ — x). 

2. Given find 
A= 26° 58' 46", a= SrU'W, 
B= 39° 45' 10", 6= 121° 28' 10", 

c = 154° 46' 48"; C = 161° 22' 11". 
i{B-A)= 6° 23' 12". 
i(jB+^) = 33°21'58". 
ic=77°23'24". 
\ogco8^{B-A)= 9.99730 
log sec i (2?+^)= 0.07823 
log tan ic = 10.65032 

logtani(6+o) =10.72585 
log sin i(B+^) = 9.74036 
log sec i (6 -a) =0.12972 
log cos ic = 9.33908 

log cos iC =9.20915 

iC=80°41'.6.4". 

logsini(B-^)= 9.04625 
logcsci(B + ^)= 0.25965 
logtanic = 10.65032 

log tan i (6 -o) = 9.95622 



i(6-o) = 42° r. 
i(6+a) = 79° 21' 10". 

b = 121° 28' 10". 

a= 37° 14' 10". 

C= 161° 22' 11". 



3. Given 

^=128° 41' 49", a- 

5 = 107° 33' 20", b- 

c= 124° 12' 31"; C = 

i{A-B)= 10° 

i(4 + ^) = 118° 

ic = 62° 

log cos i (-4 — B) = 

colog coBi{A + B) = 

logtanic = 

log tan i (a + 6) = 

i(a+&) = 

logsini(^-B) = 

colog sin i (^ + jB) = 

logtan^c = 

log tan i(a — b) = 

i(a-6) = 

a - 

b -- 



find 
= 125° 41' 44" 
= 82° 47' 34" 
= 127° 22'. 
34' 14.5". 

7' 34.5". 

6' 16.5". 
: 9.99257 
: 0.32660 
: 10.27624 



n) 



= 10.59541 (n) 
104° 14' 38. 5". 
= 9.26351 
= 0.05457 
= 10.27624 
= 9.59432 
= 21° 27' 5". 
= 125° 41' 44". 
- 82° 47' 34". 



log sin ^{A + B) = 9.94543 

colog cos i (a - 6) = 0.03118 

log cos ic = 9.67012 

log cos iC =9.64673 

iC= 63° 41'. 

C = 127° 22'. 

4. Given find 

B=153°17' 6", 6 =152° 43' 51" 

C= 78° 43' 36", c= 88° 12' 21" 

a= 86° 15' 15"; A= 78° 15' 48" 

i(B+ C) = 116° 0'21". 

i(B-C)= 37° 16' 45". 

ia= 43° 7' 37.5". 
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logC08i(jB— C) = 

log sec i (jB + C) = 
log tan i a = 

logtaiii(6 + c) = 

i(6+c) = 
log sin i(B— C) = 
log CSC i (jB + C) = 
log tan i a = 

log tan i (6 — c) = 

i(6-c) = 
log sin i (5 + C) = 
logfleci(6 — c) = 
log cos i a = 

log cos i^ = 

iA = 

b = 152° 43' 

c= 88° 12' 
A= 78° 15' 



: 9.90074 
: 0.35807 (n) 
: 9.97159 
: 0.23040 (n) 
: 120° 28' 6". 
: 9.7822P 
: 0.04636 
: 9.97159 
: 9.80021 
: 32° 15' 45". 
: 9.95364 
: 0.07283 
: 9.86322 
: 9.88969 
: 39° 7' 54". 
51". 
21". 
48". 



5. Given 
X = 125° 41' 44" 
C= 82° 47' 35" 
6= 52° 37' 57" 



find 
a =128° 31' 46", 
c = 107° 33' 20", 
B= 55° 47' 40". 



^(^ + = 104° 14' 39.5". 
\{A-C)= 21° 27' 4.5". 
ib = 26° 18' 58.5". 

log cos i(4 - C) = 9.96883 
log sec i (^ + C) = 0.60896 (n) 
logtanift = 9.69424 

logtani(a + c) = 0.27203 (n) 
i(a + c) =118° 7' aS". 

log sin i (-4 + C) = 9.98644 
log sec i (a — c) = 0.00743 
log cos i 6 = 9.95248 

log cos i £ = 9.94635 

^5 =27° 53' 60". 

log ami(A-C) = 9.56313 
log CSC i (^ + 0) = 0.01356 
logtanift = 9.69424 

log tan i (a — c) =9.27093 

i{a-c) = 10° 34' 13". 
a =128° 41' 46". 
c = 107° 33' 20". 
B= 56° 47' 40". 



Exercise XXXVII. Page 161. 



1. Given 


find 


a= 73° 49' 38", B = 


= 116° 42' 30", 


6 =120° 53' 35", c = 


= 120° 57' 27", 


A= 88° 52' 42"; C = 


= 116° 47' 4". 


log sin A = 


: 9.90992 


log sin 6 = 


: 9.93355 


log CSC a = 


: 0.01753 


log sin B = 


: 9.95100 


B=[180°- 


(63° 17' 30")] 


= 116° 42' 


30". 


(The greater side ig 


i opposite the 


greater angle.) 




i(B + vl)=102°47' 


36". 


+ (J5-^)= 13° 54' 


54". 



i(6+a) = 97° 21' 36.5". 
i(6-a) = 23° 31' 58.5". 

log sin i(B + A)= 9.98908 
logc8ci(B-^)= 0.61892 
logtani(6 — a) = 9.63898 
log tan ic =10.24698 

ic= 60° 28' 43.5" 
c = 120° 57' 27". 

log8mi(6+a) =9.99641 
log CSC i (6 -a) =0.39873 
log tan i (g - ^) = 9.39401 
log cot iC =9.78915 

iC= 58° 23' 32". 
C=116°47' 4". 
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2. Given 0=1500 67' 5//^ 
b = IW 16' 54", 
A = 144° 22' 42"; 
find Bi = 120° 47' 46", 

^2= 60° 12' 16", 
ci= 55° 42' 8". 
C2= 23° 57' 17.4", 
Ci= 97° 42' 65", 
C2= 29° 8' 39". 
^ > 90°, (a + 6) > 180°, a > 6 ; 
hence two solutions. 



log sin A 

log sin & 

colog sin a 

log sin B 



= 9.76624 
= 9.86498 
= 0.31377 



= 9.93399 
^1 = 120° 47' 46". 
B2= 69° 12' 15". 
i(^ + Bi) = l32°36'13.6". 
i {A + B2) = 101° 47' 28.5". 
\(A-Bx)= 11° 47' 28.5". 
i(^-^)= 42° 35' 13.6". 
i(a-6) = 8° 20' 35.5". 
i(a + 6) = 142° 36' 28.5". 
log sin i (a + 6) =9.78338 
log CSC ^ (o - 6) = 0.83833 
log tan i (A-Bi) = 9.31963 
log cot i Ci = 9.94134 

iCi = 48°61'27.7". 
Ci = 97° 42' 65.'4". 
log sin i(a+6) = 9.78338 
log CSC i (a — 6) = 0.83833 
log tan i (A-B2)'= 9.96338 
logcotiC2 = 10.58509 

i C2 = 14° 34' 19.6". 

02 = 29° 8' 39". 

log sin i (^ + Bi) = 9.86703 

colog sin i (A—Bi) = 0.68963 

logtani(a-6) = 9.16629 

logtanici =9.72296 

ici = 27°51'4". 
ci = 66° 42' 8". 



log sin i (^+Bj) = 9.99074 

colog sin i {A-B2) = 0.16960 

log tan i (a -6) =0.16629 

logtanics =9.32663 

ic2=ll°58'38.7". 
c, = 23° 57' 17.4". 

3. Given find 

a =79° 0'54.5", B=90°, 
6 =82° 17' 4", c = 46° 12' 19", 

^=82° 9' 26.8"; C = 46°44'. 

.log sin ^ =9.99592 

log sin 6 =9.99605 

colog sin a =0.00803 

log sin B =0.00000 

5 = 90°. 
tan c = cos A tan b, 
cot C = tan -4 cos 6. 



log cos J. 
log tan b 

log tan c 

log tan -4 
log cos b 

log cot C 



= 9.13499 
= 10.86812 



= 10.00311 
c = 45° 12' 19". 

= 0.86092 
= 9.12793 



= 9.98885 
= 45° 44'. 



4. Given a = 30° 62' 36.6", 6 = 
31° 9' 16", A = 87° 34' 12"; show 
that the triangle is impossible. 

sin 5 = sin A sin 6 CSC a. 
log sin A = 9.99961 

log sin 6 =9.71378 

log CSC a = 0.28972 

log sin B = 9.00311 

sin 5= 1.009. 
.-. impossible, since sin B>. 1. 
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Exercise XXXVIII. Page 162. 



1. GWen 
^ = 110^10', 

a=147<' 6' 3: 



find 
6=166^ 5' 18", 
c= 33P r36", 



sin 6 = sin a sin B esc ^. 



log sin a 

log sin B 

colog sin A 

log sin b 



= 9.73603 
= 9.86200 
= 0.02748 



= 9.62461 
b = 166° 6' 18" 
i(B+^) = 12P44'. 
i{B-A)= IP 34'. 
i(6-a) = 3°69'63". 
i(b + a) =161° 6' 26". 
log sin i(B + A) = 9.92968 
colog sin i (B - ^) = 0.69787 
log tan i (6 -a) = 8.84443 



log tan i3 


= 9.47198 




ic=16°30'48". 




c = 33° 1'36". 


colog sin i (6 — 


a) =0.16663' 


log sin i{b + 


a) =9.68433 


logtani(B- 


- A) = 9.31104 


log cot i C 


= 9.15200 




iC=35°10'20". 




C= 70° 20' 40". 


2. Given 


find 


^ = 113°39'2r 


, 6=124° 7' 20", 


B = 123° 40^18" 


, c=169°63' 2", 


a= 65° 39' 46' 


; C= 169° 43' 36". 


log sin a 


= 9.95969 


log sin B 


= 9.92024 


colog sin -4 


= 0.03812 


log sin 6 


= 9.91795 




6= 124° 7' 20". 


i(B-hA) = 


118° 39' 49. 5". 


i{B-A) = 


6° 0'28.6". 


i(b-a) = 


29° 13' 62". 


i(6+a) = 


94° 63' 33". 



logsini(B + ^)= 9.94422 

colog sin i(i^- -4)= 1.06901 

logtani(6-o) = 9.74789 

log tan ic =10.76112 

ic= 79° 66' 61". 
c=159°63' 2". 

log sin i (6 + a) =9.99842 

colog sin i (6 — a) = 0.31128 

log tAni(B-A)= 8.94264 

log cot iC =9.26234 

iC= 79° 61' 47.7". 
C= 169° 43' 36". 

3. Given find 

^ = 100° 2' 11.3", b= 90°, 
B= 98° 30' 28", c= 147° 41' 43", 
a= 96°20'38.7";C=148° 6' 33". 



log sin a 
log sin B 
log CSC -4 
log sin b 



= 9.99811 
= 9.99519 
= 0.00670 
= 0.00000 
6 = 90°. 



i(^ + B) = 99°16'19.7". 
i{A-B)= 0° 45' 51.7". 
^{a-b) = 2° 40' 19.4". 
i(a + b) = 92° 40' 19.3". 

log8ini(^ + B)= 9.99428 

colog sin i (^ - B) = 1.87484 

log tan i (a r- 6) = 8.66904 

log tan ic =10.53816 

ic= 73° 60' 61.7" 
c = 147° 41' 43". 

logsini(o+6) =9.99963 

colog sin i(a-b) = 1.33144 

logtani U -B) = 8.12620 

log cot iC =9.46617 

fC= 74° 2' 46.3". 
C = 148° 6' 33". 
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4. Given A = 24° 33' 9^% B = 38<» 0' 12", a = 66° 20^ 13" ; show that 
the triangle is impossible. 

log sin a = 9.96846 
log sin B= 9.78937 
logcsc^= 0.38140 
log sin & = 10.12922 
sinft^l, 
.-. the triangle is impossible. 



Exercise XXXIX. Page 164. 



1. Given 
a=120<'55'35" 
b= 69° 4' 25" 
c = 106° 10' 22" 



find 
-4 = 116° 44' 49", 
B= 63° 16' 14", 
C= 91° 7' 21". 



2. Given find 

a= 60° 12' 4", ^=69° 4' 28" 

6 = 116° 44' 48", B = 94° 23' 12" 

c = 129° 11' 42"; C = 120° 4' 62" 



a = 120° 66' 36" 


a= 60° 12' 4" 


6= 59° 4' 26" 


6 = 116° 44' 48" 


c = 100° 10' 22" 


c = 129° 11' 42" 


2s = 286° 10' 22" 


2« = 296° 8' 34" 


8=143° 6' 11". 


8 = 148° 4' 17". 


s-a= 22° 9' 36". 


s-a= 97° 52' 13". 


5-6= 84° 0'46". 


a- 6= 31° 19' 29". 


s-c= 36° 64' 49". 


« - c = 18° 62' 36". 


log sin (8- a) = 9.67667 


log sin (s- a) = 9.99689 


log sin (s- 6)= 9.99763 


logsin(«-6)= 9.71691 


logsin(s-c) = 9.77869 


logsin(«— c) = 9.50992 


log CSC « = 0.22141 


log CSC s = 0.27666 


log tanV = 19.67420 


iogtanV =19.49838 


log tan r = 9.78710. 


log tan r = 9.74919. 


log tan i^ =10.21063 


log tan i^ =9.76330 


log tan iS = 9.78948 


logtaniJ5 =0.03328 


log tan i C = 10.00861 


log tan iC =0.23927 


iA= 68° 22' 24.8". 


iA= 29° 32' 14". 


iB= 31° 37.2'. 


iJ5= 47° 11' 36". 


^0= 46° 33' 40.8". 


i = 60° 2' 26". 


A = 116° 44' 49". 


^=69° 4' 28". 


B= 63° 15' 14". 


B= 94° 23' 12". 


C= 91° 7' 21". 


C=120° 4' 62". 
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3. Giyen 

a=13P36' 4" 
6=108<»30'14" 
c= 84^46' 84" 



find 
^=132<»14'2r', 
B=n(y>l(K4(K^ 
C= W42'24". 



a=13P36' 4'' 
6 = 108*> JMK 14" 
c= 84° 46^ 84" 
2« = 324°61'62" 
9 = 1620 26' 66". 

,-a= 80°5(K62". 

« - 6 = 63° 66' 42". 

9-c= 77° 80' 22". 



4. Given 
a = 20° 16' 38", 
6 =56° 19' 40", 
c= 66° 20' 44": 



find 
^=20° 9'64" 
B= 56° 62' 31" 
C=114°20'17'^ 



a= 20° 16' 38" 
6= 56° 19' 40" 
c= 66° 20' 44" 



2«=142°57' 2" 

a= 71° 28' 31". 

»-a= 51° 11' 63". 

8-6= 16° 8' 61". 

a-.c= 5° 7' 47". 



log sin (8 — 


a) = 9.70991 


log sin (8 — 


a) =9.89172 


log sin (« — 


h) = 9.90766 


log sin (« — 


b) =9.41716 


log sin (9 — 


c) = 9.98984 


log sin (8 — 


c) =8.96139 


log CSC a 


= 0.62028 


log CSC « 


= 0.02311 


logtanV 


= 10.12764 


log tanV 


= 8.28337 


log tan r 


= 10.06377. 


log tan r 


= 9.14168. 


log tan i^ 


= 0.36386 


log tan i il 


= 9.24996 


log tan i £ 


= 0.16621 


log tan i £ 


= 9.72463 


log tan i C 


= 0.07393 


log tan i C 


= 10.19029 




i^= 66° 7' 10.6". 




iA= 10° 4' 56.8' 




iB= 66° 6' 20". 




iB= 27° 66' 16.6' 




iC= 49° 61' 12". 




iC= 67° 10' 8.6' 




A = 132° 14' 21". 




A= 20° 9' 54". 




B= 110° 10' 40". 




B= 66° 62' 31". 




C= 99° 42' 24". 




C= 114° 20' 17". 



Exercise XL. Page 166. 



1. Given 
A = 130°, 
B = 110°, 
C= 80°; 



find 
a =139° 21' 22", 
6= 126° 67' 62", 
c= 66° 61' 48". 



A = 130° 
B=110° 
C= 80° 

2 i8= 320° 
5 = 160°. 



8-A= 30°. 
8-B= 60°. 
8-C= 80°. 

log cos S = 9.97299 

log sec (S-^) = 0.06247 

log sec (S- B)= 0.19193 

logsec(-S- C)= 0.76033 

log tan^iJ = 10.98772 

log tan K = 10.49386. 
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log tan ^ a 


= 10.43139 


A = 


102° 14' 12" 


log tan i6 


= 10.30193 


B = 


54° 32' 24" 


log tan ic 


= 9.73363 


C = 


89° 5' 46" 


ia= 69°4(r4r'. 


2S = 


245° 52' 22" 


ib= 63° 28' 56". 


S = 


122° 56' 11". 


ic= 28° 26' 64''. 


8-A = 


20° 41' 59". 




a = 139° 21' 22". 


8-B = 


68° 23' 47". 




5 =126° 57' 52". 


8-C = 


. 33° 60' 26". 




c= 66° 61' 48". 


log cos iS 


= 9.73536 






log sec (S — 


A) = 0.02898 


2.. Given 


find 


log sec (8 — 


B) = 0.43394 


il = 59°66'10", 


a =128° 42' 29", 


log sec (8 — 


0) = 0.08061 


B = 85° 36' 50", 


b= 64° 2' 47", 


log tan^iJ 


= 0.27889 


C = 69° 65' 10" 


, c= 128° 42' 29", 


log tan B 


= 0.13946. 


A = 


59° 56' 10" 


log tan i a 


= 0.11047 


B = 


86° 36' 60" 


log tan ib 


= 9.70661 


C = 


69° 55' 10" 


log tan ic 


= 0.05885 


25 = 


206° 27' 10" 




ia= 62° 12' 34.6" 


8 = 


102° 43' 36". 




ib= 26° 64' 42.5" 


8-A = 


42° 48' 26". 




ic= 48° 52' 12". 


S-B = 


17° 6' 46". 




a =104° 25' 9". 


S-C = 


42° 48' 25". 


' 


6= 63° 49' 25". 


log cos S 


= 9.34301 




c= 97° 44' 24". 


log sec (S- 


A) = 0.13451 


4. Given 


find 


log sec (S — 


B) = 0.01967 


A= 4° 23' 35", a= 31° 9'ir 


log sec {S — 


= 0.13451 


B= 8° 28' 20", 6= 84° 18' 23' 


log tan2B 


= 9.63170 


C = 172° 17' 56": c = 115° 9' 56' 


log tan B 


= 9.81586. 


A = 


4° 23' 35" 


log tan i a 


= 9.68134 


B = 


8° 28' 20" 


log tan i b 


= 9.79618 


C = 


172° 17' 56" 


log tan ic 


= 9.68134 


28 = 


185° 9' 51" 




ia=25°38'45.5". 


8 = 


92° 34' 56.5". 




16 = 32° 1'23.6". 


8 — A = 


88° 11' 20.5". 




^c = 26° 38' 45.5". 


8 — B = 


84° 6' 35.5". 




a = 51° 17' 31". 
6=64° 2' 47". 


5-0 = 


-(79° 43' 0.5"). 




c = 51° 17' 31". 


log cos 8 


= 8.65368 






log sec (S - 


-A)= 1.50029 


3. Given 


find 


log sec (8 - 


-B)= 0.98876 


X= 102° 14' 12", a =104° 25' 9", 


log sec (S - 


- 0)= 0.74833 


B= 54° 32' 24", 6= 53° 49' 25", 


log t&ii^R 


= 11.89106 


0= 89° 5' 46"; c= 97° 44' 24". 


log tan R 


= 10.94553 
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log tan i a = 9.44524 
log tan i 6 = 9.96677 
log tan ic =10. 19720 

ia= 15° 34' 36.6" 
i6= 42^ 9'11.5'' 



ic= 57° 34' 58''. 
a= 31° 9' 11". 
b = 84° 18' 23". 
c=115° 9' 56". 



Exercise XLI. Page 169. 



1. Given find 

-4 = 84° 20' 19", E = 26159". 
B = 27° 22' 40", F = 0. 12685 iP. 
C = 75° 33'; 

1? = ^ + B+C~180° 

A= 84° 20' 19" 

B= 27° 22' 40" 

C= 76° 33' 



187° 


15' 59" 




180° 






E= 7° 


15' 59" 




= 26159". 




log 26159 = 


4.41762 




colog 648000 = 


4.18842- 


10 


log 3.14159 = 


0.49715 




logF 


9.10319- 


10 


F = 


0. 12682 ija 


. 



2. Given find 

a= 69° 15' j8", ^ = 216° 40' 18". 
b = 120° 42' 47", 
c= 159° 18' 33"; 

a= 69° 15' 6" 
b = 120° 42' 47" 
c = 159° 18' 33" 
2 s = 349° 16' 26" 
s = 174° 38' 13". 
8-a= 105° 23' 7". 
s—b= 53° 55' 26". 
8-0= 16° 19' 40". 
i« =87° 19' 6.6". 

^(8 -a) = 52° 41' 33.5". 
^(8-b) = 26° 57' 43". 
^ (« - c) = 7° 39' 50". 



log tan is =11.32942 

log tan i (5 - a) = 10.11804 
logtani(«-6) = 9.70646 
log tan i (s - c) = 9.12893 
logtanH^ =10.28284 
log tan i£ = 10.14142 

iE= 54° W 4.6". 
E = 216° 40' 18" 

3. Given find 

a = 33° 1' 46", E = 133° 48' 53". 
6=165° 6' 18", 
C=110°10"; 

tan m = tan a cos C (§50) 

cos c = cos a sec m cos (b— m) . (§ 60) 
log tan a =9.81300 

log cos c = 9.53761 • 

log tan m =9.36051 

m= 167° 22". 
6- m= — (12° 16' 42"). 
log cos a =9.92345 

log seem =0.01064 

log cos (b — m) = 9.98995 
log cose =9.92404 

c = 147° 6' 30". 
a= 33° 1'45" 
6=156° 6' 18" 
c= 147° 6' 30" 
2 8 = 336° 12' 33" 
s = 167° 36' 16.6". 
8 — 0= 134° 34' 31.5". 
8-b= 12° 30' 58.5". 
s-c = 20° 30' 46.6". 
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is 
i(«-a) : 

i(«-c) = 

log tan is 
log tan i(8 — a)'- 
log tan i (s — 6) = 
log tan i.(s — c) = 

logtan^i^^ : 
log tan i^ 

iE'. 
E- 



= 83° 48' 8.25^ 
: 67° 17' 15.76''. 
: 6° 15' 29.26". 
: 10° 16' 23.25". 

: 0.96419 
: 0.37824 
: 9.04005 
: 9.26755 



9.64003 
: 9.82002. 
: 33°27'13i" 

133° 48' 63". 



4. Find the area of a triangle on 
the earth's surface (regarded as 
spherical), if each side of the tri- 
angle is equal to 1°. (Radius of 
earth = 3958 miles.) 



Given a, 6, and c each = 1°; then 
is = 46'. 
i(«-a) = 15'. 
i(«~6) = 15'. 
i(«-c) =16'. 



2«=3° 
« = 1° 30'. 
a-a= 30'. 
a- 6= 30'. 
a - c = 30'. 
log tan i 8 
log tan \(8'-a)'- 
log tan i (« — ^) : 
log tan i (« — c) : 
logtan^i^ 
log tan iE 

iE. 

E: 

\ogE 

1 ^ . 
^^ 64800 ■ 
logiP 

F = 



■ 8.11696 
: 7.63982 
: 7.63982 
: 7.63982 
: 11.03642 
: 6.51821. 
: 6.802". 
: 27.208." 
: 1.43470 

: 4.68657 - 10 

: 7.19496 
3.31523 
2066.6 sq. mi. 



Exercise XLII. Page 182. 



1. Find the dihedral angle made 
by adjacent lateral faces of a regular 
ten-sided pyramid ; given the angle 
V = 18°, made at the vertex by two 
adjacent lateral edges. 

About the vertex of the pyramid 
describe a sphere. It will intersect 
the lateral surface, forming a regular 
spherical decagon, of which each side 
= 18°, being measured by the plane 
angle at the centre. 

The required angle is an angle A 
of this decagon. 

By Example 3, Exercise XXXIII 
sm i .4. = sec i a cos -rrr- • 



log COS 18° =9.97821 
colog COS 9° = 0.00638 
logsini^ = 9.98369 
iA= 74<>21'. 
A = 148° 42'. 

2. Through the foot of a rod 
which makes the angle A with a 
plane, a straight line is drawn in 
the plane. This line makes the 
angle B with the projection of the 
rod upon the plane. What angle 
does this line make with the rod ? 

Let CO be a straight line, making 
the angle A with the plane G^; 
01 a straight line passing through 
the foot of COj making the angle B 
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with the projection EO of CO upon 
the plane GH. 




It is required to find the angle 
COI = x, 

With a radius equal to unity, 
from O as a centre, construct the 
spherical triangle DCL 
Then i = A, 

c = B. 

d=COI = x. 
CDI = rt. angle. 

By Formula [38], 

cos d = cos i cos c. 
.-. cosx = cos^ cos B, 

3. Find the volume V of an ob- 
lique parallelopipedon ; given the 
three unequal edges a, b, c, and the 
three angles Z, m, n, which the edges 
make with one another. 




Let AB be a parallelopipedon, 
and Z, m, and n, the angles which 
the unequal edges a, 6, and c make 
with one another. 

Required the volume, V. 

Let w = the inclination of the 
edge c to the plane of a and b. 



V = area base x altitude. 

Area base = a& sin Z. 

Altitude = aj = c sin to. 
.'. V = abc sin I sin w. 

Suppose a sphere to be described 
having for its centre the vertex of 
the trihedral angle whose edges are 
a, &, and c. The spherical triangle 
whose vertices are the points where 
a, &, and c meet the surface has for 
its sides I, m, n; and to = perpen- 
dicular arc from side I to the oppo- 
site vertex. 

Let i, 3f, N denote the angles of 
the triangle opposite Z, m, n, respec- 
tively. 

Then by [39], 

sin to = sin m sin ^, 

= 2 sin m sin ^ j&rcos -^ N. 

Or by [48] if 

sin to = 

-T— ; VSasin («-Z) sin (a-m) sin («-») 

.-. F = 

2a6c Vsinasin (s-l) sin (a-m) sin (s-n). 

4. The continent of Asia has 
nearly the shape of an equilateral 
triangle, the vertices being the Cast 
Cape, Cape Bomania, and the Prom- 
ontory of Baba. Assuming each 
side of this triangle to be 4800 
geographical miles, and the earth^s 
radius to be 3440 geographical miles, 
find the area of the triangle : 
(i.) regarded as a plane triangle ; 
(ii.) regarded as a spherical triangle, 
(i.) Area = i (base X altitude). 
Altitude = V48002 — 2400^ 
= V17280000. 
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log V17280000 = 3.61877 
log 2400 = 3.38021 

log area = 6.99898 

Area = 9976500. 



(ii) 



F = 



a, &, and c = 

8- 

i(8-a)- 
iis-b)-- 
i(s-c)-- 

log tan ^8 = 

log tan i(8 — a) ' 
log tan i (« — 6) = 
log tan i (a — c) = 
logtanajj^ = 
iE- 
E- 



logE 
log 7 



Ttlfi. 



= 80°. 



'648000 
log 122 
log-P 



E 

180° 

. 4800° 

60 
: 120°. 
■ 20°. 

20°. 

20°. 

: 10.23866 
: 9.66107 

9.66107 

9.56107 
: 8.92177 

16° r 8.r 

64° 28' 32.6'' 
= 232112.5". 

= 6.36670 

= 4.68667 

= 7.07312 



F = 



7.12439 
13316660. 



5. A ship sails from a harbor in 
latitude I, and keeps on the arc of a 
great circle. Her c<mr8e (or angle 
between the direction in which she 
sails and the meridian) at starting 
is a. Find where she will cross the 
equator, her course at the equator, 
and the distance she has sailed. 

Let NESW be the earth, WCE 
the equator, N and S the north and 
south poles. Let A be the point 
from which the ship starts, AFB 



the parallel of latitude the ship 




starts from, and AB the great circle 
of its course. 




Then 
BAE = a = course of ship. 
AE=l = latitude of its starting- 
place. 
BE = m = place of crossing the 

equator. 
90° — JB = course at equator. 
AB— d = distance sailed. 
By Napier's Rule, 

sin I = tan m cot a ; 
,'. tan m = sin Z tan a. 
cos B = cos I sin a. 
cotd = cot i cos a. 

6. Two places have the same 
latitude I, and their distance apart, 
measured on an arc of a great cir- 
cle, is d. How much greater is the 
arc of the* parallel of latitude be- 
tween the places than the arc of the 
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great circle ? Compute the results 
forf = 46«, d=90°. 




In isosceles spherical triangle .<iBC 
sin i-4 = sin id CSC (90° — I) 
= sin i d sec Z. 
A = arc a. 
Arc k= a cos L 
Let f = 45°, d=90°. 
log sin id = 9.84949 
log sec Z = 0.15051 
log sin i^ = 10.00000—10 
i^ = 90°. 
A = 180° 
Arc a = 180°. 
Arc K= aX cobI 

= ia>^ = 90°V2. 
90°^^-90°=90°(^/^-l). 

7. The shortest distance d be- 
tween two places and their latitudes 
I and V are known. Find the dif- 
ference between their longitudes. 




Let C represent the north pole, 
A the position of the one place, 



B the position of the other, and 
AB = d, 

If the latitudes of A and B are 
I and l\ 

AC = 90°-Z, 
BC = 9(y-V, 
Required C. 
By Formula [47], 
taniC = 
Vsec « sec («— d) sin («— sin (s—V), 
where 28 = 1 + V + d. 

8. Given the latitude and longi- 
tudes of three places on the earth^s 
surface, and also the radius of the 
earth ; show how to find the area of 
the spherical triangle formed by arcs 
of great circles passing through the 
places. 

The sides of the triangle are found 
by § 64 ; and the area is found from 
the sides by § 62. 

9. The distance between Paris and 
Berlin (that is, the arc of a great cir- 
cle between these places) is equal to 
472 geographical miles. The lati- 
tude of Paris is 48° 50" 13''; that of 
Berlin, 52° 30' 16". When it is noon 
at Paris what time is it at Berlin ? 




Let AO represent the latitude of 
Paris, and BK the latitude of Berlin. 
Then C represents the difference in 
longitude. 
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0^ = 6=41° 9^47'' 
CB = a = 37° 29^ 44" 
AB= c= 7° 62' 



(472 -r 60) 



2s = 86°3r3r' 

8 = 43° 15' 45.6". 

8-a= 6° 46' 1.6". 

8-b= 2° 5' 58.5". 

s- c = 35° 23' 45.5". 

taji2^C = cscs 

sin (« — a) sin (« — 6) esc (« — c). 

log CSC s = 0.16409 

log sin (s— a) = 9.00210 

log sin (s — 6) = 8.56391 

log CSC (a - c) = 0.23716 

logtanHC =17.96726 

taniC = 8.98363 

iC= 5° 30' 2". 

C=ll° 0'4". 

1° = 4 minutes. . 
.-. 11° 0' 4" = 44 min. ^ sec. 
Time at Berlin, 12 h. 44 min. 

10. The altitude of the pole being 
46°, I see a star on the horizon and 
observe its azimuth to be 45° ; find 
its polar distance. 




Let Z be the zenith, P the pole, 
and M the position of the star. In 
the spherical triangle ZMP 



ZP = 90 - / = 46°, 
ZM= 2 = 90°, 
Z = a = 46°. 
Required p. 
By [44], 

COS p = sin (90 — /) coea 
= COS I COS a 

= i. 
.-. p = 60°. 

11. Given the latitude I of the ob- 
server, and the declination d of the 
sun; find the local time (apparent 
solar time) of sunrise and sunset, 
and also the azimuth of the sun at 
these times (refraction being neg- 
lected). When and where does the 
sun rise on the longest day of the 
year (at which time d = + 23° 27') 
m Boston (I = 42° 21'), and what is 
the length of the day from sunrise 
to sunset? Also, find when and 
where the sun rises in Boston on 
the shortest day of the year (when 
d = — 23° 27'), and the length of 
this day. 

(i.) To find the hour angle t when 
the sun is on the horizon. 




PJf=90°-d, 
ZQ = 90°, 
PQ = l 
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Then in triangle PMQ, by [40], 
cos QPM= tan PQ cotPJf, 
or, COS t = — tan I tan d. 

Time of sunrise 

= (12 ~^) o'clock A.M. 

Time of sunset 

= f — J o'clock P.M. 

(il) To find azimuth a = MQ, 
By [38], 

cos PM = cos PQ cos QM, 
sind = co6Z cos a. 

.*. cos a = sin d sec Z. 

(iii.) At Boston on the longest day 
cos t = — tan d tan I, 
log tan d= 9.63726 
log tang = 9.96977 
log cost = 9.69703 

t = 113° 17' 34". 

:^ = 7 h. 33 min. 10 sec. 
16 

12 — — = 4 h. 26 min. 60 sec. 
15 

Length of longest day 

= 2 — = 16 h. 6 min. 20 sec. 
15 

cos a = sin d sec 2. 

log sin d = 9.59983 

log sec I = 0.13133 

log C08a = 9.73116 

a = 67° 26' 16". 

(iv.) At Boston on the shortest day 
cos t = tan d tan I 
« = 66° 42' 26". 

— = 4 h. 26 min. 60 sec. 
16 

12 — A = 7 h. 33 min. 10 sec. 
15 



Length of shortest day 

= 8 h- 63 min. 40 sec. 
cosa' = — sind sec L 
.•.a'=180-a 

= 122° 34' 46". 



12. When is the solution of the 
problem in Example 11 impossible, 
and for what places is the solution 
impossible ? 

The solution is impossible if 
cost>l or <— 1 or if cosa>l, 
or -<— 1, i.e., if (for positive decli- 
nation) 

tan I > cot d, 
or sinZ>cosd; 

that is, if Z>90° — d. 

The maximum value of d is 23° 
27'; hence the minimum value of I 
is 66° 33'. The solution is therefore 
impossible only for places within the 
Arctic or Antarctic circles. For such 
places at certain seasons depending 
on d the sun fails to rise during 24 
hours. 



13. Given the latitude of a place 
and the sim's declination ; find his 
altitude and azimuth at 6 o'clock 
A.M. (neglecting refraction). Com- 
pute the results for the longest day 
of the year at Munich {I = 48° 90- 

PZM = a. 

PZ = 90°- i. 

P3f= 90°- d. 
ZPJf=«= 90°. 

ZJf= 90°- A. 
I = 48° 9'. 
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Sun's declination on longest day, 
2^ 27'. 




sin ^ = sin 2 sin d, 
cota = coal tand. 

log sin i =9.87209 

log sin d = 9.69988 

log sin h = 9.47192 

Altitude = ^ = 17° 14' 35". 

log cos i =9.82424 

logtand = 9.63726 

log cot a = 9.46160 

Azimuth = a = 73° 61' 34". 

14. How does the altitude of the 
sun at 6 a.m. on a given day change 
as we go from the equator to the 
pole ? At what time of the year is 
it a maximum at a given place? 
(Given sin ^ = sin Z sin d.) 

The farther the place from the 
equator, the greater the sun's alti- 
tude at 6 A.M. in summer. At the 
equator it is 0°. At the north pole 
it is equal to the sun's declination. 
At a given place, the sun's altitude 
at 6 A.M. is a maximum on the 
longest day of the year, and then 
sin A = sin i sin c (where c = 23° 27'). 



15. Given the latitude of a place 
north of the equator, and the dec- 
lination of the sun ; find the time of 
day when the sun bears due east 
and due west. Compute the results 
for the longest day at St. Peters- 
burg (I = 69° 66'). 




P3f= 90°-d. 
PZ = 90° - I. 
PZ3f= 90°. 
cost = tan PZ cotP3f 

= tan (90° - 1) cot (90° - d). 
.'. cost = coti tand. 

The times of bearing due east and 
west are 



12-J^A.H. 



and — P.M., 

10 



respectively. 

At St. Petersburg on the longest 
day I = 59° 50', d = 23° 27'. 

log cot Z =9.76361 
log tand = 9.63726 
log cos t = 9.39987 

t = 76° 27' 24". 

.*. 12 — — — ^ ^^' ^^ ^^' ^•^•» 



and 



-— = 6 hrs. 2 min. p.m. 
lo 
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16. Apply the general result in 
Example 16 (cos t = cot I tan d) to 
the case when the days and nights 
are equal in length (that is, when 
d = 0°). Why can the sun in sum- 
mer never be due east before 6 a.m., 
or due west after 6 p.m. ? How 
does the time of bearing due east 
and due west change with the decli- 
nation of the sun ? Apply the gen- 
eral result to the cases where I < d 
and I = d. What does it become at 
the north pole ? 

When the days and nights are 
equal, d = 0°, cos < = 0, and t = 90°; 
that is, the sun is due east at 6 a.m. 
and due west at 6 p.m. Since / and 
d must both be less than 90®, cost 
cannot be negative ; therefore t can- 
not be greater than 90°. As d in- 
creases, t decreases ; that is, the 
times of bearing due east and west 
both approach noon. 

If d = f, co8< = 1, « = 0°, and the 
times both coincide with noon. If 
d > 2, the case is impossible. 

The explanation of these results 
is that, if d = Z, the sun is in the 
zenith at noon, and north of the 
prime vertical at every other time. 
And if d > i, the sun is north of the 
prime vertical the entire day. 

If Z >► d, the diurnal circle of the 
sun and the prime vertical of the 
place meet in two points, which 
separate farther and farther as I 
increases, the distance between 
them approaching 180° — 23° as I 
approaches 90°. At the pole the 
prime vertical is indeterminate ; but 
near the pole t = 90°, and the sun 
is always east at 6 a.m. 



17. Given the sun's declination 
and his altitude when he bears due 
east; find the latitude of the ob- 
server. 

N 




ZJf =90°- A. 
PJlf =90°-d. 
PZ = 90° — L 
Since the sun M bears due east, 
MZP is a right angle. 

cos PM = cos PZ cos MZ. 
.*. sin d = sin 2 sin A. 
sin { = sin d CSC h, 

18. At a point O in a horizontal 
plane MN a staff OA is fixed, so 
that its angle of inclination A OB 
with the plane is equal to the lati- 
tude of the place, 51° 30' N., and 
the direction OB is due north. 
What angle will OB make with the 
shadow of OA on the plane at 
1 p.m.? 




Given direction of OB due north, 
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AOB= 61° 30' = I, and plane MN 
horizontal; to findJB OC. 

SPZ = hour angle of sun at 1 p.m. 
= 15°. 

SPZ = CABjheiag vertical angles. 
,'.CAB=W. 

ABC = 90°, since OB is the pro- 
jection of OA on plane MN. 

Arc AB= 61° 30', being the meas- 
ure of plane angle A OB. 

Then in right spherical triangle 
ABC, by [42], 

tan J5C = tan J5^C smAB, 

log tan 16° =9.42806 
logsin 61° 30^= 9.89364 
log tan BC =9.32159 
Arc BC = 11° 50' 36". 

.-. BOC = 11° 50' 35''. 

19. What is the direction of a 
wall in latitude 52° 30' N. which 
casts no shadow at 6 a.m. on the 
longest day of the year ? 




The wall must lie in the plane of 
ZM in order that it may cast no 
shadow. 

PZ =90~f, 
PM=90-l, 
P = 90° ; 
required MZP = a. 



By [42], 

cos I = cote cot a. 
.*. cot a = cos I tan e. 
log cos J =9.78445 
log tan e = 9.63726 
log cota= 9.42171 

a = 76° 12' 38". 

20. At a certain place the sun is 
observed to rise exactly in the north- 
east point on the longest day of 
the year; find the latitude of the 
place. 

When the sun rises in the north- 
east on the longest day of the year, 
a = 46°, d = 23° 27'. 

cos a = sin d sec l. 
, log cos 46° =0.84949 
log CSC 23° 27' = 0.40017 
log sec I = 0.24966 

I = 65° 45' 6". 

21. Find the latitude of the place 
at which the sun sets at 10 o'clock 
on the longest day. 

ZPJf= 15° X 10 
= 160°, . 
ZJtf=90°, 
MP =90°- I 
cot Z = cos t cot d. 
' «=160°. 
d = 23° 27'. 
log cost =9.93753 
log cot d = 0.36274 
log cot Z =0.30027 

I = 63° 23' 41". 

22. What does the general for- 
mula for the hour angle, in § 69, 
become when (i.) ^ = 0°, (ii.) / = 0° 
and d = 0°, (iii.) Z or d = 90°? 
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By §69. 
sin it 
= ± [cos i (l-^p+h) sin i {l+p-h) 

sec < CSC p]^ 
= ± [i(sin{J+p}~sinA)secrc8cp]*. 

(i.) If A=0, 
sin i t = ± [i sin (J + p) secJ cscp]*. 
co8<= l-2 8in«i« 

= 1 — sin (Z + p) sec i CSC p 
— sin f COS p -f COS / sin p 



cos I sin p 
_ _ sin I cos p 
~~ cos I sin p 
= — tan I cot p. 
But p = 90 — d. 

.-. cos i = — tan I tan d. 
(ii.) If « = Oandd = 0, 
p = 90°-d 
= 90«. 
sini«= [i(l~sinA)]*. 
cos i = 1 — (1 — sin A) 

= sin h, 
... t = 90 - A 
= z. 
(iii.) If J or d = 90^ sec Z or CSC p 
= GO, and the formula is useless. 
When d = 90°, the star is at the pole 
and its hour angle is indeterminate ; 
and when I = 90°, the place of ob- 
servation is at the terrestrial i)ole 
and the meridian is ilTdeterminate. 

23. What does the general for- 
mula for the azimuth of a celestial 
body, in § 70, become when t = 90° 
= 6 hours ? 
From § 70, 

tan m = cot d cos t, 
tan a = sec (i + m) tan t sin m. 
Multiply these two equations to- 
gether • 



tan a tan m 

= sec (2 + m) cot d sint sin tn. 
.'.tan a= sec (I + m) cot d sin t cos m. 
Here t = 90°, m = ; hence 
tana = sect cotd. 
cot a = cos I tan d. 

24. Show that the formulas of 
§ 71, if « = 90°, lead to the equation 
sin 2 = sin A CSC d ; and that if d = 0°, 
they lead to the equation cos I = 
sin haect. 

From § 71, 

tan m = cotd cost. (1) 

cos n = cos m sin A CSC d. (2) 
(i.) If t=90°, m=0 and n=90°-Z ; 
hence 

cos (90°— Q = cosO sin A CSC d. 
sin l = Bmhc8cd. 
(ii.) If d = 0, m = 90°, n=t. 
Divide (2) by (1), 
COS n cot m = cos m sin h sec d sec t, 
cos n = sin m sin A sec d sec t 
.*. cosZ== sin A sect. 

25. Given latitude of place 52° 
30' 16'', declination of star 38°, its 
hour angle 28° 17' 16"; find its alti- 
tude. 




Given PZ = 90° - 37° 29' 44", 
P3f= 90°- d = 62°, 
ZP3f=t = 28°17'15"; 
required ZM = 90° — A. 
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Let PQ = m. Then 
tan m = cot d cos t 
sink = sin (i + m) sin d sec m. 
log cot d = 0.10719 
logcosi = 9.94477 

log tan m =10.05196 

m = 48° 26' 10''. 
log sin {l-\-m) = 9.99206 
log sin d =9.78934 

log sec m = 0.17804 
log sin A =9.95944 — 10 

h = 66° 37' 20". 

26. Given latitude of place 61° 
19' 20", polar distance of star 67° 
69' 6", its hour angle 16° 8' 12"; 
find its altitude and its azimuth. 




1 = 
d = 
t = 
tanm = 
sin h = 
tana = 
log cot d 
log cos t 
log tan m 

log sin (J+ 
log sin d 
log sec m 
log sin h 



61° 19' 20". 

22° 0'66". 

15° 8' 12". 

cot d cos t. 

sin (l-\-m) sin d sec m. 

sec (l+m) tan t sin m. 

= 10.39326 

= 9.98466 

= 10.37792 
m = 67° 16' 22". 
m) = 9.94361 

= 9.67387 

= 0.41302 

= 9.93040 
h = 68° 26' 16". 



log sec {l+m) = 0.32001 
log tan t =9.43218 

log sin m = 9.96490 
log tan a =9.71709 
a = 162° 28'. 

27. Given the declination of a 
star 7° 54', its altitude 22° 46' 12", 
its azimuth 129° 46' 37"; find ite 
hour angle and the latitude of the 
observer. 

sin t = sin a cos h sec d. 



log sin a 


= 9.88677 


log cos h 


= 9.96482 


colog cos d 


= 0.00414 


log sin t 


= 9.86473 




t = 45° 42'. 


tanm = 


cot d cos t 


cosn = 


cos m sin A CSC d. 


1 = 


r - (m ± n). 


log cot d 


= 10.86773 


log cos t 


= 9.84411 


log tan m 


= 10.70184 




n. =78° 46' 45". 


log cos m 


9.28976 


log sin h 


= 9.68746 


log esc d 


= 0.86187 


log cos n 


= 9.73908 




n= 66° 44' 39". 



m~n= 12° 1' 6". 

90°- (m-nj^ 67° 68' 64". 

.-. I = 67° 68' 64". 

28. Given the longitude u of the 
sun, and the obliquity of the eclip- 
tic e = 23° 27'; find the declination 
d, and the right ascension r. 

In the figure let P represent the 
pole of the equinoctial A VB, S the 
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position of the son, and Q the pole 
of the ecliptic ^FF. 




Then VS = «. 

rR = r. 

8R = d, 

RrS = e, 

Then in the right triangle RV8, 

by [39], 

sin SR = sinVS X sin RV8, 
or sin d = sin u sin e. 

Also by [40], 

cos RVS = tasiRV cot VS, 
or cose = tanr cottt. 

tan r = tan u cos e. 

29. Given the obliquity of the 

ecliptic e = 23® 27', the latitude of a 

star 61°, its longitude 316° ; find its 

declination and its right ascension. 

In Fig. 61, given 

FT =315° or -46°, 
r3f=61° 
RVT= 23° 27', 
to find VR = r 
and RM = d. 

In right triangle VTM, 

cos VM = cosVT cos TM, 
and tanAfFr= tanJfrcscFT. 
log cos 316° = 9.84949 
log cos 61° = 9.79887 
logcosF3f =9.64836 

F3f=63°34'36'^ 



log tan 61° = 10.09163 
log CSC 316° = 0.16061 (n) 
log tan Jf FT = 10.24214 (n) 

MVT=- (60° 12' 14.6"). 
In right triangle RVM, 
RVM=RVT+ TVM 

= 23°27'-(60°12'14.5'0 
= - (36° 46' 14.6"). 
By [39], 

sin RM = sinFM BmRVM. 
log sin FM =9.96208 
logsiniJFJf = 9.77698 
logsmiJJf =9.72906 

iJM=d = 32° 24' 12". 
Also, by [42], 

sinF/i = tan RM cot RVM. 
logtaniJM =9.80267 
logcotiJFJf = 0.12677 (n) 
log sin VR = 9.92934 (n) 

FiJ=- (68° 11' 43"). 
.-. VR = 360° - 68° 11' 43" 
= 301° 48' 17". 

30. Given the latitude of a place 
44° 60' 14", the azimuth of a star 
138° 68' 43", and its hour angle 20° ; 
find its declination. 




Given c = 90° - 44° 60' 14" 
= 46° 9' 46". 
A = 138° 68' 43". 
-B=20°. 
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i(^-B) = 69°29'22''. 

ic =22° 34' 63". 

log cos i(A-E) = 9.70560 

colog cos i (-A + ^ = 0.73893 

logtanic = 9.61897 

log tan i (a +6) =0.06360 

i(a + 6) =49° 10' 26". 

log sin i (^ - 5) = 9.93628 

colog sin i (\l + ^ = 0.00736 

log tan } c = 9.61897 

log tan 1 (a -6) =9.66160 

J (a -6) = 20° r 21.6". 

.-. a = 69° 11' 48". 

90° - 69° 11' 48" = 20° 48' 12". 

31. Given latitude of place 61° 
31' 48", altitude of sun west of the 
meridian 35° 14' 27", its declination 
+21° 27'; find the local apparent 
time. 

By § 69, 

PZ= 90°- «, 
P3f= 90°- d = p, 
ZJf=90°-^; 
required t = ZPM. 

p = 68° 33'. 
i(Z4-A4-p) = 77°39'37.6". 
i (Z - A 4- p) = 42° 25' 10.5". 

logcosi(Z + p+^)= 9.32982 

logsini(Z + p-^)= 9.82901 

colog cos i = 0.20614 

colog sin p = 0.03117 

2 )19.39614 

log sin i< = 9.69807 



i< = 29°66'66.6". 

«= 59° 61' 61". 
t 

— = 3 h. 59 min. 27f sec. p.m. 
lo 

32. Given latitude of place 2, the 
polar distance p of a star, and its 
altitude h ; find its azimuth a. 




Altitude = ZJf = 90° - ^. 

Co-latitude = PZ = 90° - i. 
Polar distance = PM 

= 90°-ci = p. 
Azimuth = PZJlf or a. 

cosi^^= Vsin 8 sin (a— a) esc h esc c. 
Let A = PZ3f or a, 

a = p, 
5 = 90° - h, 
c = 90°-«. 
Then 
sin 8 = sin [90°— i {1+ h—p)] 

= cos i(h+ l — p). 
sin (8-a) = sin [90°- i (h+ l+p)] 

= cos i (^ + Z + p). 
CSC 6 = esc (90° — h) = sec h. 
CSC c = CSC (90° — I) = sec I. 
.-. cos i a = 
Vcosi(p+A+Qcosi(^+Z— p)sec I sec h. 



SURVEYING. 



Exercise I. Page 214. 

1. Required the area of a triangular field whose sides are respectively 
13, 14, and 15 chains. 



Area = Vs (« — a) (« — h)(8 — c), 

8=1(13 + 14+ 15) = 21, «-6 = 21-14=7, 

g-a=2 1-13 = 8. 8-c =21-15 = 6. 

Area = V21 x 8 x 7 x 6 = V3a X 7a x 2* = 3 x / x 22 
= 84 sq. ch.= 8.4 a.= 8 a. 64 p. 

2. Required the area of a triangular field whose sides are respectively 
20, 30, and 40 chains. 



Area = V46 X 26 X 16 x o = V38 X 56 = 3 X 52V3X 6 

= 75Vi5 = 290.4737+. 
290.4737 sq. ch.= 29.04737 a. =29 a. 7.679p. = 29a. 7f p., nearly. 

3. Required the area of a triangular field whose base is 12.60 chains, 
and altitude 6.40 chains. 

Area = i base x altitude. 

Area = i x 12.6 X 6.4 = 40.32 sq. ch. = 4.032 a. = 4 a. 65^ p. 

4. Required the area of a triangular field which has two sides 4.50 and 
3.70 chains, respectively, and the included angle 60°. 

Area = i&c sin^. 

Area = i X 4.5 X 3.7 X 0.866 = 7.20945 sq. ch. = 0.7209 a. 
= 116/^ p., nearly. 

5. Required the area of a field in the fonn of a trapezium, one of 
whose diagonals is 9 chains, and the two perpendiculars upon this diag- 
onal from the opposite vertices 4.50 and 3.25 chains. 

Area = i x 9 (4.5 + 3.25) = 34.875 sq. ch. = 3.4875 a. 
= 3a. 78i'. 



284 SURVEYING. 

6. Required the area of the field ABCDEF (Fig. 19), if AE = 9.26 
chains, FF' = 6.40 chains, BE = 13.75 chains, BIT = 7 chains, DB = 10 
chains, CC =■ 4 chains, and A A' = 4.75 chains. 

2 area AFE = 6.4 x 9.25 = 59.2 
2 area BDEA = 13.75 (4.75 + 7) = 161.5625 
2 area BDC = 10 X 4 =40 

2 area ABCDEF = 260. 7625 

area ABCDEF = 130.38125 

130.38125 sq. ch. = 13.038125 a. = 13 a. Oj^ p. 



7. Required the area of the field ABCDEF (Fig. 20), if AF" = 4 chains, 
FF — 6 chains, EE' = 6.50 chams, AE" = 9 chains, AD— 14 chains, AC 
= 10 chains, -4^ = 6.50 chains, BB^ = 7 chams, CC = 6.75 chains. 

2 area -AFF' =4x6 =24 

2areaF'^'i:F=5(6 + 6.5) = 62.5 
2areaJ?^D =6.6x5 = 32.5 

2 area ABBT = 6.5 x 7 = 45.5 

2 area BCC B" = 3.5 (7 + 6.75) = 48.126 
2 area CDC = 6.75 x 4 =27 

2 area ABCDEF = 239.625 

area ABCDEF = 119.8126 

119.8125 sq. ch. = 11.98125 a. = 11a. 157 p. 



8. Required the area of the field AGBCD (Fig. 15), if the diagonal 
-4C = 5, BR (the perpendicular from B to AC) = 1, DU (the perpen- 
dicular from D to ^C) = 1.60, EW = 0.25, FF' = 0.26, GG' = 0.60, HE" 
= 0.62, KK' = 0.54, A^' = 0.2, E'F' = 0.50, F' G' = 0.45, G' H' = 0.45, 
//' K' = 0.60, and iC' B = 0.40. 

2 area ^DCB = 5 (1 + 1.6) = 13. 

2 area AEE' = 0.25 X 0.2 = 0.05 

2 area ^^'F'F =0.6(0.25 + 0.26)= 0.25 

2areaFF'G'G =0.45(0.26 + 0.6)= 0.3825 

2 area GG' ir H = 0.45 (0.6 + 0.52) = 0.504 

2 area B^H' K'K=(i.Q (0.52 + 0.54) = 0.636 

2 area irJ5r'5 = 0.4 X 0.64 = 0.216 

2 area ADCBKHGFE = 16.0385 

axesi ADCBKHGFE = 7.51925. 
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9. Required the area of the field AGBCD (Fig. 16), if AD=S, AC 
= 6, AB = Q, angle DAC = i^°, angle BAG = SO"", ^^ = 0.75, AF' 
= 2.25, ^fl^= 2.53, AG' = 3.15, EE' = 0.60, FF' = 0.40, and GG' =0.75. 



2 area ADCB = 3 X 5 X 0.7071 + 5 x 6 X 0.6 
2 area HGB = 0.75 X 3.47 



= 26.6065 
= 2.6025 



2 area ADCBGH = 28.2090 

2 area AEFH= 0.75 X 0.6 + 1.6 (0.6 + 0.4) + 0.4 x 0.28 = 2.062 



2 area ADCBGHFE 
area ADCBGHFE 



= 26.147 
= 13.0736. 



10. Determine the area of the field ABCD from two interior stations 
P and P', if PP" = 1.60 chains, 



angle PP'C = 89° 35', 
PP'B = 185° SO', 
PR A = 309° 15', 
PP'D = 349° 45', 



angle RPB = 3° 35', 
P'P^ = 113° 45', 
RPD = 165° 40', 
RPC = 303° 15'. 



Area = AP^D + APCD 4- Ai'^C + APAB, 



^PP'D= 10° 15', 
IPDR= 4° 5', 
Z PP'^ = 174° 30', 



Z PP'^ = 50° 45', 
Z P^P' = 16° 30', 
Z PBP' = 1° 55', 



Z PP'C = 89° 36', 
Z PCP' = 33° 40'. 



PD = 



PR Bin PR D 



BmPDR 

log PR =0.17609 

log sin PP'2)= 9.25028 

colog sin PDP' = 1.14748 

log PD =0.57385 



PA = 



PR sin PR A 



sin PAR 

log PR = 0.17609 

log sin PR A = 9.88896 

colog sin PAR = 0.57310 

log PA = 0.63815 



PC = 



PR Bin PRC 



Bin PC R , 

logPP' =0.17609 

log sin PP'C= 9.99999 

colog sin PCR = 0.25621 

log PC 0.43229 



PB- 



PRBinPRB 



Bin P BR 

log PR =0.17609 

log sin PP'B = 8.98157 

colog sin PBP' = 1.47566 

log PB = 0.63332 



Z^Pi) = 51° 65', Zi>PC= 137° 35', Z2^PC=60°20', Z^P1^= 110° 10'. 
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I area PAD = PDxPA smAPD, 
log PD = 0.57386 

log PA = 0.63816 

log&lnAPD = 9.89004 
log 2 area =1.10804 
2 area PAB = 12.826. 



2 area PCD = P2) X PC sin DPC. 
log PD = 0.57386 

log PC = 0.4 

log sin DPC = £U 
log 2 area = 0.83613 
2 area PCD = 6.8412. 



2 area P^JB = PA X PB sin ^PB. 
log P^ = 0.63815 

log PB = 0.63332 

logsin^PB = 9.97252 
log 2 area = 1.24399 
2 area PAB = 17.538. 



2 area PBC = PC x PB sin BPC. 



log PC 
logPB 
log sin PBC 
log 2 area 
2 area P5C 



= 0.43229 
= 0.63332 
= 9.93898 
= 1.00469 
= 10.106. 



2 A PAD = 12.825 
2 A PCD = 6.841 
2 A PBC = 10.106 
2 A PAB = 17.538 
2 ^5CD = 47.310 
45C2) = 23.666 sq. ch. 

23.656 sq. ch. = 2.3666 a. = 2 a. 58^ p. , nearly. 



11. Determine the area of the field ABCD from two exterior stations 
P and P', if PP' = 1.50 chains, 



angle P'PB = 41° 10', 
RPA= 65° 45', 
P'PC= 77° 20', 
RPD = 104° 45', 



angle PRD = 66° 45', 
PP'C= 95° 40', 
PP'B = 132° 15', 
PP'^ = 103° 0'. 



Area = (A P'CB + A P'CD) - (A P'AB + A P'AD), 



L P'PB = 41° 10', 
Z PBP" = 6° 35', 
/ P'PA = 65° 45', 



Z P'PD = 104° 45', 
Z PDR = 8° 30', 
LPAP= 21° 15', 



Z P'PC = 77° 20', 
LPCr^ 7° 0'. 



P'B = 



PP' sin P'PB 



sin PBP' 

log PP' =0.17609 

log sin P'P1? = 9.81839 

colog sin PBP = 0.94063 

logP'JB =0.93611 



P'D- 



PP" sin P'PD 



sin PDP' 

logPP' =0.17609 

log sin P'PD = 9.98545 

colog sin PDP" = 0.83030 

log P'D = 0.99184 
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P'C = 



PP^ sin P^PC 
Bin per 



log PP' =0.17609 

log 8inP'PC = 9.98930 

colog sin PCR = 0.91411 

log P'C . =1.07960 



P'A = 



PRsinP'PA 
sin P^P' 



log PP' =0.17009 

log sin P'P4= 9.91729 

colog sin P4P' = 0. 44077 

log P'A = 0.63416 



Z BP'C = 36<^ 36', 
Z CP'D = 28° 66', 



Z ^P'B = 29° 16', 
Z^P'D = 36° 16'. 



2 area P'CB = RC X P'Bam BP'C. 

log P'C = 1.07960 
log P'B = 0.93611 

log 8ingP'C = 9.77624 
log 2 area =1.78986 
2 area P'C^ =61.639. 



2 area P'C!) = P'C X P'D sin CP'D. 

log P'C = 1.07960 
log P'D = 0.99184 
log sin CP'D= 9.68443 
log 2 area =1.75577 
2 areaP'CD = 66.986. 



2 area P'AB = P'BXP'A sm AP'B. 



logP'B 


= 0.93611 


logP'^ 


= 0.63416 


logsin^P'B 


= 9.68897 


log 2 area 


= 1.16823 


2areaP'4B 


= 14.396. 


2AP'CB 


= 61.639 


2AP'CD 


= 66.986 




118.626 




34.248 


2^BCD 


= 84.377 


ABCD 


= 42.1886. 



2 area P'^D =P'^ X P'Dsin AP'D, 

log P'A = 0.63416 
log P'D =0.99184 

log sin^P'D= 9.77181 
log 2 area = 1.29780 
2 areaP'^2) = 19.862. 



2/^P'AB 
2AP'AD 



= 14.396 

= 19.862 

34.248 



42.1886 sq. ch.= 4.21886 a. 

= 4 A. 36 p., nearly. 
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ExEBGisB II. Page 223. 









i^. 


8, 


J?. 


IT. 


3f,D. 




N,A, 


S,A. 


1 

2 
3 

4 
5 


B. 76^ E. 
B. ISO K. 
B. 75^ W. 
X.45'>E. 
N.450W. 


6.00 
4.00 
6.03 
5.00 
5.19i 


3.54 
3.67 


1.55 

3.86 
1.80 


6.79 
-6-86- 

1.04 
3.54 


6.70 
3.67 


5.79 
6.83 
0.13 
3.67 



5.79 

12.62 
6.96 
3.80 
3.67 


13.4520 
13.4689 


8.9745 
48.7132 
12.5280 


21.647 sq. cb. - 2.1647 A. « 2 ▲. 26 P., newly. 


26.9200 


70.2157 
26.9200 






















43.2948 
21.0474 









N, 


S. 


E, 


ir. 


M.D, 




N.A. 


8. A, 


1 


N.450K. 


10.00 


7.07 


. . . 


7.07 


. . . 


7.07 


7.07 


49.9849 




2 


8. 750 K. 


11.55 


. . . 


2.99 


11.16 




18.23 


25.30 




75.6470 


8 


s. 150 W. 


18.21 


. . . 


17.69 


. . . 


4.71 


13.52 


81.76 




558.4826 


4 


N.450W. 


19.11 


13.51 






13.52 
-la-ft- 





13.52 


182.6552 








232.6401 


634.1295 
232.6401 


200.74 Bq.ch.-iS 


».074 A. - 20 A. 12 P.. newly 






^ 


401.4894 








200.7447 
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3. 









K, 


8, 


£. 


fr. 


M.D. 


c5 


N.A, 


8. A. 


1 

2 
3 
4 


N.160B. 

N.760E. 
S. 160W. 

N.750W. 


3.00 
6.00 
6.00 
6.20 


2.00 
1.55 

1.35 


5.80 


0.78 

6.79 
•6-80- 


1.55 
6.02 


0.78 
6.57 
6.02 



0.78 

7.35 

11.59 

6.02 


2.2620 
11.3925 

6.7770 


67.2220 


fKJtOft on. nh. >= 'i.Saaft A. = 9 a. Hi t>. nA»r1v. 


20.4316 


67.2220 
20.4315 






















46.7905 
23.3953 



4. 









N. 


S, 


E, 


FF. 


M.D, 




N,A, 


8. A. 


1 

2 
3 
4 
6 
6 


N.890 46' E. 

s. 7000'w. 

S. 28° 00' E. 
S. 0O46'E. 
N. 84° 46' W. 
N. 2O30'W. 


4.94 
2.30 
1.52 
2.57 
6.11 
6.79 


0.00 
-0-62- 

0.46 

-e-4f 

5.76 


2.29 
-2-28- 

1.34 

2.58 
-2-6?- 


4.93 
-4-94- 

0.71 
0.02 


0.29 
-e-28- 

5.10 
"0-69- 
0.27 

-e-26- 


4.93 
4.64 
6.35 
6.37 
0.27 



4.93 
9.57 
9.99 

10.72 
5.64 
0.27 


2.5380 
1.5552 


21.9153 
13.3866 
27.6576 


-D-00- 


Q QA9 A ^9 h. If; 














4.0932 


62.9595 
4.0932 








""»v« 




68.8663 
29.4332 
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5. 







jr. 


8. 


M, 


W. 


N. 61° 45' W. 

S. 85° W. 
S. 55^ 10' Y'. 


2.30 
6.47 
1.62 


1.48 


0.56 
0.93 




1.88 
6.45 
1.33 




1.49 
1.48 




9.66 








0.01 













N. 


S, 


E, 


w. 


M.D, 




K.A. 


8. A, 


3 
8 

4 
5 
6 

1 


8. W. 
N. 8o46'E. 
B. 6d<'45'E. 
N. 15° E. 
8. 820 45' E. 
S. 2oi5'E. 


6.30 
1.70 
4.98 
6.03 
0.68 


6.36 
-6-86- 

4.80 
.4-8i- 

1 1 1 


0.03 

0.67 
0.77 

-e-w- 

9.69 
•9-6^ 


0.43 

1.56 

1.29 

6.98 
0.39 

•e-88- 


9.65 
-9-66- 


9.65 
9.22 
7.60 
6.37 
0.30 



9.65 
18.87 
16.88 
14.03 
6.76 
0.30 


120.0132 
67.3440 


0.2895 

11.3096 

5.2052 
3.7791 


SJfflO A. « 8 A. 54 p.. nearlv. 


187.3572 
20.5834 


20.5834 




















166.7738 
83.3860 
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6. 







N. 


S. 


E. 


W, 


8. 81° 20' W. 
N. 78° 80' W. 


4^ 
2.67 


0.62 


0.65 




4.28 
2.60 




0.65 
0.62 




6.83 








0.03 











N, 


5. 


E, 


W. 


8. 7° E. 
8. 27° E. 
8. lOo 30' E. 
N. 76° 46' W. 


1.79 
1.94 
6.35 
1.70 


0.39 


1.78 
1.78 
6.26 


0.22 
0.88 
0.98 


1.66 




8.77 
0.39 


2.08 
1.66 










8.38 


0.43 











N. 


S. 


E, 


fr. 


M.D. 




N.A. 


S.A. 


1 


8. W. 


. . . 


. . . 


0.03 


. . . 


6.80 
-6-68- 


6.80 


6.80 




0.2040 


2 


N. 60 E. 


8.68 


8.66 


. . . 


0.79 




6.01 


12.81 


110.8065 




3 


8. 870 30' E. 


6.64 




0.24 


5.65 
-6-63- 




0.46 


6.47 




1.5528 


4 


8. E. 






8.38 


0.46 







0.46 




8.8548 






110.8066 


6.6116 






5.6116 




6.2697 A. « 6 A. 42 P., nearly. 










105.1949 








52.597 
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8UBVET1NO. 









Jf, 


S. 


E, 


FT. 


Jf.D. 


2 


K.A. 


8. A. 


3 

4 
1 
2 


8. 6O00'E. 
N. 88'> ao' E. 
N. Ooi6'W. 
B. 8P 60' W. 


6.88 
4.12 
0.81 
4.00 


0.12 
0.28 

-o-af 


6.83 

0.67 
-6^ 


0.63 

-e-6i- 

4.14 


0.07 

4.00 
•4-OS- 


0.63 
4.07 
4.00 



0.63 
6.20 
8.07 
4.00 


0.0240 
64.4470 


3.0699 
2.2800 






66.0710 
6.S0W 


64M»9 




L486A.»2A.7f 


F..I1* 


irly. 












49.7017 
24.8606 









N. 


5. 


E. 


fr. 


Jf.D. 




N.A. 


S.A. 


3 

4 
1 
2 


8. S^OO'E. 

E. 

N. 6O80'W. 

8. 820 30' W. 


6.83 

6.72 
6.08 
6.61 


0.03 

6.08 
"©■OO" 


6.29 
-6-8fi- 

0.82 
-0-66- 


0.28 
6.73 


0.57 
-0-«- 
0.44 
-0-46- 


0.28 
7.01 
6.44 



0.28 
7.20 
13.46 
6.44 


0.2187 
81.7760 


1.4812 

6.2808 




81.9947 
6.7020 


6.7620 


i 


S.761a.»3a. 12 


2 P., in 


aarly. 












76.2327 
87.0163 
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9. 









N. 


S. 


E. 


W. 


M.n. 




N,A. 


8. A, 


1 

2 
3 
4 
5 


N.aoooo'E. 

N.73O00'E. 
S. 46° 15' E. 
S. 38° 30' W. 
Wanting. 


4.624 
4.16i 
6.18i 
8.00 


4.35 
1.22 

5.04 


4.35 
6.26 


1.58 
3.98 
4.39 


4.98 
4.97 


1.58 
5.56 
9.95 
4.97 



1.58 

7.14 

15.51 

14.92 

4.97 


6.8780 
8.7108 

25.0488 


67.4685 
93.3992 




40.6326 


160.8677 
40.6326 


i 


S.012a. = 0a.2i 


p., neai 


ly. 












120.2351 
60.1175 



10. 









N. 


S. 


E, 


IT. 


M.D. 


^ 


N.A. 


8. A, 






- 












Cj 






6 


N. 320 00' E. 


8.68 


7.33 
-^36- 




4.61 
-4-68- 




4.61 


4.61 


33.7913 




7 


s. 75050'E. 


6.38 




1.58 
-i-66- 


0.20 
-6-id- 




10.81 


15.42 




24.3636 


8 


S. 140 45' W. 


0.98 




0.95 




0.25 


10.56 


21.37 




20.3015 


9 


S. 790 15' E. 


4.52 


* 


0.86 
-0-84- 


4.44 




15.00 


26.56 




21.9816 


1 


8. SOOO'E. 


4.23 




4.23 
-4-22- 


0.22 


. . . 


15.22 


30.22 




127.8306 


2 


S. 860 45'W. 


4.78 




0.29 

-e-2^ 




4.77 


10.45 


25.67 




7.4443 


3 


S. 370 00' W. 


2.00 




1.60 




1.20 


9.25 


19.70 




31.5200 


4 


N. 81° 00' W. 


7.45 


1.14 






7.35 


1.90 


11.15 


12.7110 




5 


N. 61° 00' W. 


2.17 


1.04 
-1-06- 






1.90 





1.90 


1.9760 














48.4783 


283.4416 


9.248 A. ^9 A. 40 


p., nearly. 










48.4783 


184.9633 














92.48 
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Exercise III. Page 224. 
1. 









i^. 


B. 


s. 


w. 


M.D, 




N.A. 


B.A. 


AB 
EC 


N. 

8. 60OE. 


4.000 
4.000 


4.000 









8.464 



8.464 





6.928 


2.000 


8.464 


. . . 


CD 


8. SO^E. 


6.928 


. . . 


6.000 


8.464 


. . . 


6.928 


10.802 


.... 


02.352 


DA 


N.60OW. 


8.000 


4.000 







6.928 





6.928 


27.712 











27,712 


60.280 
27.712 


20.784 eq. eb.- 2.0784 a.» 2 A. 12| P., nearly. 












41.568 










-^.784 



2. 









N. 


8. 


E, 


W. 


M.D. 




N.A. 


S.As 


AB 
BC 


N. 
N.80O20'E. 


79.86 
121.13 


79.860 
20.338 









119.410 



119.410 


2428.56 




. . . 


119.410 


. . . 


CD 


S. 40° 00' E. 


90.00 




68.943 


57.8S1 




177.261 


296.671 


.... 


20463.39 


DE 


8. 66° 52' W. 


100.65 


. . . 


59.350 


.... 


81.289 


95.972 


273.233 


.... 


16216.38 


EA 


N.730 4i'W. 


100.00 


28.095 






95.972 


« 


05.972 


2696.33 







5124.89 


36669.77 
6124.89 


15772.44 P. = 98 A. 92 P., nearly. 






31544.88 






15772.44 
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Exercise IV. Page 231. 

1. Erom the square ABCDy containing 6 a. 1 r. 24 p., part off 3 a. by a 
line EF parallel to AB. 

6 A. 1 R. 24 p.= 64 sq. ch.; V64 = 8 ch.= AB, 
3 a. = 30 sq. ch. 

2. From the rectangle ABCD, containing 8 a. 1 r, 24 p., part off 2 a. 
1 R. 32 p. by a line EF parallel to AD = 7 ch. Then, from the remainder 
of the rectangle part off 2 a. 3 r. 25 p. by a line QH parallel to MB. 

8 A. 1 R. 24 p. = 84 sq. ch.= ABCD. 

2 A. 1 R. 32 p. = 24.6 sq. ch.= AEFD. 

2 A. 3 R. 26 p.= 29.0626 sq. ch.= EBHG. 

. ^ AEFD 24.6 „ ^ ^ 
^^ = ^-^ = — =3.6ch. 

,_ ABCD 84 ,_ , 
^B = -^^=y=12ch. 

EB=AB — AE=l2 — Z,^ = S.6ch. 

^_ EBHG 29.0626 « xo v 

EG = ^^ = g^ = 3.42 ch., nearly. 

3. Part off 6 A. 3 r. 12 p. from a rectangle ABCD, containing 16 a. by 
a line EF parallel to AB ; AD being 10 ch. 

6 A. 3 R. 12 p.= 68.26 sq. ch.= ABFE. 

16 A. = 160 sq. ch. = ABCD, 

._ ABCD 160 ,^ ^ 
^B = ^^= — = 16ch. 

^^=^ = 68|6^^^^^^ 
AiS 15 



4. From a square ABCD, whose side is 9 ch., part off a triangle which 
shall contain 2 a. 1 r. 36 p., by a line BE drawn from B to the side AD. 

2 A. 1 R. 36 p. = 24.76 sq. ch. 

.^ 2 ABE 2X 24.76 ^ ^^ ^ 

AE = — 7^^- = = 5.50 ch. 

An y 
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5. From ABCDy representing a rectangle, whose length is 12.65 ch., 
and breadth 7.68 ch., part off a trapezoid which shall contain 7 a. 3 h. 
24 p., by a line BE drawn from B to the side DC. 

7 a. 3 B. 24 p.= 79 8q. ch. 

ABCB =12.66 X 7.68 = 96.887 sq. ch. 

^BCE= 96.887 - 79 = 16.887 sq. ch. 

^„ 2BCE 2 X 16.887 . ..^ , , 

CE = -^^ = — ^-^g — = 4.466 ch., nearly. 



6. In the triangle ABC, -45= 12 ch., ^C= 10 ch., and 50= 8 ch.; 
part off 1 A. 2 R. 16 p., by the line DE parallel to AB, 

1 A. 2 R. 16 p.= 16 8q. ch . 
CAB = Vlj6x3x 6X 7 = 39.6863 sq. ch. 
CDE = CAB - ABED = 39.6863 - 16 = 23.6863 sq. ch. 
CAB : CDE : ; CA^ : C& 
iiCffiCE". 
39.6863 ; 23.6863 : : lO^ ; Cp. .-. CD = 7.726 ch. 
:: 82 :C^. .• CJg7=6.18 ch. 
AD=CA-CD=10- 7.726 = 2.276 ch. 
BE = CB-CE= 8-6.18 =1,82 ch. 

7. In the triangle ABC, AB = 26 ch., AC = 70 ch., and BC = 16 ch. ; 
part off 6 A. 1 R. 24 p., by the line DE parallel to AB. 

6 A. 1 R. 24 p. = 64 sq. ch. 
CAB = V31 X 6 X 11 X 16 = 159.9218 sq. ch. 
CDE = CAB- ABED= 159.9218 - 64 = 96.9218 sq. ch. 
CAB : CDE : : CA^ : Clf 
: : Clf : CA^. 
169.9218 : 96.9218 : : 20a : CD^. .-. CD = 16.49 ch. 
::162: C^. .-. C^= 12.39 ch. 
AD=CA-»CD=20- 16.49 = 4.51 ch., nearly. 
BE=CB-'CE=16- 12.39 = 3.61 ch., nearly. 

8. It is required to divide the triangular field ABC among three 
persons whose claims are as the numbers 2, 3, and 5, so that they may 
all have the use of a watering-place at C ; AB = 10 ch.. ^C = 6.86 ch., 
and CB = 6.10 ch. 
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Since the triangles have the same altitude, they are to each other as 
their bases. Hence it is only necessary to divide the base 10 into the 
three parts, 2 ch., 3 ch., 6 ch. 

9. Divide the five-sided field ABCHE among three persons, X, Y, 
and Z, in proportion to their claims, X paying $600, Y paying $750, 
and Z paying $1000, so that each may have the use of an interior pond, 
at P, the quality of the land being equal throughout. Given AB =8.64 
ch., BC = S.27 ch., CH=S.06 ch., HE = 6.S2 ch., and ^^ = 9.90 ch. 
The perpendicular PD upon ^JB = 5.60 ch., PiX upon BC = 6.0S ch., 
FIX' upon CH = 4.80 ch., PI^' upon HE = 5.44 ch., and PIT''' upon 
EA = 6.40 eh. Assume PH as the divisional fence between X's and Z's 
shares ; it is required to determine the position of the fences PM and PN 
between X^s and Y^s shares and Y^s and Z^s shares, respectively. 

If P is joined to the vertices, the field is divided into triangles, whose 
bases are the sides, and the altitudes the given perpendiculars upon the 
sides from P. 

APB = 8.64 X 2.80 = 24.1920 sq. ch. 

BPC = 8.27 X 3.04 = 26.1408 

CPfl^= 8.06X2.40= 19.3440 

HPE= 6.82 X 2.72 = 18.6604 

JgP^ = 9.90 X 2.70 = 26.7300 

ABCHE = 113.9672 

The whole area, 113.9672 sq. ch., must be divided as the numbers 600, 
750, 1000, or as 2, 3, 4. 2 + 3 + 4=9. 



9 : 113.9672 



2 : 26.3238 sq. ch.= X's share. 

3 : 37.9867 sq. ch.= Y's share. 

4 : 60.6476 sq. ch.= Z's share. 



PH is assumed as the line between X's and Z's shares. Since the tri- 
angle PHE is less than X's share by 26.3238 — 18.5604 = 6.7734 sq. ch., 
this difference must be taken from the triangle PEA, The area of PEM 
is then 6.7734 sq. ch., and the altitude Piy'''= 6.40. 

. FXf_2P^_ 2X07734 _ 
.-. EM- p^^- 5 40 - 2.6087 ch. 

PMA = PEA — PEM= 26.7300 - 6.7734 = 19.9666 sq. ch. 

Since Y's share is greater than PMA (19.9666) and less than PMA 
+ PAB (44.1486), the point JV is on AB. 
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T*8 share diminiBhed by PMA equals PAN\ that is, 
PAN= 37.9867 - 19.9566 = 18.0291 sq. ch. 
.^ 2 PAN 2 X 18.0291 _ ,„. , 
^^= -PJT = 6.60 = ^-^^^ "^• 

10. Divide the triangular field ABC, whose sides AB, AC, and BC are 
16, 12, and 10 ch., respectiyely, into three equal parts, by fences EG and 
DF parallel to BC, 

ABC = V18.6 X 3.5 X 6.5 X 8.5 = 59.81169 sq. ch. 
ADF = i of 59.81169 = 19.9372 sq. ch. 
AEG = f of 69.81169 = 39.8744 sq. ch. 
ABC : AEG : : Aff : AB^ 

: : ACf : 3^*. 
69.81169 : 39.8744 : : 16^ ; AE^, .-. AE = 12.247 ch. 
:: 12^ :AG\ ., AG = 9.798 ch. 
ABC : ADF : : AB^ : A& 

: : Z? : AF^^__ 
69.81169 : 19.9372 : : 152 : A&, .-. AD = 8.669 ch. 
: : 122 : af\ .-. AF = 6.928 ch. 

11. Divide the triangular field ABC, whose sides AB, BC, and AC are 
22, 17, and 15 ch., respectively, among three persons. A, B, and C, by 
fences parallel to the base AB, so that A may have 3 a., B 4 a., and C 
the remainder. 

CAB = V27 X 5 X 10 X 12 = 127.2792 sq. ch. 
CDG = CAB - ABGD = 127.2792 - 30 = 97.2792 sq. ch, 
CEF = CAB-' ABFE = 127.2792 - 70 = 57.2792 sq. ch. 
CAB : CDG : : Cff : C^ 

'r.CA^:CT?,_ 
127.2792 : 97.2792 : : 172 : c5^ .-. CG = 14.862 ch. 
: : 152 : C&. .-. CD = 13.113 ch. 
CAB:CEF::'CS^:'CF^ 

::CA^:CE', 
127.2792 : 67.2792 : : I72 : CF^. .-. CF = 11.404 ch. 
: : 152 : c¥. ..CE = 10.062 ch. 
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Exercise V. Page 260. 

1. Find the diiference of level of two places from the following field 
notes ; back-sights, 5.2, 6.8, and 4.0 ; fore-sights, 8.1, 0.6, and 7.0. 

8.1 + 0.6+7.0 = 26.6 

6.2 + 6.8 + 4 = 16_ 

0.6 



2. Write the proper numbers in the third and fifth columns of the 
following table of field notes, and make a profile of the section. 



Station. 


+5. 


H.L 


-S, 


H.S, 


Remarks, 


B 


1 
2 
8 
t.p, 
4 
5 
6 


6.944 






20. 

19.5 

21.3 

23.0 

22.3 

21.431 

20.4 

21.8 

24.1 


Bench on post 22 
feet north of 0. 


26.944 


7.4 

6.6 

8.9 

4.6 

6.513 

4.9 

8.6 

1.2 










3.855 


25.286 












3. Stake of the following notes stands at the lowest point of a pond 
to be drained into a creek ; stake 10 stands at the edge of the bank, and 
10.25 at the bottom of the creek. Make a profile, draw the grade line 
through and 10.25, and fill out the columns IT.G. and C, the former to 
show the height of grade line above the datum, and the latter, the depths 
of cut at the several stakes necessary to construct the drain. 
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SUBYETIl^G. 



Siaiion. 



^B» 



H.L 



-8. 



n.s. 



ff.a. 



c. 



BemarkB. 



e.000 



4^73 



10 

10^ 



6.8 

4.6 
4^ 
9.8 
7.090 
8.9 
2.0 
4.0 
4^ 
4.8 
11.8 



90.8 
20.4 
20.0 
10.6 
10.2 
18.8 
18.4 
18.0 
17.8 
17.2 
16.8 
16.7 



0.0 
6.8 
8.4 
74 
6.0 
6.1 
6.2 
8.6 
6.0 
7.0 
7.2 
0.0 



Bench on rock 
90 feet west of 
stake 1. 







1010.26 
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ExEBOisE I. Page 282. 

1. Given compass course S., wind E.S.E., leeway 1^ points, yariation 
52° (K W., deviation 2® (^ E. ; required true course. 

Since the wind is E.S.E., and the compass course is 8., the ship is on 
the port tack ; hence, leeway is allowed to the right. 

Compass course pts. R. of 8. 

Leeway Ijpts. R. 

Compass course corrected for leeway . H pts. R- of S. 

= 14° 3' 46" R. of S. 
Variation and deviation (62° - 2«) W. = 60° (K 0" L. 

36° 66' 16" L. of S. 
True course, 8. 36° 66' E. 

2. Given compass course W.N.W., wind N., leeway 3 points, variation 
42° 0' E., deviation 18° 30' W. ; required true course. 

Since the wind is N., and the compass course is W.N. W., the ship is on 
the starboard tack ; hence, leeway is allowed to the left. 

Compa^HS course 

Leeway 

Compass course corrected for leeway 



6 pts. 


L. 


ofN. 


3 pts. 


L. 




Opts. 


L. 


of N. 


7ptB. 


R. 


of 8. 


78° 46' 


R. 


of S. 


23° 30' R. 





Variation and deviation (42° — 18° 30') E. = 

102° 16' R. of 8. 
77° 46' L. of N. 
True course, N. 77° 46' W. 

3. Given compass course S.S.E. ^ E., wind S. W. ^ 8., leeway 3^^ points, 
variation 2i points E., deviation IJ points W.; required true course. 

Compass course 2^ pts. L. of 8. 

Leeway (starboard tack) . . . . 3^ pts. L. 
Variation and deviation .... 1 pt. R. 

6 pts. L. of 8. 
True course, S.E. by E. 
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4. Given true course S. 79° W., wind S. by W., leeway f point, varia- 
tion 10° SC E., deviation 10° 0' W.; required compass course. 

True course .79° R. of S. 

Leeway (port tack) .... 8° 26' W L. 

Variation and deviation . . . 8°3(K R. 

79° 3'46''R. ofS. 
Compass course, S. 79° 4' W. 

5. Given compass course W. i N., wind N.N.W., leeway If points, 
variation 8° 30' E., deviation 16° 35' E., required true course. 

Compass course 7f pts. L. of N. 

Leeway (starboard tack) . . Ij pts. L. 

9i pts. L. of N. 
= 6i pts. R. of S. 
= 73° 7' 30" R. of S. 
Variation and deviation . . . 24° 6' R. 

97° 12' 30" R. of S. 
= 82° 47' 30" L. of N. 
True course, N. 82° 47' W. 

6. Given compass course E. i N., wind N.N.E., leeway 2J points, vari- 
ation 13° 0' W., deviation 20° 0' E.; required true course. 

Compass course 7f pts. R. of N. 

Leeway (port tack) 2^ pts. R. 

10. pts. R. ofN. 

= 6 pts. L. of S. 

Variation and deviation . ... = 67° 30' L. of- S. 

7° R. 



60° 30' L. of S. 
True course, S. 60° 30' E. 

7. Given true course S. 86° E., wind N. by W., leeway i point, vari- 
ation 14° 0' E., deviation 19° 0' E.; required compass course. 

True course 85° L. of S. 

Leeway (port tack) .... 5° 37' 30" L. 

Variation and deviation . . . 33° L. 

123° 37' 30" L. of S. 
= 56° 22' 30" R. OfN. 
Compass course, N. 56° 22' E. 

8. Given compass course W., wind N.N. W., leeway li points, variation 
ifto 30' E., deviation 21° 0' W.; required true course. 



5 pts. 


L. 


of S. 


= 56° 16' 


L. 


ofS. 


17° 


R. 
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Compass course 8 pts. L. of N. 

liCeway (starboard tack) .... Ij pts. L. 

Qi pts. L. of N. 
= 6i pts. R. of S. 
= 76° 66' 16" R. of S. 

Variation and deviation . . . 2° 30' L. 

73° 26' 16" R. of S. 
True course, S. 73° 26' W. 

9. Given compass course E. i S., wind N.N.E. ^ E., leeway 2^ points, 
variation 21° 0' E., deviation 4° 0' W.; required true course. 

Compass course . . . . . . 7i pts. L. of S. 

Leeway (port tack) 2^ pts. R. 



Variation and deviation 

39° 15' L. of S. 
True course, S. 39° 16' E. 

10. Given true course, E. by S. i S., wind N. by W., leeway 2 J points, 
variation 2 points W., deviation 3^ points E.; required compass course. 

True course 6f pts. L. of S. 

Leeway (port tack) 2f pts. L. 

Variation and deviation .... 1^ pts. L. 

11 pts. L. of S. 
= 6 pts. R. ofN. 
Compass course, N.E. by E. 

11. Given true course N. by W., wind N.E., leeway Si points, variation 
2f points E., deviation 1^ points E.; required compass course. 

True course 1 pt. L. of N. 

Leeway (starboard tack) . . . . 3^ pts. R. 
Variation and deviation .... 4i pts. L. 

2 pts. L. of N. 
Compass course, N.N.W. 

12. Given true course N.N.W., wind S.S.W., leeway 2^ points, vari- 
ation 2f points E., deviation f point E.; required compass course. 

True course 2 pts. L. of N. 

Leeway (port tack) 2i pts. L. 

Variation and deviation . . . . 3^ pts. L. 

8 pts. L. of N. 
Compass course, W. 
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13. Given trae course S. 64** E., leeway 0, yaiiation 7° O' W., devia- 
tion 16° C W. ; required compafis course. 

True course . . . 64° L. of S. 

Variation and deviation 22° R. 

42° L. of S. 
Compass course, S. 42° E. 

14. Given true course N. 44 W., leeway 0, variation 6° (T E., deviation 
20° C W. ; required compass course. 

True course 44° L. of N. 

Variation and deviation 14° R. 

30° L. of N. 
Compass course, N. 30° W. 

15. Given compass course N. 65° W., leeway 0, variation 10° O' E., 
deviation 3° O' E. ; required true course. 

Compass course 66° L. of N. 

Variation and deviation 13° R. 

52° L. of N. 
True course, N. 62° W. 

16. Given compass course S. 15° W., leeway 0, variation 6° O' W., 
deviation 18° 0' E. ; required true course. 

Compass course 15° R. of S. 

Variation and deviation 12° R. 

27° R. of S. 
Trae course, S. 27° W. 

17. Given compass course S. 18° E., leeway 0, variation 25° O' E., 
deviation 10° 0' E., required trae course. 

Compass course ...... 18° L. of S. 

Variation and deviation 35° R. 

17° R. of S. 
Trae course, S. 17° W. 

18. Given compass course N. 30° E., wind S. by W., leeway li points, 
variation 12° 0' E., deviation 10° 0' W.; required trae course. 

Compass course 30° R. of N. 

Leeway (starboard tack) ... 14° 3' 46" L. 

Variation and deviation . . ^ R^ 

17° 66' 16" R. of N. 
Trae course, N. 17° 66' E. 
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Exercise II. Page 293. 
L Given L' 49° hV N., C S. W. by W., D 488.0 ; required i" and p. 



i)= 488.0 
C = 66°15' 



p = D sin C 

log D = 2.68842 
log sin C = 9.91985 
log p = 2.60826 
p= 405.8. 



id = D cos C 

log D= 2.68842 

logcosC= 9.74474 

logid = 2.43316 

id = 271' 

= 4° 31' S. 
i'= 49°57'N. 
i"=45°26'N. 



2. Given i' 1° 45' N., C S.E. by E., 2> 487.8 ; required i" and p. 



D= 487.8 
C=56°15' 



p = DsinC 

log D= 2.68824 

log sin C = 9.91985 

log p= 2.60809 

p= 405.6. 



Ld = I> cos C. 

logD= 2.68824 

log cos C = 9.74474 

log id =2.43298 

id = 271' 

= 4°31'S. 
i'= l°45'N. 
i" = 2°46' S. 



3. Given i' 3° 16' S., C N.E. by E. f E., I) 449.1 ; required i" and p. 



2>= 449.1 
C=64°41'15'' 



p = D sin C. 

logD = 2.65234 

log sin C= 9.95616 

logp = 2.60850 

p = 406. 



Ld = D cos C. 

logD = 2.65234 

log cos C = 9.63099 

logid = 2.28333 

Ld = 192' 

= 3°12'N. 
i' = 3° 15' S. 



X- = 0° 3'S. 



4. Given U 2^ W S., C N. by E., D 267.0 ; required i" and p. 



D= 267.0 
0=11° 15' 



p = D sin C. 

log D= 2.42651 

log sin C = 9.29024 

logp = 1.71675 

p=52.1 



Ld = I> cos C 

logD= 2.42651 

log cos C = 9.99157 

logid= 2.41808 

Ld = 262' 

= 4°22'N. 
L' = 2° 10' S. 
X''=2°12'N, 
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5. Given V 41^ SC N., C 8.8. W., D 205.5 ; required X" and p. 



D= 296.5 
C = 22<»80' 



p = 2)8inC. 

log D = 2.47056 

log sin C= 9^58284 

logp = 2.05340 

!>= 113.1. 



Ld = I> cos C, 

log D= 2.47056 

log cos C= 9.96562 

logI/d = 2.43618 

id = 273' 

= 4°33'S. 
i'=4P302^ 
i''=36057'N. 



6. Given U 21« 5^ 8., L'' 24° 49^ 8., 2) 360 ; required C and p. 



D =360 
1,1=170 



logI/tf = 2.23046 

log 2)= 2.65630 

log cos C= 9.67415 

C = 61° 49^ 

= 5^ pts., nearly. 



l>a=(D-Xd)(D+Xd) 
= 190 X 530. 

log 190 = 2.27876 

log 530 = 2.72428 

log p2= 6.00303 

logp = 2.50161 

p = 317.3. 



7. Given i' 2° O' 8., L'' 3° 11' N., D 364 ; required C and p. 



D =354 
id =320 



logid= 2.50515 

log D= 2.54900 

log cos (7=9.95615 

C=25°19' 

= 2ipts. 



pa = (D-id)(D+id) 
= 34 X 674. 

log 34 = 1.53148 

log 674 = 2.82866 

log pa =4.36014 

logp = 2.18007 

p = 151.4. 



a Given i' 1° SO' N., i" OP 26' S., C 8. by W. ; required D and p. 



id = 116 
C = 11° 15' 



D = id8ecC. 

logid = 2.06446 

log sec C= 000843 

logD = 2.07289 

D= 118.3. 



p = id tan (7. 
logid = 2.06466 
log tan 0= 9.29866 
log p= 1.36312 
p = 23.1. 



9. Given i' 40° 17' N: , L" 37° 6' N. , C 8. by W. i W. ; required D and p. 



id =101 I 

C =16° 52' 30" 



D = id secC. 
logid = 2.28103 
logsecC= 0.01911 
log i)= 2.30014 
D= 199.6. 



p = idt4mC 
logid= 2.28103 
log tan C= 9.48194 
log p= 1.76297 
p = 57.9. 



teachers' edition. 



307 



10. Given L' 38° (T N., C S. W. by W., p 48.2 ; required L" and D. 



p = 48.2 



D = p C8C C. 

log p = 1.68306 

log CSC C = 0.08015 

log D= 1.76320 
D=68.0. 



Ld — V cot C 

log p= 1.68305 

log cot C= 9.82489 

logXd = 1.60794 
id = 32' S. 

X' = 38° O'N. 
i- = 37^28' N. 



11. Given U 18° 25' N., C S.W. by W. J W., p 66.1 ; required L" 
andD. 



p = 66.1 

C = 64°4ri6'' 



D = p CSC C 

logp= 1.81358 

log CSC C = 0.04384 

logI>= 1.85742 
D=72.0 



Xd = p cot C 

logp = 1.81358 

log cot C = 9.67483 

logXd= 1.48841 
Xd= 3r5. 
X' = 18°25'N. 



X"=17°54'N. 



12. Given L' 50° 18' N., i" 54° 48' N., I) 299.0 ; required C and p. 



D = 299.0 
Ld = 270 



cosC=^. 

log id = 2.43136 
logD= 2.47567 

log cos C = 9.95569 

C - 25° 26' 30" 
= 2iptfi., nearly. 



p2=(D-id)(i)+id) 
= 29 X 569. 

log29= 1.46240 
log569 = 2.75511 

logp2 = 4.21751 
logp = 2.10875 
p = 128.5. 



13. Given i' 32° 30' N., i" 19° 59' N., D 812.0 ; required C and p. 



D= 812.0 
id =761 



cosC = ^' 

logid = 2.87564 
log D= 2.90956 

log cos C= 9.96608 
C = 22° 21' 
= 2 pts., nearly. 



p2=(D-id){J)+id) 
= 61 X 1563. 

log61= 1.78533 
log 1563 = 3.19396 

log p2 = 4.97929 
logp = 2.48964 
p = 308.8. 
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14. Given L' 2*» 8' S., C N. ll*' E., D 500 ; required X" and p. 



D = 600 



p = D Bin C. 

log D= 2.69697 

log sin C = 9.28000 

log p= 1.97967 

p = 96.4. 



irf = D cos C. 
log D= 2.69897 
log cos C = 9.99196 ' 
logXd = 2.69092 
id =491' 

= 8° ir N. 

X^= 2o 8' S. 



15. Given V 20° 21' S., C N. 20° E., D 402.0 ; required X" and p. 



D= 402.0 
C = 20° 



p = 2) sin C. 

log I>= 2.60423 

log sin C = 9.63406 

logp = 2.13828 

p =137.6. 



Xd = D cos C 

logD = 2.60423 

log cos = 9.97299 

logid= 2.67722 

Xd=378' 

= 6°18'N. 
JJ = 20° 21' S. 
I/"=14° 3' S. 



16. Given U 40° 26' S., C N. 87° E., D 240.0 ; required X" and p. 



D= 240.0 

C=87° 



p = D sin C. 

logD = 2.38021 

log sin C = 9.99940 

logp = 2.37961 

p = 239.7. 



id = D cos C. 
log D= 2.38021 
log cos C= 8.71880 
logid= 1.09901 
Ld = 13' N. 
i' = 40° 25' S. 



i" = 40° 12' S. 



17. Given i' 20° 48' N., L" 17° 13' N., p 289.2 W. ; required C and D. 



p = 289.2 
Ld = 216 



tanC 



^JL 



Ld 

logp= 2.46120 

log id = 2.33244 

log tan C= 10.12876 

C = S. 53° 22' 18" 

= S. 63° 22' W. 



W. 



D = p CSC C. 

logp = 2.46120 

log CSC C = 0.09664 

log D= 2.66674 

D= 360.4. 
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la Given U 6P 45' N., U' f^ W N., p 128.0 E. ; required C and D. 



p = 128.0 
Xd = 86 



tanC=^- 

id 

logp= 2.107!21 

logXd= 1.93460 

log tan C= 10.17271 

C=N. 66° 6' 13'' E. 

= N.E. by E. nearly. 



2) = pc«5C. 

logp = 2.10721 

log C8C C = 0.08090 

logi)= 2.18811 

D= 164.2. 



19. Given U O^' 20' S., X" 0° 18' N., p 142.7 E. ; required C and D. 



p = 142.7 I ^ p 

logp= 2.16442 

logXd= 1.67978 

log tan (7=10.57464 

C=N.75°5'19"E. 
= N.75°5'E. 



D = p C8C C. 

logp = 2.15442 

log C8C C = 0.01488 

logD = 2.16930 

2)= 147.7. 



20. Given JJ 40° 20' N., X" 41° 37' N., p 62.6 W. ; required C and B. 



logp= 1.72099 

log Xd= 1.88649 

log tan C= 9.83450 

C=N.34°20'17"W. 
= N.34°20'W. 



D = p CSC C. 

log p= 1.72099 

log CSC C= 0.24867 

log D= 1.96966 

2) = 93.3. 



Exercise III. Page 296. 

1. Given L 66° 65', X' 2° 10' W., X" 12° 52' E.; required p. 

p = I5yiy X 33.62 = 505.4 E. 

2. Given i 52° 0', X' 0° 59' W., X" 2° 24' E. ; required p. 

p = 3Jf X 36.94 = 126.0 E. 

3. Given L 61° 25', X' 179° 20' W., X" 176° 52' E.; required p. 

p = 3Jjx 28.71 = 109.1 W. 

4. Given L 56° 0', X' 3° 12' W., X" 4° 8' E. ; required p. 

p = 7iX 33.56 = 246.0 E. 
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5. Giyen LW*(y,y 1(P 0' W., X'' 17° 4V W.; required p. 
p = 7jjx 10.42 = 80.1 W. 

e, Giyen X 60« O', p 204.0 E., X' 160« 2' E. ; required X''. 
\i = 204.0 -f i= 408'= 6° 48' E.; 

y, = 160O 2^+60 48' = IQQO ^ E 

7. Giyen L 51° 28', p 70.9 E., X' 32° V W. ; required X". 

\i = 70.9 -r 37.38 = 1.90° = 1° 64' E.; 
X" = 32° 7' - 1° 64' = 30° 13' W. > 

8. Given L 64° 16', p, 266.7 W., X' 170° 0' W.; required X". 

Xd = 265.7 -r 26.06 = 10.20 = 10° 12' W. ; 

X" = 170° 0' + 10° a2' = 180° 12' W.= 179° 48' E. 

9. Given L 46° 37', p 362.0 E., X' 163° 42' E. ; required X". 

Xd = 362.0 -r 41.21 = 8.64° = 8° 33' E. ; 
X" = 163° 42' + 8° 33' = 172° 16' E. 

10. Given L 39° 57', p 398.0 W., X' 4° 8' W. ; required X". 

Xd = 398.0 -r 45.93 = 8.67° = 8° 39' W. ; 
X" = 4° 8' + 8° 39' = 12° 47' W. 

11. From latitude 32° 3' S., longitude 179° 46' W., a ship makes 54 
miles west (true). Required the longitude in. 

Xd = 54 -r 60.85 = 1.06° = 1° 4' W. ; 

X" = 179° 45' + 1° 4' = 180° 49' W.= 179° 11' E. 

12. From latitude 36° 30' S., longitude 27° 28' W., a ship sails east 
(true) .^01 miles. Required the longitude in and the compass course; 
variaiioii 1$ points E., leeway i point to the left, deviation 8° 60' E. 

Xd = 301 -r 48.85 = 6.16° = 6° 10' ; 
V = 27° 28' - 0° 10' = 21° 18' W. 

True course 8 pts. R. of N. 

Variation and leeway 2 pts. L. 

6 pts. R. of N. 
= 67° 30' R. of N. 

neviation 8° 50' L. 

CompifcaB course N. 58° 40' E. 



TEACHERS' EDITION. 



311 



Exercise IV. Page 301. 
L Given L' 26° 36' N., L'' 27° 28' N., X' 60° (T W., X" 54° 56' W.; 



required C and D. 
U - 1° 63' 

= 113' 
i«=26°32' 
Xd = 6° 6' 

= 306' 



^ Xd COB Xm 

logXd= 2.48430 
logco8i,»= 9.96167 
cologXd= 7.94692 
log tan 0=10.88289 
C=N.67°30'E.= E.N.E. 



D = id sec C. 

logXd= 2.06308 

log sec C= 10.41716 

logD= 2.47024 

2)= 296.3. 



2. Given X' 32° 30' N., L" 34° 10' N., X' 26° 24' W., X" 29° 8' W.; 
required C and D. 



U = 1° 40' 

= 100' 

i«=33°20' 

Xd = 3° 44' 

= 224' 



^ ^ XdCOeXm 
tan C = ^ • 

id 

logXd = 2.36026 

logcosi,H= 9.92194 

cologLd= 8.00000 

log tan C = 10.27219 

.-. C = N. 61° 63' W. 



D = Xd sec C. 

logXd= 2.00000 

log sec 0= 10.32673 

log2>= 2.32673 

Z)= 212.2. 



3. Given i' 39° 30' S., X" 41° 0' S., X' 74° 20' E., X" 70° 12' E. ; required 
CandD. 

id = 1° 30' 

= 90' 
X,» = 40°16' 
Xd = 4° 8' 
= 248' 



♦«« _ Xd cos L„ . 

tan— — • 

Ld 

logXd = 2.39446 

logcosi„,= 9.88266 

cologid= 8.04676 

log tan C = 10.32287 

.-. C = S. 64° 34' W. 



D = id sec C. 

logid= 1.96424 

log sec C = 10.36708 

logD= 2.32132 

D= 209.6. 



4. Given X' 46° 24' S., X' 178° 28' E., C S.E. f E., D 278.0; required 



L" and X". 
C = 63° 26' 
D = 278.0 



Xd = D cos 0. 
log 2) = 2.44404 
log cos C = 9.77607 
logXd= 2.21911 
Xd = 166' 

= 2° 46' 
X' = 46° 24' 
X" = 49° 10' S. 
Lm = 47° 47'. 



Xd = D sin C sec X«. 

log 2)= 2.44404 

log sin 0= 9.90480 

log sec X^= 10.17267 

logXd= 2.62161 

Xd = 332' 

= 5° 32' 
X' = 178° 28' 



X" = 184° 
= 176° 



O'E. 
0' W. 
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5. Giyen V 20* 29^ N., X' 179° W W., C W. by S. \ S., D 333.0 ; 



required L" and X". 
C = 73° 7 
D=333 



Xd = D COB C. 
log 2).= 2.52244 
log cos C = 9.46303 

log id =1.98648 
U = 97' 

= 1°37' 
L' = 20° 29^ 



i"=18°62'N. 
X^ = 19° 40^. 



Xd = D sm C sec It^. 
log 2)= 2.52244 
log sin C= 9.98087 
log sec i,»= 10.02610 

logXd= 2.52941 
Xd = 338' 

= 5° 38' 
X' = 179° lO' 



X"=184°48' W. 
= 175° 12^ E. 



& Given V 0° 56' N., X' 29° 50' W., C S. 47° E., D 168.0 ; required 



L" and X". 
C = 47° 
2)= 168 



id = D cos C. 

log D= 2.22530 

log cos C= 9.83378 

logXd = 2.05908 
id = 116' 

= 1° 55' 
V = 0° 56' 



L" = 0° 59' S. 
i« = 0° 1'. 



Xd = 2) sin C sec i^. 
log2) = 2.22530 
log sin C= 9.86413 
log sec L„ = 0.00000 

log Xd = 2.08943 
Xd = 123' 

= 2° 3' 
X' = 29° 50' 



X" = 27° 47' W. 



7. Given X' 42° 25' N., X' 66° 14' W., C S.E. by E., D 25.0; required 
r and X". 
C=56°15' 
D=25.0 



Ld = 2) cos C. 

log D= 1.39794 

log cos = 9.74474 

logXd = 1.14268 
id= 14' 
L' = 42° 25' 



X" = 42°11'N. 
i^ = 42°18'. 



Xd = 2) sin C sec i^. 
log D= 1.39794 
log sin C= 9.91985 
log secX« = 0.13098 



logXd = 


1.44877 


Xd = 


28' 


X' = 


66° 14' 



X" = 65° 46' W. 



a Given U 42° 8' N., X' 66° 48' W., E. i S., 2) 126.0; required 
-C'" and X". 
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C=84^22 
D= 126.0 



Ld= I> cos C. 

logD = 2.10037 

log cos C = 8.991»4 

logXrf= 1.09231 
Ld = 12' 
L' = 42« 8' 



i" = 41° 66' N. 
i« = 42° 2'. 



Xd = D sin C sec Xm. 
log 2>= 2.10037 
log sin C= 9.99790 
log sec Xm = 0.12915 

logXd = 2.22743 
Xd = 168' 

= 2° 48' 
X' = 66°48' 



X"=63°0'W. 



»9. Given i' 41° 62' N., X' 62° 47' W., C E. i S., D 161.0; required 
X" and X". 



C=84°22'| id=DcosC. 

D= 161.0 I log D= 2.20683 

log cos 0=8.99194 



id= 


1.19877 


Ld = 


16' 


i' = 


41° 62' 



L"=41°36'N. 
Ln, = 41° 44' N. 



Xd = D sin C sec i« 
log D= 2.20683 
log sin C = 9.99789 
log sec i« = 0.12712 

logXd = 2.33184 
Xd = 215' 

= 3° 36' 
X' = 62° 47' 



X" = 69° 12' W. 



10. Given i' 41° 
required X" and D. 



8' N., L" 41° 26' N., X' 59° 16' W., C E. by S.; 



id= 12 
Lm = 41° 32' 
C=78°46' 



D = Xd sec C. 
log Xd= 1.07918 
log sec = 0.70976 

log D= 1.78894 
D=61.6. 



Xd = D sin O sec Lm* 
logD= 1.78894 
log sin = 9.99157 
log sec iw = 0.12577 

logXd = 1.90629 
Xd = 81' 

= 1°21' 
X' = 59° 16' 



X"=67°55' W. 



11. GivenX'41°19'N.,i"41°ll'N., X'67°47'W.,D167.0; required 
X" and O. 
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D= 167.0 



logLd = 0.90309 

log 2)= 2.22272 

log cos C = 8.68037 

C = 870 16'. 



Xd = D sin C sec Lb,. 

log D= 2.22272 

log sin C = 9.99950 

log 8ecX„ = 0.12387 

logXd = 2.34609 

Xd = 222' 

= 3042^ 
X' = 570 47' W. 
X" = 61° 29' W. 
or 64° 5'W. 



12. Given V ¥iP 28' N., X" 46° 17' N., X' 22o 18' W., X" 19° 39' W.; 



required C and D. 

id = 71 
L^ = 450 62 
Xd = 169 



logXd= 2.20140 

logcosL»= 9.84282 

cologXd= 8.14874 

log tan 0=10.19296 

C=S. 670 19' E. 



D=LdSecC. 
log Ld= 1.85126 
log sec 0= 0.26761 
log2) = 2.11887 
D= 131.5. 



13. Given V 26° 30' S., L" 28° 16' S., X' 2° 15' E., X" IP 17' E.; 



required O and D 
id = 166 
Ln, = 260 62' 
Xd=542 



^^^Xdcosx^. 

Ld 

logXd= 2.73399 

logcosX«= 9.95039 

cologLd= 7.78262 

log tan 0=10.46690 

o=s. 7109'E. 



1>= LdBecC. 
logXd = 2.21748 
log sec 0= 0.49067 
log 2)= 2.70815 
D= 510.7. 



14. Given X' 33° 40' N., L" 30^ 49' N., X' 13^ 20' E., X" 17° 66' E.; 



required O and D. 

Ld = 171 
i„, = 310 44' 
Xd = 276 



tanO = 



XdCOsX^, 



Ld 

logXd= 2.44090 

logcosi;„= 9.92968 

cologXd= 7.76700 

log tan 0=10.13758 

0=S. 530 46'- E. 



D = Ld sec O. 
logXd = 2.23300 
log sec 0= 0.22836 
logD = 2.46136 
D = 289.3. 
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15. Given L' V^ 30' S., L" 17° 24' S., X' 0° 10' E., X" 1° 28' W. 



required C and D. 

id = 126 
L^ = 18° 27' 
Xd = 98 



. ^ Xd COB X,« 

log Xd = 1.99123 

log C08i„ = 9.97708 

cologjLd= 7.89963 

log tan 0=9.86794 

C=N.36°26'W. 



D = Xd sec C. 
logXd = 2.10037 
log sec C = 0.09435 
log 2)= 2.19472 
D= 156.6. 



C = 22° 30' 

D = .184 



16. A ship sails from Boston light-house, in latitude 42° 20' N., longi- 
tude 71° 4' W., on a N.N.'E. course, 184 miles. Find the latitude and 
longitude in. 

id = -D cos C 

logD = 2.26482 

log cos C = 9.96603 

logLd = 2.23085 

Xd = 170' 

= 2° 50' 
X' = 42° 20' 



jj' = 45° 10' N. 
X« = 43°45'. 



Xd = 2)sinCsecXm. 

log2) = 2.26482 

log sm C = 9.58284 

log sec X« = 014124 

log Xd= 1.98890 

Xd = 97' 

= 1°37' 
X'= 71° 4' 
X" = 69°27'W. 



17. A ship sails from Cape May, in latitude 38° 56' N., longitude 
74° 57' W., on a S.S.E. course, 240 miles. Find the latitude and longi- 
tude in. 

= 22° 30' I Xd = DcosC. 

D=240 I logD= 2.38021 
log cos C = 9.96603 
logXd = 2.34624 
Xd = 222' 

= 3° 42' 
X' = 38° 56' 



X" = 36° 14' N. 
X«=37° 5'. 



Xd = D sin C sec X„. 

log2)= 2.38021 

log sin = 9.58284 

log sec X;„ = 0.09813 

log Xd = 2.06118 

Xd=115' 

= 1°55' 
X' = 74° 57' 



X"=73° 2'W. 



18. A ship sails from Cape Cod light, in latitude 42° 2' N., longitude 
70° 3' W., on an E. by N. compass course, 170 miles; wind S.E. by S., 
leeway i point, deviation 17f° E., variation 11^° W. Find the latitude 
and longitude in. 
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CompaaB coone 
Leeway 



Variation and deyiation 
Trae course . 
C = 82° 2e 
i)=170 



7 ptB.R. 
ipt L. 


of N. 


6fpt8.R. 

= 75<» 66' R. 

6°3(KR. 


ofN. 
ofN. 



Xd = D cos C. 

log D= 2.23045 

log cos C = 9.11961 

logLd = 1.34996 

Ld= 22^ 



42° 24' N. 
42° 13'. 



. N. 82° 26' E. 

Xd = D sin (7 sec 2^. 

logD= 2.23045 

log sin C = 9.99620 

log sec jL„ = 0.13041 

logXd = 2.35706 

\d = 228' 

= 3° 48' 
X'= 70° 3' 
X"=66°16' W. 



19. A ship sails from Cape Cod light on a S.S.E. compass course, 140 
miles; deriation 6|° E., variation lli° W. Find the latitude and longi- 
tude in. 

Compass course 22° 30' L. of S. 

Variation and deviation .... 6° 46' L. 

True course S. 28° 16' E. 



= 28° 16' 
1>=140 



id = D cos C. 

log D= 2.14613 

log cos C = 9.94492 

logXd = 2.09106 

Ld = 123' 

= 2°3' 
£' = 42° 2' 



U = 39° 59' N. 
i« = 41° 0'. 



Xd = 2) sin C sec 2^,. 

log 2)= 2.14613 

log sin 0=9.67516 

log sec i«= 012222 

log Xd= 1.94351 

Xd = 88' 

= 1°28' 
X'= 70° 3' 
X" = 68° 36' W. 



20. A ship sails from latitude 65° 1' N., longitude 1° 25' W., on a S. W. 
compass course, 101 miles; wind W.N. W., leeway li points, deviation 
6° W., variation 24° 66' W. Find the latitude and longitude in. 



Compass course ... 4 pts. R. of S. 
Leeway Ij pts. L. 



2i pts. R. of S. 
= 30° 66' R. of S. 
Variation and deviation 30° 56' L. 
True course .... S. 



Ld = I> Xd = 0. 

= 101' X" = X' 
= 1°41' =1°25'W. 

Z' = 65° 1' 

L" = 63°20'N. 
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21. A ship sails from the Bermudas, in latitude 32° 18^ N., longitude 
64® 6(y W., on a W.S.W. compass course, 190 miles; deviation 1 point 
W., variation 1 point W. Find the latitude and longitude in. 



Compass course 
Variation and deviation 



True course 

C = 45<> 
D=190 



Ld = I> cos C. 

log D= 2.27875 

log cos C = 9.84949 

logid = 2.12824 
Ld = 134' 

= 2«14' 
r = 32° 18' 



i" = 30° 4'N. 
L»=3P11'. 



6 pts. R. of S. 
2 pte. L. 

4 pts. R. of S. 
Xd = D sin C sec JL„. 
log D= 2.27876 
log sin = 9.84949 
log sec L»= 0.06777 

logXd = 2.19601 
\d = 167' 

= 2° 37' 
X' = 64° 60' 



X" = 67° 27' W. 



22. A ship sails from the Bermudas on a W.N.W. compas^ course, 90 
miles ; wind S. W., leeway 1 point, deviation 1 point E., variation 1 point 
W. Find the latitude and longitude in. 



Compass course . 

Iiceway 

Variation and deviation 



True course 

C = 66° 16' 
D = 90 



id = D cos C. 

log 2)= 1.95124 

; cos = 9.74474 



logid= 1.69898 
Ld= 50' 
i' = 32° 18' 



L"=33° 8'N. 
Ln, = 32° 47'. 



6 pts. L. of N. 
1 pt. R. 


5 pts. L. of N. 
= 66° 15' L. of N. 

Xd = D sin O sec Lm- 
log D= 1.95124 
log sin O = 9.91986 
log sec i,n = 0.07502 

log Xd= 1.94911 
Xd = 89' 

= 1°29' 
X' = 64° 50' 



X" = 66° 19' W. 



23. A navigator wishes to sail on a rhumb from the Bermudas to Cape 
Fear, in latitude 33° 62' N., longitude 78° W. ; variation 10° W., deviation 
7° W. Find the compass course and distance. 



318 



NAVIGATION. 






tanC = 



ViCOBl^, 



logXd= 2.80768 

logco8XM= 0.02318 

colog ■L«i= 8.02687 

log tan C= 10.84768 

C=N. 8P66'W. 
Yar.anddey. = IT W. 



CompaflB coune N. 64^ 65' W. 



D=LdaecC. 
log Xd= 1.07313 
log sec C = 0.86107 
log D= 2.82610 
D= 668.6. 



24. A ship from latitude 36^ 32' N. sails between south and west until 
she has made 480 miles of departure, and 0^ 22' of difference of longi- 
tude. Required the latitude in, the course steered, and the distance run. 
[Take i« = i (L' + L") + 13'.] 



1) = 480 
Xd = 662 



cosXg, 



= ^. 



Vi 

log p= 2.68124 
log Xd = 2.74074 
log co8Xm = 0.03160 
L« = 31° 20'. 
i" = 2 (i«-13')-L' 

= 26<» 42' N. 
Xd = 10« 60' 
= 660. 



tanC = 

logp = 

log Ld = 

gtanC = 

C=l 

D = 

logp = 

gcscC = 

logl> = 

1> = 



JP.. 

id 

' 2.68124 
: 2.81201 

0.86833 
5. 36« 27' W. 

:p CSCC 

: 2.68124 

0.22613 

2.90737 
: 807.9. 



Exercise V. Page 116. 

1. Given L' 38« 14' N., X" 30« 61' N., X' 2° 7' E., X" 4« 18' E. ; required 
CandD. 

30<» 61' N. Mer. parts = 2606.2 4<> 18" E. 

38° 14' N. = 2471.8 



Ld= P37'=07' 

tanC=r7^ 
Mer. Ld 



2® 7" E. 
Mer. id = 124.4 Xd = 2<' 11" = 131' 

D = Xd sec C. 



logXd = 2.11727 

colog Mer. Ld = 7.00618 
log tan C = 10.02246 

.-. C = N. 40P 29' B. 



\og Ld =1.08677 
log sec C = 0.16206 
logD =2.14882 
.•.D= 140.0. 
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2. Given X' 49^ 63' N., i" 48° 28' N., X' 6° lO' W., X'' 5<> 3' W. ; required 
CandD. 

49° 53' N. Mer. parts = 3446.0 6° W W. 

48° 28' y. Mer. parte = 3316.4 6° 3' W. 

Ld = 1° 25' = 85' Mer. La = 129.6 Xd = 1° 16' = 76' 

tanC=r7^V-* 2) = Xd8ecC. 

Mer. Ld 

logXd =1.88081 logXd =1.92941 

colog Mer. Ld = 7.88730 log sec C = 0.06416 

log tan C = 9. 76829 log 2> = 1.99357 

.-. C = S. 30° 23' E. .-. D = 98.5. 

3. Given L'64°30'N., X" 60° 40'N.,X'4°20'W.,X"0°10'E.; required 
G and D. 

64° 30' N. Mer. parte = 5087.7 4° 20' W. 

60° 40' N. Mer. parte = 4582.2 0° 10' E. 

Ld= 3° 50' = 230' Mer.Xd= 505.5 Xd = 4° 30' = 270' 

tanC= ^^^^ ■ D = LdBeca 

Mer. Ld 

logXd =2.43136 logXd =2.36173 

colog Mer. Ld = 7.29628 log sec C = 0.05569 

log tan C =9.72764 logD =2.42742 

.-. C = S. 28° 24' E. .-. D = 261.5. 

4. Given X' 54° 54' S., X" 34° 22' S., X' 60° 28' W., X" 18° 24' W.; 
required C and D. 

54° 54' S. Mer. parte = 3938. 7 60° 28' W. 

34° 22' S. Mer. parte = 2185.1 18° 24' W. 

Ld = 2fO° 32' = 1232' Mer. Ld = 1753.6 Xd = 42° 4' = 2524' 

tanC = ^ ^^ ' D=Xd sec C. 

Mer. Xa 

logXd = 3.40209 logXd =3.09061 

colog Mer. Xd = 6.75607 log sec C = 0.24376 

log tan C =10.15816 logD =3.33437 

.-. C = N. 55° 13' E. .-. n = 2100. 

5. Given X' 17° 0' N., X" 20° 0' N., X' 180° 0' E., X" 177° 0' E.; required 
C and X. 

20° 0' N. Mer. parte = 1217.3 180° 0' E. 

17° 0' N. Mer. parte = 1028.6 177° 0' E. 

'Xrf= 3°0'=180' MerXd= 188.7 Xd= 30° 0'= 180' 



320 



HAVIGATION. 



tanC = 



Mer. \d 
logXd =2.26527 

colog Mer. La = 7.72423 
log tan C = 9.97950 

C = N. 43° 39^ W. 



D = X«i sec C. 

log Ld =2.25527 
log sec O = 0.14062 
logD =2.39579 
D = 248.8. 



6. Given U 46° 15' N., X' 36° 26' W., C N. 49° E., D 175; required 
L"andX". 

Ld = D COB C. 
logD =2.24301 
log COS C = 9.81694 
logLd =J 



: 2.06996 
115' 

1°65' 
: 45° 15' 



Xd = D sin C sec^M. 
logD = 2.24301 
log sin C = 9.87778 
log seci,. = 10.15980 
logXd = 2.27959 
.-. Xd = 190' 
= 3° 11' 
X' = 35° 26' 
X"=J 



2° 15' W. 



L' = 

i" = 47° 10' N. 
Lm = 46° 12'. 

7. Given X' 55° 1' N., X' 1° 26' E., ON. 10° E., D 246 ; required L' 
and X". 

Ld = 

logD = 

log cos C = 

logD = 

D = 



L' = 

X" = 



: D cos a 

: 2.39094 
■■ 9.99313 

2.38407 

242' 
4° 2' 

65° 1' 

59° 3' N. 

57° 2'. 



56° 1' N., Mer. parts = 3950.9 
59° 3' N., Mer. parts = 4395.3 
Mer. La = 444.4 
Xd = Mer. Ld X tan C. 
log Mer. Ld = 2.64777 
log tan C = 9.24632 
logXd = 1.89409 

.-. Xd = 78' 
= 1° 18' 
X' = 1° 25' 
X" = 2° 43' E. 



8. Given U 50° 48' N., X' 9° 10' W., C S. 41° W., D 275 ; required L" 
and X". 



Ld = D cos C. 
logD =2.43993 
log cos C= 9.87778 
logLd =2.^1771 
.-.id = 208' 
= 3° 28' 
X' = 60° 48' 
i'' = 470 20' N. 
X». = 49°4'. 



50° 48' N., Mer. parts = 3532.0 
47° 20' N., Mer. parts = 3215.2 
Mer. id = 316.8 
Xd = Mer. Ld tan C. 
log Mer. id = 2.50079 
log tan C = 9.93916 
logXd =2.43995 

Xd = 275' 

= 4° 35' 
X'= 9° 10' 
X" = 13° 45' W, 
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9. Given U 37° 0' N., i- 5P 18' N., X' 48° 20' W., D 1027 : required 
X" and C. 



51° 18' N. 
37° O'N . 
Ld = 14° 18' 
= 858'. 

cosC = f. 

logirf =2.93349 
logD = 3.01157 
log cos C = 9.92192 

C = N. 33° 20' W. 



Mer. parts = 3579.6 
Mer. parte = 2378.8 
Mer. Ld = 1200.8 

\d = Mer. Ld tan C. 

log Mer. Ld = 3.07947 
log tan C = 9.81804 
logXd =2.89751 

Xd=790' 
= 13° 10' 

X' = 48° 20' 



10. Given i' 61° 
required X" and D, 



15' N., i^' 37° 5' N. 



X" = 61° 30' W. or35°l^' W. 
X' 9° 50' W., C S.W. by S.; 



51° 15' N. 
37° 5'y. 
Ld = 14° 10' 

= 850'. 
C = 33° 45'. 
D = Ld sec C. 
logLd =2.92942 
log sec C = 0.08015 
logD =3.00967 
D=1022. 



Mer. parte = 3674.8 
Mer. parte = 2385.1 
Mer. Ld = 1189.7 

Xd = Mer. Ld tan C, 
log Mer. Ld = 3.07542 
log tan C = 9.82489 
logXd =2.90031 

Xd = 795' 

= 13° 15' 
X'= 9°50' 
X" = 23° 5'W. 



Toulon 



11. Required the course and distance from Toulon to Valencia, by 
Mercator's sailing: 

» = 43° 8'N. . rX = 39°27'N. 

5°56'E. Valencia^ ^^ 0° 19' W. 

43° 8' N. Mer. parte = 2858.3 5° 56' E. 

39° 27' N. Mer. parte = 2565.2 0° 19' W. 

Ld = 



K:' 



3° 41' = 221' Mer. Ld = 

D = Ld sec C. 



293.1 

tanC = 



Xd = 6° 15' = 375' 
Xd 



Mer. Ld 

logXd =2.34439 logXd = 2.57403 

log sec C = 0.21050 log Mer. Ld = 2.46702 

logD =2.55489 log tan C =10.10701 

D = 358.8. C = S. 51° 59' W. 
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12. Required the compaas courae and distance from Cape East, New 
Zealand, to San Francisco; variation 14° 2(r E., and deviation 6° 40^ E.: 
^ _ rX= 37«4(r S. ^ -, . (L= 37°48'N. 
^*P^^"Hx=1780 36'E. ^^^^^^nx=1220 24'W. 
37^ 48' N. Mer. parts = 2439.0 178° 36' E. 

37° 4fy S. Mer. parts = 2428.9 122° 24' W. 

Lrf=76°28' = 4528' Mer. id = 4867.9 Xd= 59° 0' = 3540' 

2)=Xd8ecC. tanC= -,^^ - 

Mer. Ld 

log Ld =3.66691 logXd =3.64900 

log sec C = 0.09222 log Mer. Ld = 3.68734 

logI> =3.74813 log tan C =9.86166 

D=6599. C = N. 36°2'E. 

Var. and dev. = 20° 0' L. 

Compass course = N. 16° 2' E. 



13. Required the course and distance from Cape Lopatka to Callao : 

^ ^ ,y fL= 61° 2'N. _ ,, ri= 12° 4'S. 

CapeLopatkaj^^^^,^^ Callaoj^^ ^^, ^^, ^ 

51° 2' N. Mer. parts = 3564.1 156° 60' E. 

12° 4' S. Mer. parts = 724.6 77° 14' W. 

Xd = 63° 6' = 3786' Mer. X^ = 4278. 7 234° 4' 

360° - 234° 4' = 126° 56' = 7566 m. = Vj. 

D = idSecC. tanC= ^, ^^ - 

Mer. Ld 

log Ld =3.67818 logXd = 3.87829 

log sec C = 0.30744 colog Mer. Ld = 6.36869 

logD =3.88662 log tan C =10.24698 

D = 7685. C = S. 60° 29' E. 

14. A ship from latitude 20° 40' N. sails N.E. by N. until she is in 
latitude 27° 16' N. Required the distance and difference of longitude. 

27° 16' N. Mer. parts = 1691.0 

20° 40' y. Mer. parts = 1269.7 

Ld= 6° 36' = 396'. Mer. i^ = 431.3 

C = 33° 46'. 

D= LdsecC. Xd = Mer. Ld tan C. 

logXd =2.69770 log Mer. id = 2.63478 

log sec C = 0.08016 log tan C = 9.82489 

logD =2.67786 logXd =2.46967 

D = 476.3. Xd = 288' = 4° 48'. 
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15. A ship from Cape Clear, in latitude 51° 26' N. and longitude O*' 29' 
W., sails S.W. by S. until the distance run is 1022 miles. Find the lati- 
tude and longitude in by Mercator^s and Middle Latitude Sailings. Which 
method is preferable ? 

By Mercator's Sailing, 
Mer. parts of 61° 26' = 3692.4 
Mer. parts of 37° 16' = 2398.8 
Mer. id =1193.6 



D = 1022 
C = 33° 46' 



id = D cos C, 
log D = 3.00946 
log cos C = 9.91986 
log id =2.92930 

Ld = 860' 
' = 14° 10' 

i' = 51° 26' 



i" = 37° 16' N. 
i«=44°21'N. 



Mercator's Sailing is preferable, 
since C<46°. 



Xd = Mer. Ld tan C. 
log Mer. id = 3.07686 
log tan C = 9.82489 
logXd =2.90176 

Xd = 798' 
= 13° 18' 

X'= 9° 29' 

X" = 22° 47' W. 

By Mid. Lat. Sailing, 

Xd = I> sin C sec L^. 

logD =3.00946 

logsmC =9.74474 

log sec i^ = 0.14664 

logXd =2.89983 
Xd = 794' 

= 13° 14' 
X'= 9° 29' 
X'' = 22°43'W. 



ExEBCiSE VI. Page 312. 
1. 



a 


D. 


N. 


8. 


E. 


W. 


S.S.W. 
S.W. by S. 
N.E. 


2ptB. 

Spts. 
4pt8. 


48 
36 
24 


17 


44.3 
29.9 


17 


18.4 
20. 


Hence, La = 57.2 S. 
= 0°57' 


S. 

r 




74.2 
17. 


17 


38.4 
17. 


P 


= 21.4A^ 


67.2 


2L4 
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2. 



a 


D. 


iV. 


8, 


E. 


W, 


S.}E. 

S.W.JS. 

S.S.W.iW. 


ipt. 
3Jpt8. 
2tptB. 


18 
37 
56 




17.9 

28.6 
50.6 


1.8 


23.5 
23.9 


Hence, Irgi- 97.1 S. 
-1°37^S. 





97.1 
0. 


1.8 


47.4 
1.8 


T 


-450 6>'W. 


97.1 


45.6 



a 


/>. 


N. 


8. 


R 


W. 


S.S.W. J w. 
S.S.W. } w. 
S.byW.JW. 


2ipt8. 
2Jpt8. 

IJptB. 


43 
39 

27 




38.9 
34.4 
25.8 




18.4 

18.4 

7.8 


Hence, La - 99.1 S. 
-1°39^S. 







99.1 
0. 


• 


44.6 
0. 


P- 


. 44.6 W. 


99.1 


44.6 



a 


D. 


N, 


8, 


E. 


W. 


N. 25° W. 
N. 8°E. 
N. 19° E. 
N. 76° E. 


16.4 

7.8 

13.7 

39.6 


14.9 
7.7 

13.0 
9.6 




0.1 

1. 

4.5 

38.4 


6.9 


Hence, Zrf = 45.2 N. 
= 0°45>'N. 
p = 37.1 E. 


' 45.2 
0. 





44. 
6.9 


6.9 


45.2 


37.1 
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5. 



a 


D, 


N. 


8, 


E. 


W. 


W.N.W. i w. 

N.N.E. } E. 
N. by E. } E. 
S.S.W. i W. 


GJpts. 
2ipts. 
lipts. 
2ipt8. 


21 
9 
9 

30 


7.1 
7.7 
8.5 


27.1 


4.6 
3.0 


19.8 
12.8 


Hence, Xd = 3.8 S. 
= 0°4^S. 




23.3 


27.1 
23.3 


7.6 


32.6 
7.6 


i> = 


25.0 W. 


3.8 


25.0 



a 


D. 


N. 


8. 


E. 


W, 


S. 83° W. 
S. 48° E. 
N. 48° W. 
N. 36° W. 


23 
25.2 
27.1 
2.1 


18.1 
17. 


2.8 
16.9 


18.7 


22.8 

20.1 
12.3 


Hence, L^ = 15.4 N. 
= 0° 15^ N. 
p = 36.5 W. 


35.1 
19.7 


19.7 


18.7 


55.2 
18.7 


15.4 


36.5 



a 


D. 


N. 


8 


E. 


PT. 


S. 17° E. 


48 




45.9 


'l4.0 




S. 45° W. 


19 




13.4 




13.4 


N. 36° W. 


18 


14.6 






10.6 


N. 41° W. 


50 


37.7 






32.8 


E. (90°). 


36 


.0 


.0 


36.0 








52.3 


59.3 


50.0 


56.8 


Hence, id = 0° 7' S 






52.3 




50. 


P-6.8W. 






















7. 




6.8 
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a 



a 


D. 


N, 


8. 


K 


m 


N.N.E. 


2pt8. 


31 


28.6 




11.9 




E.N.E. 


6pU. 


35 


13.4 




32.3 




E. by S. 


7ptB. 


36 




7 


35.3 




S.S.E, 


2pt8. 


51 




47.1 


19.5 




S. by E. 


IpC 


60 




58.8 


11.7 




Hence, L4 =■ 70.9 




42.0 


112.9 


110.7 




-1«11' 


S. 
E. 




42.0 






T 


- 110.7 


70.9 



9. 



a 


Z>. 


N. 


8, 


E. 


W. 


s. 44° E. 


69 




49.6 


47.9 




S. 86° E. 


68 




5.9 


67.7 




S. 27« E. 


25 




22.3 


11.3 




N. 37« W. 


5 


4.0 






3.0 


N. 20° W. 


13 


12.2 






4.4 


Hence, L4 = 61.6 


16.2 


77.8 


126.9 


7.4 


-r2^S. 




16.2 


7.4 




|)- 119.5] 


E. 


61.6 


119.5 



Exercise VII. Page 318. 

1. First course : N.N.E. - 2 points R. of N. = N. 22° 30^ E., 31.4 m. 

Second course : E.N.E. - 6 points R. of N. = N. 67° 30^ E., 35 m. 

Third course : E. by S. - 7 points L. of S. = S. 78° 45' E., 36.1 m. 

Fourth course : S.S.E. = 2 points L. of S. = S. 22° 30' E., 50.9 m. 
Tide course : » 1 point L. of S. = S. 11° 15' E., 60 m. 
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The Teaveme. 



a 


D. 


N. 


8. 


E. 


W. 


N.N.E. 


2pts. 


31.4 


29. 




12. 




E.N.E. 


6pts. 


35. 


13.4 




32.3 




E. by S. 


7pt8. 


36.1 




7. 


35.4 




S.S.E. 


2pts. 


50.9 




47. 


19.5 




S. by E. 


Ipt. 


60. 




58.8 


11.7 




id =70.4' 


= PIO'S. 


42.4 


112.8 


110.9 


= P' 




= 46<» 28' N. 




42.4 






= 45° 18' 


N. 


70.4 



X" = 19° 39^ W. 

= 11° 15' R. of S. 
12° 20' L. of S. 



1° 5' L. of S. 
,40 m. 



p = 110.9 Xd = p sec im. Xd = 159.3' 

i^, = 46°63' logp = 2.04493 = 2° 39' E. 

log sec i« = 005731 X' = 22° 18' W. 
logXd = 2.20224 

2. First course: 

S. by W.= lpt. R. of e 

Variation 

True course 

Hence, course and distance S. 1° 5' E 
Second course (starboard tack) : 

S.W. byS.= 3pts. R. of S. 
Leeway = 1 pt. L. 

2 pte. R. of S. = 22° 30' R. of S. 

Variation 12° 20' L. 

True course 10° 10' R. of S. 

Hence, course and distance S. 10° 10' W., 69.6 m. 
Third course: 

S.W. by W.= 5 pts. R. of S.= 56° 15' R. of S. 
Variation . .... . . 12° 20' L. 

True course 43° 65' R. of S. 

Hence, course and distance S. 43° 55' W., 58.6 m. 

Current course: 

W.S.W.= 6 pte. R. of S.= 67° 30' R. of S. 

Variation 12° 20' L. 

True course 66° 10' R. of S. 

Hence, course and distance S. 56° 10' W., 36 m. 
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Tee Tkayebss. 



c 


i>. 


N. 


8. 


E. 


W. 


8. !<>£. 
8. IQP W. 
8. 44« W. 
8. 65«» W. 


40. 
69.6 
68.5 
36. 




40. 
68.6 
42.1 
20.6 


0.7 


12.1 
40.7 
29.5 


X' = 33*» 4^ N. 




171.3 


0.7 


82.3 
0.7 


X" = 30«>49 


'N. 


81.6 



p = 81.6 
i^ = 32<» 16' 



Xd = p8eci,i,. 
logp = 1.91169 
log sec Xw = 0.07277 
logXd= 1.98446 



Xd = 96' 

= 1°36'W. 
X' = 16° 20^ W. 



X''= 17^66' W. 



3. Fimt course (starboard tack): 

N, byE.= lpt. R. ofN. 
Leeway = 1 pt. L. 

= due north = 0° 
Variation W. IS'' SO' L. 



13<* SO' L. of N. 
Hence, course and distance N. 13° SO' W., 37.7 m. 

Seaynd course (starboard tack): 

N.= 0°pt. 
Leeway = 1 pt. L. 

Ipt. L.= 1P15'L. of N. 
Variation . . . . W. 13° 30' L. 



24° 46' L. of N. 
Hence, course and distance N. 24° 45' W., 38.7 m. 

Third course (starboard tack): 

N.N.W.= 2pts. L. of N. 
Leeway = 1 pt. L. 



Variation 



3 pts. L. of N.= 33° 46' L. of N. 
W. 13° 30' L. 



47° 15' L. of N. 
Hence, course and distance N. 47° 16' W., 76.6 m. 
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Current course : 

W.N.W.=6 pts. L. of N.= 67^ 30' L. of N. 

Variation 13° 30" L. 

81° O'L-ofN. 
Hence, course and distance N. 81° W., 12 m. 

The Traverse. 



c. 


D. 


N, 


S. 


E. 


W. 


N. 14° W. 


37.7 


36.6 






9.2 


N. 25° W. 


38.7 


35. 






16.4 


N. 47° W. 


76.5 


62.1 






56. 


N. 81° W. 


12. 


1.9 . 






11.9 


La =126.6'= 2° 6' N. 


125.6 




P = 


93.6 


U = 19° 30" S. 










i'' = 17° 24' S. 











p=93.5 Xd = ;)seci«. Xd = 99' 

i«=18°27' logp =1.97081 = 1° 39' W. 

log sec X,„ = 0.02296 x' = 0° 10' E. 

log Xd = 1.99377 X" = 1° 29' W. 

4. Departure course (the opposite of W.S.W.): 

E.N.E. The ship^s head S.E. by E.; the deviation is the same as for 
the first course. 

E.N.E.= 6 pts. R. of N.= 67° 30' R. of N. 

Variation and deviation . . 17° L. 

50° 30' R. of N. 
Hence, course and distance N. 50° 30' E., 18 m. 

First course: 

S.E. by E.= 5 pts. L. of S.= 56° 16' L. of S. 
Variation and deviation . . . 17° L. 

True course 73° 15' L. of S. 

Hence, course and distance S. 73° 15' E., 52 m. 
Second course (port tack) : 

S.E. = 4 pts. L. of S. 

Leeway = \ pt. R. 

3i pte. L. of S. = 39° 22' L. of S. 
Variation and deviation . . . 19° L. 

True course 58° 22' L. of S. 

Hence, course and distance S. 58° 22' E., 43 m. 
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Third eaurse (starboard tack): 

E. by N.= 7pte. R. ofN. 
Leeway = 1 pi;, L. 

6 pts. R. of N. = 67<» 3(y R. of N. 
Variation and deviation . 11° L. 



True course Se*' 3(r R. of N. 

Hence, coarse and distance N. 66° 30" £., 36 m. 

Fourth course (starboard tack): 

E.N.E. =6 ptJB. R. OfN. 
Leeway = li pts. L. 

^ pte. R. of N. = 60° 37' R. of N. 
Variation and deviation . . 13° L. 



True course 37° 37' R. of N. 

Hence, course and distance N. 37° 37' E., 27 m. 

Fifth course (port tack): 

S.S.E.= 2pts. L. of S. 
Leeway = 2 pts. R. 



pts. = due south = 0° 
Variation and deviation . 21° L. 



True course 21° L. of S. 

Hence, course and distance S. 21° E., 24 m. 

Sixth course (port tack): 

S.E. by S.= 3 pts. L. of S. 
Leeway = li pts. R. 

U pts. L. of S.= 19° 41' L. of S. 
Variation and deviation . . . 20° L. 



True course 39° 41' L. of S. 

Hence, course and distance S. 39° 41' E., 29 m. 

Current course : 

S. by E.= 1 pt.= L. of S.= 11° 15' L. of S. 
Variation 28° L. 



39° 16' L. of S. 
Hence, course and distance S. 39° 16' E., 12 m. 
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Thb Tka verse. 



0. 


D. 


N, 


8. 


E. 


W, 


N. 5P E. 


18 


11.3 




14.0 




S. 73° E. 


62 




16.2 


49.7 




S. 68° E. 


43 




22.8 


36.6 




N. 67° E. 


36 


19.6 




30.2 




N. 38° E. 


27 


21.3 




16.6 




S. 21° E. 


24 




22.4 


8.6 




S. 40° E. 


29 




22.2 


18.6 




S. 39° E. 


12 




9.3 


7.6 




Ld = 40' S. 

i' = 47° 31' N. 


62.2 


91.9 
62.2 


181.8 


= P' 


i'' = 46° 61' 


N. 


39.7 



p = 181.8 
i^, = 47°ir 



Xd = i> sec im. 
logp =2.26959 

log secXm = 0.16771 

log \a = 2.42730 



\i = 267' 

= 4°27'E. 
X' = 62° 33' W. 



X" = 48° 6'W. 



5. Departure course (the opposite of W. by S. i S.): 

E. by N. i N. = 6f pte. R. of N. 
= 76° 66' R. of N. 
Variation and deviation . . 34° R. 



109° 66' R. of N. 
Hence, course and distance S. 70° E., 17 m. 

First course (port tack): 

S.S.E.= 2 pts. L. of S. 
Leeway = 2^ pts. R. 

ipt. R. of S.= 2°49'R. of S. 
Variation and deviation . . . 34° R. 



36° 49' R. of S. 
Hence, course and distance S. 37° W., 21 m. 
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Second course (starboard tack): 

S.S. W. i W.= 2i ptg. R. of S. 
Leeway = 2i pt s. L. 



ipt. L. ofS.= 2<» 49^^018. 
Variation and deviation . . . 27° R. 



W 11' R. of S. 
Hence, course and distance S. 24° W., 20 m. 

Third course (port tack): 

W.S.W.= 6 pts. R. of S. 
Leeway = 2^ pts. R. 

8i pts. R. of S.= 7i pts. L. of N. 
= 84° 22' L. of N. 
Variation and deviation . . 22° R. 

Trae course 62° 22' L. of N. 

Hence, course and distance N. 62° W., 24 m. 

Fourth course (starboard tack): 

W. i N. = 7i pta. L. of N. = 84° 22' L. of N. 
Variation and deviation . . 20° R. 



True course 64° 22' L. of N. 

Hence, course and distance N. 64° W., 26 m. 

Fifth course (starboard tack) : 

East = 8 pts. R. of N. 

Leeway = 2^ pts. L. 

6i pte. R. of N. = 61° 62' R. of N. 

Variation and deviation . . 41° R. 

True course 102° 62' R. of N. 

Hence, course and distance S. 77° E., 19 m. 

Sixth course (starboard tack): 

E.S.E.= 6 pts. L. of S.= 67° 30' L. of S. 
Variation and deviation . . . 40° R. 

True course 27° .W L. of S. 

Hence, course and distance S. 28° E., 18 m. 

Current course: N.N.E.= 2 pts. R. of N. 

= 22° 30' R. of N. 

Variation 31° R. 

True course 63° 30' R. of N. 

Hence, course and distance N. 64° E., 21 m. 
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The Traverse. 



c. 


D. 


N. 


S. 


E. 


W. 


S. 70° E. 




17 




6.8 


16.0 




S. 37° W. 




21 




16.8 




12.6 


S. 24° W. 




20 




18.3 




8.1 


N. 62° W. 




24 


11.3 






21.2 


N. 64° W. 




26 


11.4 






23.4 


S. 77° E. 




19 




4.3 


18.6 




S. 28° E. 




18 




16.9 


8.6 




N. 64° E. 




21 


12.3 




17. 




L' = 62° 
L'' = 61° 


26' S. 
(KN. 


36.0 


61.1 
36.0 


60. 


66.3 
60. 


34' 


N. 


26.1 


6.3 



p =6.3 
Lm = 61° 47' 



\d = PBecLm. 
logp = 0.72428 
log 860X^ = 0.32632 
logXd= 1.04960 



\i = 11' W. 

X' = 160° O'E. 
X"=149°49'E. 



6. Departure course (the opposite of N. f W.): 

S. f E.= f of a pt.= 8° 26' L. of S. 
Variation and deviation . ... 8° R. 

0° 26' L. of S. 
Hence, course and distance S., 19 m. 
First course (port tack) : 

S.W. i W.= 4i pts. R. of S.=60° 37' R. of S. 
Variation and deviation . . . 8° R. 

Trae course 68° 37' R. of S. 

Hence, course and distance S. 69° W., 68 m. 
Second course (starboard tack) : 

N. f E. = f pt. R. of N. 

Leeway = Sj pts. L. 

2i pts. L. of N.= 28° 7' L. of N. 
Variation and deviation . . . 17° R. 

True course 11°7'L. ofN. 

Hence, course and distance N. 11° W., 16 m. 
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Third course (starboard tack): 

S.E. iE.= lipt8. L. of S. 
Leeway = 2f pts. L. 

4i pts. L. of S.= 47° 48' L. of S. 
Variation and deviation . . . 20° R. 



True course 27° 48' L. of S. 

Hence, course and distance S. 28° E., 9 m. 

Fourth course (port tack): 

W. byS.= 7 pts. R. of S. 
Leeway = ipt. R. 

7i ptB. R. of S. = 81° 33' R. of S. 
Variation and deviation ... 0° 



True course 81° 33' R. of S. 

Hence, course and distance S. 82° W., 60 m. 

F\fth course (starboard tack): 

E.N.E.= 6 pts. R. of N. 
Leeway = 2^ pts. L. 

3i pta. R. of N. = 39° 22' R. of N. 
Variation and deviation . . . 33° R. 

True course 72° 22' R. of N. 

Hence, course and distance N. 72° E., 12 m. 

Sixth course (port tack): 

S.S.W. i W.= 2i pts. R. of S. 
Leeway = If pts. R. 

H pte. R. of S.= 47° 48' R. of S. 
Variation and deviation ... 10° R. 



True course 67° 48' R. of S. 

Hence, course and distance S. 58° W., 22 m. 



Current course : 



S. W. i W. = 4i pts. R. of S. = 47° 48' R. of t 
Variation 14° R. 



True course 61© 43^ r. of S. 

Hence, course and distance S. 62° W., 42 m. 
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The Traverse. 



c. 


D. 


N, 


8, 


E, 


W, 


s. 

S. 69° W. 
N. 11° W. 
S. 28° E. 
S. 82° W. 
N. 72° E. 
S. 68° W. 
S. 62° W. 


19 
68 
16 
9 
60 
12 
22 
42 


14.7 
3.7 


19.0 
29.9 

7.9 
7.0 

11.7 
19.7 


4.2 
11.4 


49.7 
2.9 

49.6 

18.7 
37.1 


La=7r= 1°17'S. 
L' = 60° 12' S. 


18.4 


96.2 
18.4 


16.6 


167.9 
16.6 


i" = 61° 


29^8. 


76.8 


142.3 



p = 142.3 
ip, = 60° 61' 



Xd = i> sec Lm. 
logp =2.16320 

log sec i«= 0.19973 



\d = 226' 

= 3° 46' W. 
X' = 179° 40' W. 



logXd 



= 2.36293 



X"=176°36'E. 



7. First course : 

S.E.= 4 pts. L. of S. 
Variation and deviation . H pts- I^- 



True course .... 6^ pts. L. of S. 
Hence, course and distance S. 6^ pts. E., 27.8 m. 



Second course : 



Variation 
Trae course 



E.S.E. i E.= 6i pts. L. of S. 
If pts. L. 



8 pts. L. of S.= due east. 



Hence, course and distance E. 76.2 m. 

Third course : 

E.= 8 pts. R. of N. 
Variation and deviation . Ij- pts. L. 

True course .... Of pta. R. of N. 
Hence, course and distance N. 6f pts« E., 8.7 m. 
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Thb Traybrsb. 



c. 


D. 


N. 


5. 


E, 


W. 


S. 6i pte. E. 

E. 

N. 6f pte. E. 


27.8 

76.2 

8.7 


2.1 


13.1 


24.5 
76.2 

8.4 




La= ll'S. 
r =SGP 42' N. 


2.1 


13.1 
2.1 


108.1 


= P. 


X"=30°3r 


N. 


11.0 



p = 108.1 
I^ = 36^ 37' 



Xd = p sec Xm' 
logp =2.03383 

log sec I>„ = 0.09648 
iQgXd =2.12031 



Xd=136' 

= 2° 16' E. 
X' = 4° 26' W. 
X" = 2« 10' W. 



ExBBCiSE VIII. Page 333. 

1. Find the elemente (initial courses, distance, and latitude and longi- 
tude of the vertex) of the great circle track between the Lizard, in latitude 
4QP 68' N., longitude b"" 12' W., and the Bermuda Islands, in latitude 32° 
18' N., longitude 64° 60' W. 

Heferring to the triangle CPC^ 

Lat C = 49» 68' N. 

Long. C = 6° 12' W. 

Lat. C = 32° 18' N. 

Long. C = 64° 60' W. 
c =90° -40° 68' = 40° 2'. 
c' = 90° - 32° 18' = 67° 42'. 
Xd = 64° 60'- 6° 12' = 69° 38'. 




To find the initial courses : 



•A, 



tan i(C+ C) = ^^\^t' ^( cot iXd. 
' ^ ' cos i (c' + c) 
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^(c'-c)= S^SC, 
i ((/ + c) = 48<» 52', 
iXd =29«>48', 



log cos = 9.99482 
cologco8= 0.18190 
log cot = 10.24178 



log sin = 9.18628 
colog8in= 0.12310 
log cot = 10.24178 



log tan i(C'-C)= 9.56116 
i(C'-C) = 19? 36'. 



log tan i (C +C) = 10.41850 
i(C'+ C) = 69° r 
i(C'-C) = 19^36' 

.-. C = N. 88° 42' W.= course from Lizard. 
C = N. 49° 32' E. = course from Bermudas. 
To find the distance : 



cosiD = 

iic-i-c^ =48° 52', 
1(0+0 = 69° 7', 
i\d =29° 49', 



_ cos i (c + c') 



sin i Xd. 



cos i(C+C') 

log cos = 9.81810 
colog cos = 0.44798 
log sin = 9.69666 
log cos il> = 9.96263 
i2) = 23°26'. 
D = 46° 52' = 2812 m. 



To find L of F. 
sin PV = sin c' sin C. 
log sine' =9.92699 
log sin C = 9.88126 
log sinPF= 9.80825 
PF= 40° 1'. 
Xof F=90°--40°l' 
= 49° 59' N. 



To find X of F. 
cot CPF = cose' tan O. 
log cose' = 9.72783 
log tan C = 10.06901 
log cot CPF = 9.79684 
CPF= 57° 56'. 
X of C = 64° 50' 
57° 66' 
Xof F= 6°54' W. 



2. Find the elements of the great circle track between Boston (Minot's 
•Ledge light-house) in latitude 42° 16' N., longitude 70° 46' W., and Cape 
Clear, in latitude 61° 26' N., longitude 9° 29' W. [Take iXd = 30° 39'.] 

Lat. C = 61° 26' N. 
Long. C = 9° 29' W. 
Lat. C = 42° 16' N. 
Long. C = 70° 46' W. 

c = 90° — 51° 26' = 38° 34'. 
cT =90° -42° 16' = 47° 44'. 
X<f = 70° 46' - 9° 26' = 61° 17'. 

tan i(C'+ C) = CQ«j(^-g) ^ot i x<i. 
' cos i (c' + c) * 




tanJ(C-C): 



sin i (c' — c) 
sin ^^ (c' + c) 



cot ^X^. 
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i(c'-c)= 4<»86', log COS = 9.99861 

i(c' + c) = 48« y, cologco8= 0.13694 

iXd =30^39', log cot = 10.22726 

log tan i (C + C) = 10.36281 

i(C'+C) = 66° 33' 

i(C^-C)=ll° y 



log sin = 8.90260 

cologsm= 0.16500 

log cot = 10.22726 

log tan i (C - C) = 9.29486 

i(C-C) = ll°9'. 



To find the distance: 



.-. (T = N. 77« 42' W.= course from Cape Clear. 
C = N. 65® 24' E. = course from Boston. 



«^ua Y-«^ — 


cos 


i(C+C7)""^''^- 


i(C + c) =43° 9'. 






log cos = 9.86306 


i(C+C) = 66° 33', 






colog cos = 0.40017 


iXd =30°39', 






log sin = 9.70739 
log cos iD= 9.97062 


.•.iD = 


:30°60'. 




D = 


41° 


40' = 


2500 m. 


To find i of F. 






To find X of F. 


BinPF = sine' sin 


C. 




cot CPF = cose' tan C. 


log sine' =9.86924 






log cose' = 9.82775 


log sin C = 9.91547 






log tan C =10.16124 


log sin PF= 9.78471 






log cot CPF = 9.98899 


.\PF = 37° 32'. 






CPF =45° 44' 


iof F=90°-37°32' 




X of C = 70° 46' 


= 52° 28' N 


, 




Xof F=26° 2'W. 



3. Find the elements of the great circle track between Vancouver 
Island, in latitude 50° N., longitude 128° W., and Honolulu, in latitude 
21° 18' N., longitude 157° 52' W. 

Lat. C = 50° N. 
Long. C'=128°W. 
Lat. C = 21° 18' N. 
Long. C = 157° 52' W. 

c =90°- 50° = 40° 

c' = 90° - 21° 18' = 68° 42'. 

Xd = 157° 52' - 128° = 29° 52'. 
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i(c'-c) = 14°2r, log COS = 9.! 

i ((/ + c) = 54° 21', cologcos= 0.23446 

iXd =14° 60', log cot = 10.67397 

log tan i (C + C) = 10.79466 

i(C'+C)=z 80° 63' 

i(Cr-C)= 48° 60' 



log sin = 9.39418 

cologsin= 0.09013 

log tan = 10.67397 

log tan i (C - O) = 10.05828 

1(0' - C) = 48° 60'. 



To find the distance : 



C = 129° 43' 

= S. 60° 17' W. = course from Vancouver. 
= N. 32° 3' E.- = course from Honolulu. 



-*^ = 3^^^)«^*^- 



i{& + c) =64°21', 
i(C'+C) = 80° 63', 
iXd =14° 56', 



Ibg cos 
colog cos 
log sin 



= 9.76564 
= 0.80012 
= 9.41110 



il>=18°34'. 
D=37° 8'= 2228 m. 



log cos iD= 9.97676 



To find L of F. 

sin PF = sin & sin C. 
log sine' =9.96927 
log sin C = 9.72482 
log sin PV = 9.69409 
PV = 29° 38'. 
iof F= 90°- 29° 38' 
= 60° 22' N. 



To find X of F. 

cot CPF = cose' tan C. 

log cose' =9.66020 

log tan C = 9.79663 

log cot CPV = 9.36683 

CPV= 77° 11' 

X of C = 167° 52' 

Xof F= 80°41' W. 



4. Find the elements of the great circle track between Cape Clear, in 
latitude 61° 26' N., longitude 9° 29' W., and Sandy Hook, in latitude 
40° K, longitude 74° W. 

Lat. C" = 51° 26' N. 

Long. C = 9° 29' W. 

Lat. C = 40° N. 

Long. C = 74° W. 
c = 90° - 61° 26' = 38° 34'. 
(/ = 90° — 40° = 50°. 
X^ = 740 — 90 29' = 64° 31'. 




tani(C+C') = ^-^4i^cotn.. 

^ ' cos i (c + e') 

tani{C-C') = $4^^^cotiX<i. 
^ ' sm i (c + c') * 
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^((f-c)= 6° 43', 
i (c + C) = 44« 17', 
iXd =32^16', 



log cos = 9.90784 
colog cos = 0. 14516 
log cot = 10.19972 



log sin = 8.99830 
colog sin = 0.15602 
log cot = 10.19972 



logtani(C'-C)= 9.35404 
i (C - C) = 12° 44'. 



log tan i (C + C) = 10.34271 
i(C+C') = 65° 34' 
i(C^-0 = 12°44' 

C = N. 78° 18' W.= course from Cape Clear. 
C = N. 52° 50' E. = course from Sandy Hook. 
To find the distance : 

, T^ co s i (c + cQ . , ^ 

log COB 



^(c + cO =44° 17', 
i(C+C') = 65°34', 
iVi =32° 16', 



colog COS 

log sin 



= 9.85486 
= 0.38338 
= 9.72743 



il> = 22°29'. 
D = 44° 58' = 2698 m. 



log cos iD= 9.96566 



To find L of r. 
sin PF = sine sin C. 
log sine =9.79478 
log sin C = 9.99088 
log sin PF= 9.78566 
PF=37°37'. 
i of F= 90° 00'- 37° 37' 
= 52° 23' N. 



To find X of F. 
cot CPV = cose' tan C. 
log cose' = 9.80807 
log tan C = 10.12026 
log cot CPV= 9.92833 
CPF= 49° 42' 
XofC= 74° 0' 
Xof F=24°18'W. 



5. Find the elements of the great circle track between Lizard Light, 
in latitude 49° 58' N., longitude 5° 12' W., and Cape Frio, in latitude 
23° S., longitude 42° W. 

Lat. C = 49° 58' N. 
Long. C'= 5°12'W. 
Lat. C = 23° S. 
Long. C = 42° W. 
= 90° -49° 58' = 40° 2'. 
= 90° + 23° = 113°. 




c 
& 
Xd = 42° - 5° 12' = 36° 48'. 
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i(c' + c) = 76° 31', 
J^Xd =18° 24', 



log cos = 9.90527 
cologcos= 0.63234 
log cot = 10.47801 



log tan i (C +C) = 11.01562 
i(C'+C) = 84°29' 
i(C'-C) = 61^ 27' 



log sin .= 9.77421 

cologsin= 0.01214 

log cot = 10.47801 

log cot i{Cr-C)= 10.26436 

^(C'-C) = 6P 27'. 



C = S. 34° 4' W. = course from Lizard Light. 
C = N. 23° 2' E. = course from Cape Frio. 



To find the distance : 



- ^ cos i (c' + c) . , ^ 
^^^^= cosi(C'+C) ^^"^^- 



i(c' + c) = 76°31', 
i(c'+c) = 84°29', 
iXd =18° 24', 



log cos = 9.36766 
colog cos = 1.01712 
log sin = 9.49920 
log cos ii)= 9.88398 
ii; = 40°3'. 
I>=80°6' = 4806m. 



To find L of V. 
sin PF = sin c' sin C. 
sin 180° - 113° = sin 67° = c'. 
log sine' =9.96403 
log sin C = 9.59247 
log sin PF= 9.55650 
PV= 21° 7' N. 
90°00'N. 
21° 7'N. 
Xof F=68°53'N. 



To find X of F. 
cot CPF = cose' tan C. 
log cose' = 9.59188 (n) 
log tan C = 9.62855 
log cot CPV= 9.22043 (n) 
CPF= 99° 26' 
X of = 42° 00' 
X of F= 57° 26' E. 



6. Find the elements of the great circle track between Cape Frio and 
Cape Good Hope, in latitude 34° 20' S., longitude 18° 30' E. (Reckon 
from the nearest pole.) 

Lat. C" = 84° 20' S. 

Long. C = 18° 30' E. 

Lat. C = 23° S. 

Long. C = 42° W. 
c =90° -43° 20' =55° 40'. 
c" = 90° — 23° = 67°. 
Xd = 42° + 18° 30' = 60° 30'. 




tan i(C' + (7) = cosi(e' c) ^ 
^ ' cos i (c' + e) 

tani(C' 



_,. sin i (c' — e) ^ , ^ 
Q = ~ — 7v:r; — ; cot i Xd. 
' sm i (c' + c) 
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^(c'-c)= 5P4Xy, log COS = 9.99787 
i(c' + c) = 6P2(r, cologco8= 0.31902 
i Xd = 30*» 16% log cot = 10.23420 



log sin = 8.99450 
cologsin= 0.05679 
log cot = 10.23420 
log tan (C - C) = 9.28549 

i(C'-C) = 10° 65'. 



log tan i (Cr + C) = 10.55109 
i(C+ C) = 74°18' 
i(C^-C)= 10°55^ 

C = S. 85° 13' W.= course from C. Good Hope. 

C = S. 03° 23' E. = course from Cape Frio. 

To find the distance : 

, ^ COB iic' + c) . , ^ 
^^^^= cosAc-+C) ^"^^^- 



i{cf-^c) =61°20', 
i (C + C) = 74° IS', 
iV, =30° 15', 



log COB = 9.68098 
cologcos =0.56767 
log sin = 9.70224 
log cos iD= 9.95089 
iD=26°44'. 
D= 53^28' = 3208 m. 



To find L of F. 
sin P F = sin c' sin C. 
log sine' =9.96403 
log sin C = 9.95135 
log sin PF= 9.91538 
PF= 55° 23' 
LofF=90° 0'-55°23' 
= 34° 37' S. 



To find X of F. 
cot CPV = cos c' tan C. 
log cose' = 9.59188 
log tan C = 10.30005 
log cot CPF= 9.89193 
CPF= 52° 3' 
42° 0' 
Xof F=10°3'E. 



7. Find the elements of the great circle track between Grand Port, 
Mauritius, in latitude 20° 24' S., longitude 57° 47' E., and Perth, in lati- 
tude 32° 3' S., longitude 115° 45' E. 

Lat. C = 32° 3' S. 
Long. C = 115° 45' E. 
Lat. C = 20° 24' S. 
Long. C = 57° 47' E. 

c =90° -32° 3' =57° 57'. 
(/ = 90° - 20° 24' = 69° 36'. 
V/ = 115° 45' - 57° 47' = 57° 58'. 
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^((^-0)= 6° 50, log cos = 9.99776 

i (c' + c) = 63° 47', cologcos= 0.36481 

i Xd = 28<» 69', log cot = 10.25665 

log tan i (C + C) = 10.60912 

i(C'+ C) = 76°ll' 

i (C - C) = ir 34' 



log sin = 9.00704 

colog sin = 0.04714 

log cot = 10.26665 

logtani(C'-C)= 9.31073 

i(C-C) = lP34'. 



C = S. 87° 46' E. = course from Perth. 
C = S. 64° 37' E.= course from Mauritius. 



To find the distance : 



- _. cos i (c' + c) 



sin i\d. 



i(C+c) =63° 47', 
i (C + C) = 76° 11', 

iXd =28° 69', 



log cos = 9.64579 
colog cos = 0.62194 
log sin = 9.68634 



log cos ii) = 9.95247 
iD=26°19'. 
i)= 62° 38' = 3168 m. 



To find L of V. 
sin PV = sin c' sin C, 
log sine' =9.97187 
log sin C = 9.95691 
log smPF= 9.92778 
PF=67°62'. 
Lof F=90° 0'-67°52' 
= 32° 8'S. 



To find X of F. 
cot CPV = cos c' tan C. 
log cose' = 9.64229 
log tan C = 10.32378 
log cot CPF= 9.86607 
CPV= 63° 42' 
Xof C= 67° 47' 
Xof F=111°29'E. 



8. Find the elements of the great circle track between A, in latitude 
16° 38' N., longitude 70° 66' W., 
and B, in latitude 48° 2' N., lon- 
gitude 4° 36' W. 

Late =48° 2'N. 
Long. C = 4° 36' W. 
Lat. C = 16° 38' N. 
Long. C = 70° 66' W. 

c =90° -48° 2' = 41° 68'. 
c' = 90° - 16° 38' = 73° 22'. 
V, = 70° 55' - 4° 36' = 66° 20'. 
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J{c'-c) = 16*»42', log cos = 9.08349 
i(c'+c) = 67<»40', cologco8= 0.27177 
iXd =33<»10', log cot = 10.18472 

log tan i (C + C) = 10.43998 
i(C'+C) = 70<' 3' 
i(C^-C) = 26o y 
C=N.96« 9'W. 



log sin = 9.43233 

colog8m= 0.07317 

log cot = 10.18472 

log tan i (C - C) = 9.69022 

i(C'-C) = 26°6'. 



To find the distance : 



= S. 83® 61' W.= course from B. 
C = N. 43*» 57' E. = course from A. 



, _ cos i (c' + c) . - ^ 

' cos i(c' — c) ' 

i(c'+c) =67<»40', log cos =9.72823 

i (C + C) = 70° 3', colog cos = 0.46699 

i\i =33° 10', log sin =9.73805 



iD=30°57'. 
D=6P 54' = 3714 m. 



log cosi 2)= 9.93327 



To find L of F. 
sin PF = sin c' sin C 
log sine =9.98144 
log sin C = 9.84138 
log sin PF= 9.82282 
Pr=4P41'. 
Lofr=90° 0'~41°41' 
= 48°19'N. 



To find \d of F. 
cot CPV = cos c' tan C. 
log cose' =9.45674 
log tan C = 9.98408 
log cot CPF= 9.44082 
CPF= 74° 34' 
XofC = 70°55' 
XofF= 3°39'E. 



9. A ship sails from A. 




in latitude 40° S., longitude 148° 30' E., to B, 
in latitude 12° 4' S., longitude 77° 14' W. 
Compare the great circle and the rhumb- 
line between A and B. 

Late = 40° S. 
Long. C = 148° 30' E. 
Lat. C = 12° 4' S. 
Long. C = 77° 14' W. 

c = 90°- 40°= 50°. 
c' = 90° -12° 4' = 77° 56'. 
\d = 148° 30' + 77° 14' 
= 225° 44', or 134° 16'. 
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' ^ ' cos i (c' + c) * 

' ^ ' sin i (c' + c) ' 



J (c' - c) = 13° 58', log cos =9.98697 log sin =9.2 

^ (c' + c) = 63° 68', colog cos = 0.36764 colog sin = 0.04646 

iXd =67° 8', log cot =9.62604 log cot =9.62604 

log tan i (C + C) = 9.96966 log tan i (C - C) = 9.06416 

i(C'+C) = 43° 0' i(C'-C) = 6° 28'. 
^(C'-C) = ,6°28' 



C = S. 49° 28' E. = course from A. 
C = S. 36° 32' W. = courae from B. 



To find the distance : 



, _ cos 1 10" + c) . - ^ 

cos iD = r4-7 i sm iXd. 

cos i (c' — c) 

i(c' + c) =63° 68', log cos =9.64236 

i (C + C) = 43° 0', colog cos = 0. 13587 

iXd =67° 8', log sin =9.96446 

log cos i2)= 9.74268 
i2)= 56° 26'. 
I>= 112° 62' = 6772 m. 



To find L of F. 




To find X of F. 


sinPF = sine' sin C. 


cot OPF = cose' tan C. 


log sine' =9.99021 


log 


cose' =9.32026 


log sin C =9.77473 


log 


tan C = 9.86974 


log sin Pr= 9.76494 


log cot CPF= 9.18999 


PF=35°36'. 




CPV= 81° 12' 


iof F=90° 0'-36°36' 




XofC= 77° 14' 


= 64°24' S. 




Xof F= 168° 26' W. 


By Rhumb Line : 




To find Ld. To find i^. 




To find Xd. 


i' = 40° S. -L' = 40° S. 




X' = 148° 30' E. 


i-=12o 4'S. i"=12°4'S 




X"= 77°14'W. 


Ld = 27° 66' 2)62° 4' 




Xd = 225° 44' 


= 1676 m, Lm = 26° 2' 




= 360° — 225° 44' 
= 134° 16'= 8056 m. 
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To find the course. 

. ^ Xd cos L„, 
tanC = r — =• 

logXd = 3.90012 
logco6£M= 9.96354 
cologLrf = 6.77673 
log tan C = 10.63639 



To find the distance. 

D = id sec C. 

logLd = 3.22427 

log sec C= .64682 

logD =3.87109 

D = 7432 m. 



C = 76° 68'. That is, N. 76° 68' E. from A, or S. 76° 68' W. from B. 



Exercise IX. Page 345. 



1. Obsenred altitude 
Correction . . 

True altitude 



26° 6' 10" 
- 4' 60" ^ 

26° 1' 20" 



Index correction 

Dip 

Refraction . . 



+ 1' 16" 
-4' 2" 
-2' 3.4" 



2. Observed altitude . 15° 20' 26^ 
Correction ... — 9' 44" - 

True altitude 



16° 10' 41'- 



Index correction 

Dip 

Refraction . . 



-2' 20" 

- 3' 56" 

- 3' 29.4" 



3. Observed altitude . 18° 17' 30" 
Correction ... 9' 41" 



True altitude 



18° 27' 11'^ 



Index correction 

Dip 

Refraction . . 
Semi-diameter . 
Parallax . . . 



+ 0'18" 

- 4' 9" 

- 2' 54" 
+ 16' 18" 
+ 8" 



4. Observed altitude . 30° 12' 40" 
Correction . . . 10' 24" 



True altitude 



. 30° 23' 4" 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



+ 16' 4" 
+ 8" 

- 0' 0" 

- 4' 16" 

- 1'39" 



5. Observed altitude . 66° 25' 20" 
Correction ... 10' 18" 



True altitude 



Semi-diameter . 
Parallax . . . 
Index correction 

Dip 

Refraction . . 



. 66° 36' 28" 



+ 16' 3" 
+ 6" 

- 1'20" 

- 4' 2" 

- 0'38" 
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6. Observed altitude 
Correction , . . 



Tnie altitude 



True altitude 



True altitude 

9. Observed altitude 
Correction . . 



True altitude 



60° 10' 10" 
9^65" 



60° 19^ 5" 



7. Observed altitude . 31° 24' 86" 
Correction . . . lO' 38" 



. 31° 36' 13" 



a Observed altitude . 26° 17' 20" 
Correction . . . 19' 63" 



. 25° 57' 27" 

. 20° 35' 30" 
21' 49" 



. 20° 13' 41'^ 



10. Observed altitude . 36° 12' 10" 
Correction . . . 20' 67" 



Semi-diameter 
Parallax . . 
Index correction 
Dip ... . 
Refraction 



Semi-diameter 
Parallax . . 
Index correction 
Dip .... 
Refraction 



Semi-diameter 
Parallax . . 
Index correction 
Dip . 
Refraction 



Semi-diameter 
Parallax . . 
Index correction 
Dip ... . 
Refraction 



Semi-diameter . 
Parallax . . 
Index correction 

Dip 

Refraction . . 



+ 16' 48" 
+ 0' 4" 
+ 2' 16" 

- 4' 9" 

- 0'33" 



+ 16' 14" 
+ 8" 

- 0' 0" 

- 4' 9" 

- 1'36" 



- 16' 10" 
+ 8" 
+ 2' 16" 

- 4' 9" 

- 1'67" 

- 15' 46" 
+ 0' 8" 
+ O'lS" 

- 3' 66" 

- 2' 34" 

- 15' 47" 
+ 0' 8" 
+ 0'25" 

- 4' 23" 

- 1'20" 



True altitude . . 36° 61' 13" 



Exercise X. 



1. July 

2. Mar. 

3. Jan. 

4. Dec. 

5. Feb. 



Astronomical Time. 

d. 

8 

7 



1 

31 

2 



h. 

7 

12 
18 
15 

8 



6 

25 

10 



4 



10 = July 
30 = Mar. 
10 = Jan. 
= Jan. 
30 = Feb. 
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Civil Time. 

h. 
7 

6 
3 



d. 

8 
8 
2 

1 



2 8 



6 

26 

10 



4 



10 P.M. 
30 A.M. 
10 A.M. 
A.M. 
30 P.M. 



Civil Time. 


UtJl-XXt 


ASTBONOMICAL TiMB. 


d. h. m. ■. 






d. 


h. m. s. 


e. July 1 11 8 25A.JI. = 


June 


30 


23 8 25. 


7. Mar. 2 11 56 56 p.n. = 


Mar. 


2 


11 56 56. 


a Aug. 3 10 8 20 P.M. = 


Aug. 


31 


10 8 20. 


9. Sept. 1 12 16^ 


• M. = 


Aug. 


31 


12 12 15. 


LO. Jan. 1 10 41 56 a.m. = 


Dec. 


31 


22 41 56. 


EXKRCISE XI. 


Page 349. 




d. 


h. 


m. 


a. 




1. Ship date, May 4 


6 


12 


15 




Longitude in time, +11 


23 


20 


15)170°50' (T' 


Greenwich date, May 4 


17 


35 


35 


11 h. 23' 20" 


d. 


h. 


m. 


•. 




2. Ship date, July 30 


23 


12 


30 




Longitude in time, 


+ 2 


41 


20 


15)40° 20^ 0" 


Greenwich date, July 31 


1 


53 


50 


2 h. 41' 20" 


d. 


h. 


m. 


•. 




3. Ship date, July 31 


14 


10 


15 




Longitude in time, 


5 


22 


43 


15)80° 40' 45" 


Greenwich date, July 31 


19 


32 


58 


5 h. 22' 43" 


d. 


h. 


m. 


B 




4. Ship date. Mar. 2 


10 


20 







Longitude in time, 


3 


23 





15)50° 45' 


Greenwich date, Mar. 2 


6 


67 





3h.23' 


d. 


h. 


m. 


B. 




5. Ship date. Mar. 25 


11 


8 


P.M. 


Longitude in time, 


6 


41 


42 


15) 100° 26' 30" 


Greenwich date, Mar. 25 


17 


49 


42 


6 h. 41' 42" 


d. 


h. 


m. 


B. 




6. Greenwich date, Dec. 30 


19 


47 


28 




Longitude in time. 


1 


40 


28 


15)25° r 0" 


Dec. 30 


18 


7 





1 h. 40' 28" 


Local civil time, Dec. 31 


6 


7 


A. 


M. 


d. 


h. 


m. 


B. 




7. Greenwich date, July 4 


23 


61 







Longitude in time. 


11 


66 





15)179°0'0" 


Local civil time, July 4 


11 


55 


Op.m. llh. 56' 
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d. h. m. 1. 

a Greenwich date, July 3 23 69 
Longitude in time, 11 66 

July 3 36 66 
Local civil time, July 4 11 66 p.m. 

d. h. m. 1. ' 

9. Greenwich date, May 19 19 40 20 

Longitude in time, 3 16^46^ 

May 19 19 43 20 3' 

Local civil time, May 20 7 43 20 a.m. 

1880. d. h. m. s. 

10. Greenwich date, Dec. 31 16 8 

Longitude in time, 8 40 16 )2° 10^ 0^^ 

Dec. 31 16 16 40 8' 40'' 

Local civil time, Jan. 1 3 16 40 



Exercise XII. Page 354. 

Find the sun*s declination and the equation of time corresponding to 
the following Greenwich dates : 

1. 1896 Jan. 7 d. 3 h. apparent timel 

m. B. 

Jan. 7 d. h. O's dec. 22° 22' 25.8" S. Eq. of time + 6 29.57 

Diff. for3h. -57.7" + 3.22 



Jan. 7 d. 3h. O's dec. 22° 21' 28.1" S. Eq. of time + 6 32.79 

2. 1895 Aug. 1 d. 6 h. 12 m. 20 s. apparent time. 

m. B. 

Aug. 1 d. h. O's dec. 18° 1' 59.0" N. Eq. of tune +6 7.87 

Diff. for 6 h. 12 m. 20 s. - 3' 64.3" ' - 0.92 



Aug. Id. 6 h. 12m. 20s. 0's dec. 17° 58' 4.7" N. Eq. of time + 6 6.95 
3. 1895 May 6 d. 10 h. 26 m. apparent time. 

m. B. 

May6d.0h. O's dec. 16°16'42.6"N. Eq.oftime-3 26.16 

Diff. for 10 h. 25 m. + 7' 26.4" - 2.3 3 

May 6 d. 10 h. 25 m. 0's dec. 16° 23' 7.9" N. Eq. of time - 3 28.48 
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4. 1806 Aug. 7 d. 16 h. 12 m. apparent time. 

n. 8. 

Aug. 8 d. h. 0'8 dec. le*' 9" 20.(K' N. Eq. of time + 6 28. 13 

Difl. for 8 h. 48 m. + 6' 16.0" +2.84 

Aug. 8 d. 16 h. 12 m. G's dec. 16° 16' 36.0" N. Eq. of time + 6 30.97 

5. 1806 Dec. 4d. 6h. 18 m. apparent time. 

Dec 4 d. Oh. G's dec. 22° 16' 34.0" S. Eq. of time -9 40.21 

Difl. for eh. 18m. + 2' 6.7" + 6.38 



Dec. 4 d. 6 h. 18 m. O's dec. 22° 17' 40.7" 8. Eq. of time - 9 33.83 

6. 1896 July 23 d. 20 h. 16 m. 408. apparent time. 

m. •. 

July 24 d. Oh. O's dec. 19° 63' 2.9" N. Eq. of time + 6 16.42 

Diff. for3h. 43 m, 208. + 1'67.3" - 2.12 



July 23d. 20 h. 16m. 40s. 0's dec. 19° 66' 0.2" N. Eq. of time + 6 14.30 

7. 1896 Nov. 1 d. 3 h. 6 m. apparent time. 

m. 1. 

Nov. 1 d. h. O's dec. 14° 26' 67.9" S. Eq. of time - 16 18.64 

Difl. for 3 h. 6 m. + 2' 29.0" - 0.20 

Nov. 1 d. 3 h. 6 m. 0's dec. 14° 29' 26.9" S. Eq. of time - 16 18.84 

8. 1896 Oct. 12 d. 6h. 12 m. apparent time. 

m. B. 

Oct. 12 d. Oh. 0's dec. 7° 24' 29.3" S. Eq. of time - 13 26.96 

Difl. for 6 h. 12 m. + 4' 63.4" - 3.20 

Oct. 12d. 6h. 12m. 0's dec. 7°30'22.7"S. Eq. of time- 13 30.16 

9. 1896 June 7d. 3h. 18 m. mean time. 

m. B. 

June 7 d. h. 0»s dec. 22° 46' 60.6" N. Eq. of tune + 1 26.69 

J)iff. for3h. 18 m. + 47.9" — 1.61 

June 7 d. 3 h. 18 m. 0's dec. 22° 46' 38.4" N. Eq. of time + 1 26.08 

10. 1896 Feb. 3d. 9h. 16m. mean tune. 

m. 8. 

Feb. 3 d. h. 0»s dec. 16° 30' 23.8" S. Eq. of time - 14 2.48 

Diff. for 9 h. 16 m. — 6' 48.9" —2.40 

Feb. 3 d. 9 h. 15 m. 0's dec. 16° 23' 34.9" S. Efl. of tune — 14 4.88 
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Exercise XIIL Page 361. 

1. Given civil date 1895 Jan. 1, longitude 102° 41' W., observed 
meridian altitude of 69° 69' 60" S., index correction + 0' 60", eye 
16 ft.; find the latitude. 

Long. 102°41' W .= 6 h. 60 m. 448. 



Q 69° 59' 50" 



+ 12' 60"-^ 



60° 12' 40" 

90^ 

2 = 29° 47' 20" N. 



Index cor., + 0'60" 
Semi-diam., + 16' 18" 
Dip, - 3' 48" 

Refraction, — 0'34" 
Parallax, + 0' 4" 



O'Bdec. 23° 0'34"S. 
1' 26" 



12.49 

6.84 



d = 22°69' 9"S. 
2 = 29° 47' 20" N. 
X= 6° 48' 11" N. 



85.43 



2. Given civil date 1896 Feb. 1, longitude 78° 14' E., observed meridian 
altitude of 78° 4' 10" S., index correction + 0'55", eye 12 ft.; find the 
latitude. 

Long. 78° 14' = 5 h. 12 m. 56 s. 



Q. 78° 4' 10" 


Index cor., + 0'66" 
Semi-diam., + 16' 16" 
Dip, - 3' 24" 
Refraction, - 0' 12" 
^ Parallax, + 0' 2" 


0's dec. 17° 5' 1" S. 
3' 43" 


42.76 
6.22 


+ 13' 37". 


d=17° 8'44"S. 
z =11° 42' 13" N. 
i= 5° 26' 31" S. 


223.21 


78° 17' 47" 
90° 





2 = 11° 42' 13" N. 



3. Given civU date 1895 Mar. 20, longitude 173° 18' W., observed 
meridian altitude of 89° 37' 0" N. , index correction + 4' 32", eye 18 ft. ; 
find the latitude. 

Lo ng. 173° 18' = 11 h. 33 m. 128. 

^ 89°37' 0"N. r Index cor., + 4' 32" 

Semi-diam., + 16' 5" 

+ 16' 28" \ Dip, - 4' 9" 

I Refraction, — 0' 0" 

[ Parallax, + 0' 0" 

89° 63' 28" 

90^ 

z= 0° 6'32"S. 



0'sdec. 0° 8'36"S. 


59.26 


- 11' 24" 


11.65 


d = 0° 2'48"N. 


684.45 


z = 0° 6'32"S. 




i = 0° 3'44"S. 
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4. Given civil date 1895 April 1, longitude 87° 42' W., observed merid- 
ian altitude of Q. 48° 42' 30" S., index correction + 1' 42", eye 18 ft. ; 
find the latitude. 
Long. 87° 42'= 6 h. 60m. 488. 



Q, 48° 42' 30" S. 


Index cor., + 1'42" 
Semi-diam., + 16' 2" 
Dip, - 4' 9" 
Refraction, - 0'61" 
Parallax, + 0' 6" 


O'Bdec. 4° 33' 23" N. 
+ 6' 38" 


67.86 
6.86 


+ 12' 60" - 


d= 4° 39' 1"N. 
2 = 41° 4'40"N. 
L = 46°43'41"N. 


338.42 


48° 66' 20" S. 
90° 




2=41° 4'40"N. 





5. Given civil date 1895 Sept. 1, longitude 97° 42' E., observed merid- 
ian altitude of Q, 61° 4' 50" S., index correction — 6' 0", eye 23 ft. ; find 
the latitude. 
Lo ng. 97° 42' = 6 h. 30 m. 488. 

Index cor., — 6' 0" O's dec. 
Semi-diam., +16' 64" 

Dip, - 4' 42" d= 8° 23' 8"N. 354.34 

Refraction, — 0'47' 
(^Parallax, + 0' 6' 



Q. 51° 

+ 


4' 50" S. 
4' 31" 


51° 
00° 


9'21"S. 


z=38° 


60'39"N. 



8° 17' 14" N. 
6' 54" 



d= 8° 23' 8"N. 
2 = 38° 50' 39" N. 
i = 47° 13' 47" N. 



64.43 
6.51 



6. Given civil date 1895 Aug. 26, longitude 92° 3' E., observed meridian 
altitude of Q, 36° 36' 20" N., index correction + 2' 17", eye 12 ft.; find 
the latitude. 
Lon g. 92°3'=6 h. 8 m. 12 s. 

Index cor., 

Semi-diam., 

Dip, 



Q, 35° 35' 20" N. 
+ 13' 31" 



35° 48' 51" N. 

90^ 

2=54° 11' 9"S. 



Refraction, 
Parallax, 



+ 2' 17" 
+ 15' 62" 

- 3' 24" 

- 1'21" 
+ 0' 7" 



0'sdec. 10° 25' 18" N. 
5' 21" 



d =10° 30' 39" N. 
2 = 54° 11' 9"S. 
L = 43° 40' 30" S. 



52.22 
6.14 



7. Given civil date 1895 May 16, longitude 45° 26' W., observed merid- 
ian altitude of O 86° 34' 20" N., index correction + 4' 16", eye 16 ft; 
find the latitude. 
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Long. 46° 26' = 3 h. 1 m. 44 s. 






86° 34' 20" N. r Index cor., + 4' 16" 


0'sdec. 19° 6'29"N. 


34.63 




Semi-diam., +15' 51" 
Dip, - 3' 48" 


1' 45" 


3.03 


+ 16' 16" \ 


d=19° 8'74"N. 


104.93 




Refraction, — 0' 4" 


2= 3° 9'24"S. 




Parallax, + 0' 1" 


i =16° 58' 60" N. 


86° 50' 36" N. 






90° 









z= 3° 9'24"S. 



8. Given civil date 1895 March 20, longitude 174° 0' W., observed 
meridian altitude of 89° 56' 10" N., index correction — 1' 15", eye 
15 ft.; find the latitude. 



Q, 89° 56' 10" N. 


Index cor., - 1' 16" 
Semi-diam., + 16' 6" 
Dip, — 3' 48" 
Refraction, - 0' 0" 
Parallax, + 0' 0" 


0'sdec. 0° 8'36"S. 
11' 27" 


59.26 
11.60 


+ 10' 52" 


d = 0° 2'51"N. 
z = 0° 7' 2"N. 
I, = 0° 9'53"N. 


687.42 


90° 7' 2"N. 
90° 





z= 0° 7' 2"N. 



9. Given civil date 1895 June 1, longitude 44° 40' E., observed meridian 
altitude of 72° 14' 10" N., index correction + 3' 46", eye 22 ft.; find 
the latitude. 



Lo ng. 44° 40' = 2 h. 58 m. 408. 

72° 14' 10" N. r Index cor., + 3' 45" 0'8 dec. 22° 3'54"N. 



+ 14'4r 



72° 28' 51" N. 

90^ 

2=17° 31' 9"S. 



Semi-diam., +15' 48" 
Dip, - 4' 36" 

Refraction, — 0' 19" 
ParaUax, + 0' 3" 



1' r 



d = 22° 2'63"N. 
2 =17° 31' 9"S. 
L= 4° 31' 44" N. 



20.39 
2.98 



60.76 



10. Given civil date 1895 Dec. 1, longitude 67° 56' E., observed meridian 
altitude of ^ 18° 48' 10" S., index correction — 3' 6", eye 18 ft.; find the 
latitude. 
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Lonp. (J7° 66' = 4 h. 31 m. 44 8. 


^ 18° 48' 10" S. 


r Index cor., - 3' 6" 




Semi-diam., +16' 16" 


+ 6' 20" J 


Dip, - 4' 9" 




Refraction, - 2' 49" 




ParaUax, + 0' 8" 


18° 64' 30" S. 




90° 





O's dec. 21° 49' 31" S. 
1' 45" 



d = 21° 61' 16" S. 
2 = 71° 6'30"N. 
i = 49° 14' 14" N. 



23.29 
4.53 



105.04 



z=71° 6'30"N. 

11. Given civil date 1895 Sept. 23, longitude 67° 45' E., observed 
meridian altitude of 84° 10' 60" N., index correction — 1' 36", eye 
16 ft.; find the latitude. 



Lo ng. 57° 45' = 3 h. 61 m. 

^ 84° 10' 60" N. f Index cor., - Vi 



+ 10' 23" 



84° 21' 13" N. 

90^ 

2= 6° 38' 47" S. 



Semi-diam., + 15' 59" 
Dip, - 3' 56" 

Refraction, — 0' 6" 
Parallax, + 0' 1" 



O's dec. 0° 4' 35" 
3' 45" 



68.49 
3.85 



d = 0° 0'60"S. 
2 = 5° 38' 47" S. 
i=6°39'37"S. 



225.19 



12. Given civil date 1895 Sept. 23, longitude 119° 64' E., observed 
meridian altitude of Q, 83° 46' 0" S., index correction — 6' 30", eye 
18 ft.; find the latitude. 

Lo ng. 119° 64' = 7h. 59 m. 36 s. 



83° 46' 0"S. 


Index cor., - 6' 30" 
Semi-diam., +16' 69" 
Dip, - 4' 9" 
Refraction, — 0' 6" 
Parallax, + 0' 1" 


0'sdec. 0° 4'35"S. 
7' 48" 


68.49 
7.99 


+ 6' 15" - 


d = 0° 3'13"N. 
2 = 6° 7'45"N. 
i = 6°10'58"N. 


467.60 


83° 52' 15" S. 
90° 







z= 6° 7'45"N. 



13. Given civil date 1895 Nov. 21, longitude 70° 20' E., observed 
meridian altitude of 80° 20' 0" N. , index correction — 2' 60", eye 20 ft. ; 
find the latitude. 
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Lo ng. 70Q20" = 4 h. 41 m. 20 s. 

80^20' 0''N. (^ Index cor., - 2' 50'' 0's dec. 19° 66' 16" S. 



4- 8' 63" . 

80*^28' 63" N. 

90^ 

z- 9° 31' 7"S. 



— -^ — — w-_., — — 

Semi-diam., + 10' 14' 
Dip, - 4' 23" 

Refraction, — 0' 10" 
ParaUax, 4- 0' 2" 



2' 35" 



d = 19° 53' 31" 
z- 9° 31' 7" 



33.11 
4.69 



155.29 



L = 29° 24' 38" S. 



14. Given civil date 1896 Dec. 31, longitude 123° 46' W., observed 
meridian altitude of 67° 8' 10" S., index correction 4- 0' 9", eye 13 ft.; 
find the latitude. 

Lo ng. 123° 46' = 8h. 16 m. 

67° 8'10"S. r Index cor., + 0' 9" 0's dec. 23° 6' 22" S. 11.03 



+ 12' 34" 



67° 20' 44" S. 

90^ 

z=22°39'16"N. 



Semi-diam., +16' 18" 

Dip, - 3' 32" 

Refraction, — 0'25" 

[Parallax, + 0' 4" 



1' 31' 



d = 23° 4'51"S. 
2 == 22° 39' 16" N. 
i= 0°26'35"S. 



8.26 



91.00 



15. Given civil date 1895 Oct. 20, longitude 150° 25' W., observed 
meridian altitude of 49° 58' 50" N., index correction + 1' 10" eye 
19 ft. ; find the latitude. 



Lo ng. 150° 25' = 10 h. Im. 40 s. 

49° 58' 60" N. r Index cor., + 1' 10" 0's dec. 10° 21' 17" S. 



+ 12' 18" 



50° 11° 8"N. 

90^ 

z =39° 48' 52" S. 



Semi-diam., + 16' 7" 

Dip, - 4' 16" 

Refraction, — 0'49" 

^ Parallax, + 0' 6" 



9' 11' 



d - 10° 30' 18" 
2 = 39° 48' 52" 



S. 



L = 50° 19' 10" S. 



53.89 
10.03 



540.52 



16. Given civil date 1895 June 1, longitude 96° 17' E., observed merid- 
ian altitude of 75° 38' 15" N., index correction + 0' 27", eye 26 ft.; 
find the latitude. 
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Lon g. 96^17' = O h. 25m. 88. 



SI 76° 38' 16" N. 



+ 11' 2" 



75<»40'17" 
00° _ 
z=14°10'43" 



Index cor., + 0'27" 0'sdec. 22° 3'64"N. 



Semi-diam., +16' 48" 



Dip, 

Refraction, — 
t Parallax, + 



6' 0" 

cie" 

(K 2" 



2' 11" 



d = 22° 1'43"N. 
z = 14° ly 43" S. 
X= 7° 61' 0"N. 



20.39 
6.42 



130.90 



17. Given civil date 1896 June 26, longitude 69° 16' £., observed 
meridian altitude of ^ 60° 23' 16" N., index correction + 2' 21", eye 
30 ft. ; find the latitude. 
Lo ng. 69° 16' = 3 h. 67 m. 



^ 60° 23' 16" N. 


Index cor., + 2' 21" 
Semi-diam., -16' 46" 
Dip, - 6' 22" 
Refraction, - 0'33" 
ParaUax, + 0' 4" 


0'sdec. 23°24'19"N. 
16" 


3.93 
3.96 


- 19' 16" . 


d = 23° 24' 34" N. 
2 = 29° 66' 1"S. 
L= 6° 31' 27" S. 


16.62 


(M)° 3'&9"N. 
90° 





2=29° 66' 1"S. 



Exercise XIV. Page 362. 



1. Given civil date 1896 Jan. 29, observed meridian altitude of Aldeb- 

aran 52° 30' 0" S., index correction — 0' 23", eye 20 ft.; find the latitude. 

Obs. alt. = 52° 36' 0" S. 

— 6' 31" 

Index correction, — 23" 

Dip, - 4' 23" 

Refraction, — 46" 



True alt. = 62° 30' 29" S. 

90° N. 



Zenith dis. = 37° 29' 31" N. 
Dec. = 1 6° 18' 2"N. 

Lat. = 53° 37' 33" N. 



6' 31'^ 



2. Given civil date 1896 Feb. 18, observed meridian altitude of Procyon 

77° 18' 10" S., index correction + 0' 19", eye 16 ft.; find the latitude. 

Obs. alt. = 77° 18' 10" S. 

— 3' 50" 

Index correction, + 19" 

Dip, - 3' 66" 

Zenith di8.= 12° 46' 40"N: Refraction, - 1^13^' 

Dec. = 6° 29' 39" y. 

Lat. = 18 16' 19" N. 



True alt. = 77° 14' 20" S. 
90° N. 



- 3' 49.6" 
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3. Given civil date 1895 March 20, observed meridian altitude of 
Arcturus 36<» W 20" N., index correction -H 2' 42", eye 20 ft.; find the 
latitude. 



Obs. alt. = 36° 10' 20"N. 
-3' V 



True alt. =36° 7' 19"N. 

00° s. 

r, .*!. J. eoo CO/ >n// Q Refraction, — V 20" 

Zenith di8.= 63° 62' 41" S. ' », ,,, 



Index correction, + 2' 42" 
Dip, - 4' 23" 



Dec. = 19° 43' 23"N. 



-3' r 



Lat. =34° 9'18"S. 



' 4. Given civil date 1895 Aug. 17, observed meridian altitude of Altair 
66° 51' 10" N., mdex correction -|- 0' 68", eye 13 ft.; find the latitude. 

Obs. alt. = 66° 61' 10" N. 

True alt. = 66^48' 1 J" N. ?!^^^ correction, + 68" 



90^ a 

Zenith di8.= 23° 11' 60" S. 
Dec. = 8° 36' 34" N. 

Lat. = 14° 36' 16" S. 



Dip, - 3' 32" 

Refraction, — 25.6" 

-3' 0" 



5. Given civil date 1896 Nov. 4, observed meridian altitude of Fomal- 
haut 59° 40' 0" N., index correction 4- 1' 12", eye 23 ft. ; find the latitude. 

Obs. alt. =69° 40' 0"N. 

True alt. =6^WW^, Index correction, 1' 12 



90° 



Zenith dis.= 30° 24' 4" 
Dec. = 30° 10^ 32" S. 

Lat. = 60° 34' 36" S. 



Dip, - 4' 42" 

Refraction, — 34" 

-4' 4" 



6. Given civil date 1896 Sept. 6, observed meridian altitude of Arcturus 
86° 36' 60" N., index correction — 1' 10", eye 12 ft.; find the latitude. 

Oti. alt. = 86° 36' 50" 

True alt. = 86^^f1^ ^.^^^ correction, - V W^ 

= 90° S ^'P' -3-24" 

Zenith di8.= 3° 28' 48" s! Refraction, ^4^ 

Dec. = 19° 43' 37" N. 

Lat. = 16° 14' 49" N. 



t358 NAVIGATION. 

7. Given civil date 1805 Oct. 6, observed meridian altitude of Markab 
54=» W 16" S., index correction 0, eye 13 ft. ; find the latitude. 

01)8. alt. = 64° 10' 15" S. 



-4' 14" 



True alt. =64° 6' 1" S. 

= 00^ N. 

Zenith dis.= 35^ 63' 69" N. 
Dec. = 14° 38' 49"N. 

Lat. = 60° 32' 48"N. 



Index correction, + 0' 0" 

Dip, - 3' 32" 

Refraction, — 42" 

- 4' 14" 



8. Given civil date 1896 Aug. 17, observed meridian altitude of /3 Cen- 
tauri 69° 47' 13" S., index correction 0, eye 26 ft; find the latitude. 

Obs. alt. = 69° 47' 13" S. 



- 6' 28" 
True alt. = 69° 41' 46" S. 

= 90° N. 



Zenith dis.= 30° 18' 16" N. 
Dec. = 69° 62' 29" S. 

Lat. = 29° 34' 14" S. 



Index correction, + 0' 0" 

Dip, - 4' 64" 

Refraction, — 34" 

- 6' 28" 



9. Given civil date 1896 Dec. 4, observed meridian altitude of a Arietis 
00° 29' 60" S., index correction — 2' 10", eye 18 ft.; find the latitude. 

Obs. alt. = 60° 29' 60" S. 

(J' 52" 

True alt. = 00° 22' 58" S. ?.^"^ correction, - 2' 10-' 



90^ N. 

Zenith di8.= 29° 37' 2"N. 
Dec. = 22° 68' 20" N. 

Lat. = 52° 36' 28" N. 



Dip, -4' 9" 

Refraction, — 33" 

- 6' 52" 



10. Given civil date 1895 Feb. 8, observed meridian altitude of Sirius 
37° 50' 20" S., index correction 4- 1' 4", eye 19 ft.; find the latitude. 



Obs. alt. = 37° 50' 20" S. 

- 4' 27" 
True alt. = 37° 45' 53" S. 

90^ N^ 

Zenith dis.= 52° 14' 7"N. 
Dec. = 16° 34' 20" S. 

Lat. =35°4r 47"N. 



Index correction, + V 4" 

Dip, - 4' 16" 

Refraction, — 1' 16" 

- 4' 27" 
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11. Given civil date 1895 April 9, observed meridian altitude of Sirius 
61° 3' 60'' N., index correction 0, eye 16 ft.; find the latitude. 
Obs. alt. =6P 3'50"N. 



4' 21" 



True alt. = 60° 69^ 23'' N. 

90^ S. 

Zenith dis.= 29° 0' 37" S. 
Dec. 16° 34' 24" S. 



Index correction, 4- 0' 0" 

Dip, - 3' 65" 

Refraction, — 32" 

- 4' 27" 



Lat. =45° 35' 1" S. 



12. Given civil date 1895 March 30, observed meridian altitude of Spica 
62° 14' 0" N., index correction 0, eye 19 ft.; find the latitude. 
Obs. alt. =52° 14'- 0"N. 

True alt, =62° 8'59"N. Index correction, + 0' 0" 



00° s: ^*' ,. -^'i;: 

Refraction, -> 46 

-6' 1" 



Zenith dis.= 37° 51' 1" S. 
Dec. = 10° 37' 4"S. 

Lat. =48° 28' 5" S. 



13. Given civil date 1895 July 8, observed meridian altitude of Antares 
70° 10' 30" N., index correction 0, eye 21 ft.; find the latitude. 
Obs. alt. = 70° 10' 30" N. 



4' 50" 



True alt. =70° 5'40"N. 

90^ S. 

Zenith dis.= 19° 64' 20" S. 
Dec. = 26° 12' 12" S. 



Index correction, + 0' 0" 

Dip, - 4' 29" 

Refraction, — 21" 

- 4' 60" 



Lat. =46° 6'32"S. 



Exercise XV. Page 370. 

1. 1896, Oct. 19, A.M., at sea, in latitude 33° 27' S.; the observed alti- 
tude 28° 22' 30" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 18 d. 18 h. 28 m. 38 s. Required 
the longitude. 



28° 22' 30" 
+ 10' 47" 

h= 28° 33' 17" 



'Index cor., + 0'30' 
Semi-diam., + 16' 6' 
Dip, - 4' 9' 

Refraction, — 1'48' 
Parallax, + 0' 8' 



0'sdec. 9° 69' 62.4" S. 
4' 59.6" 



9° 54' 52.8" S. 

90^ S. 

p = 80° 6' 7.2" S. 



64.27 
5.62 



299.57 
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h= 28<»33'17'' 
L= 83°27' 0" 
j?= 80<> 5" T' 
2iS=142° 6' 24" 
S= 71° 2' 42" 
iJ= 42°29'26" 



log sec = 
logcflc = 

log COB = 

log sin = 



0.07864 
0.00654 

9.61165 
9.82960 



Oct. 



2)19.42643 
log8ini<= 9.71321 
i« = 31°6'31 

d. h. m. B. 

18 19 61 8 
14 64 

14 



Equation of time. 

m. B. 

14 66.76 

2.47 

14 54.29 



0.447 
5.52 



2.47 



t = 62° 13' 2" = 4h. 8m. 52 8. 



Local apparent astronomical time. 

Equation of time. 

Oct. 18 19 36 14 Local mean astronomical time. 
Oct. 18 18 28 38 Greenwich mean time. 
1 7 36 Difference of time. 
16° 64' 0" E. Longitude. 



2. 1896, Oct. 20 A.M., at sea, in latitude 31° 40' S.; the ohseryed alti- 
tude Q, 35° 16' 10" ; index correction + 30" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer, Oct. 19 d. 19 h. 11m. 24 s. Required 
the longitude. 



^ 35° 16' 10" 


Index cor., + 0'30" 


0'sdec.lO°21'3O.4"S. 


63.89 




Semi-diam., + 16' 7" 
Dip, - 4' 9" 


4' 19.2" 


4.81 


+ 11'14"- 


10° 17' 11" S. 


259.21 




Refraction, - 1'22" 


90° S. 






ParaUax, + 0' 8" 


1)= 79° 42' 49" S. 




h= 36° 27' 24" 






L= 31° 40' 0" log sec = 0.07001 


Equation of time. 




p= 79° 42' 49" log CSC = 0.00704 


m. B. 




2 8= 146° 50' 13" 


15 7.17 


0.421 


S= 73° 25' 6" log cos = 9.45543 


2.03 
15 6.14 


4.81 


R= 37° 57' 42" log sin = 9.78897 


2.03 


2)19.32145 






log sin it = 9.66072 






i< = 27°14'63". 


e = 64°29'46"=3h.37i 


Q. 698. 


d. h. m. 8. 






Oct. 19 20 22 1 Local appar 


ent astronomical time. 




15 5 Equation of 


time. 




Oct. 19 20 6 56 Local mean 


astronomical time. 




Oct. 19 19 11 24 Greenwich i 


nean time. 




65 32 Difference ii 


1 time. 






13° 63' 0" E. Longitud 


e. 
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3. 1896, Oct. 20, P.M., at sea, in latitude 30° 55' S.; the observed alti- 
tude 21° 42' 30" ; index correction + 29" ; height of eye 18 ft. ; Green- 
wich mean time by chronometer Oct. 20 d. 3 h. 35 m. 40 s. Required the 
longitude. 



21° 42' 30" 



+ 10' 11" 



h = 
L = 



21° 52' 41" 

30° 55' 0" 

79° 36' 16" 

25= 132° 22' 67" 

^S[= 66° 11' 29" 

R= 44° 18' 48" 



Index cor., + 0'29 
Semi-diam., + 16' 7 
Dip, - 4' 9" 

Refraction, — 2' 24' 
Parallax, + 0' 8' 



dec. 



10° 21' 30.4" 
3' 13.6" 



S. 



10° 24' 44" 
90° 



63.89 
3.69 



193.47 



log sec = 

log CSC = 

log cos = 
log sin =_ 



0.06666 
0.00721 

9.60604 
9.84421 



Oct. 



2 )19.52402 
log sin it = 9.76201 
it = 35° 19' 3" 

d. h. m. B. 

20 4 42 32 
15 9 



p= 79° 35' 16" S. 
Equation of time. 

m. 8. 

16 7.17 

1.51 

16 8.68 



0.421 
3.59 



1.51 



t = 70° 38' 6" = 4h. 42m. 32s. 



Oct. 20 
Oct. 20 



4 27 23 
3 35 40 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 

4. 1895, Oct. 21, A.M., at sea, in latitude 29° 35' S.; the observed alti- 
tude 24° 26' 42" ; index, correction + 29" ; height of eye 18 ft.; Green- 
wich mean time by chronometer Oct. 20 d. 18 h. 30 m. 39 s. Required 
the longitude. 
^ 24° 26' 42" 



61 43 
12° 55' 46" 



+ 10' 27" 



h= 24° 37' 9" 
L= 29° 35' 0" 
p= 79° 21' 54" 
2 8=133° 34' 3" 
8= 66° 47' 1" 
R= 42° 9' 62" 



Index cor., + 0'29" 
Semi-diam., + 16' 7" 
Dip, - 4' 9" 

Refraction, — 2' 8" 



^Parallax, + 0' 



0's dec. 



10° 42' 69.3" { 
4' 63. 7" 



10° 38' 
90° 



6" S. 



63.60 
6.49 



293.71 



log sec = 

log CSC = 



0.06066 
0.00762 



' log cos = 9.69573 
' log sm = 9.82691 
2 )19.49082 
log sin i«- 9.74641 



p= 79° 21' 54" 
Equation of time. 

m. 8. 

15 16.94 

2.16 

16 14.78 



i t = 33° 48' 33". t = 67° 37' 6" = 4 h. 80 m. 28 s 
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d. h. m. 1. 

Oct. 20 19 29 32 

15 15 



Oct. 
Oct. 



20 19 14 17 
20 18 30 39 



43 38 
IQP 54' 30" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

E. Longitude. 



5. 1895 Jan. 29, p.m., at ship, latitude 42° 26' N.; observed altitude Q, 
13° 40^ ; index error — V 8" ; height of eye 16 ft. ; time by chronometer 
29 d. 6 h. 48 m. 40 s., which was slow 11 m. 22.3 s. for mean noon at 
Greenwich, Dec. 1, 1891, and on Jan. 1, 1896, was 8 m. 7 s. slow for 
Greenwich mean noon. Required the longitude. 



Chronometer. 

m. 8. 

1894 Dec. 1 slow 11 22.3 

1895 Jan. 1 slow 8 7.0 

31 ) 3 15.3 
6.3 
28.28 



d. h. m. 8. 

Jan. 29 6 48 40 
+ g 7 
— 2 58 



2 58.2 



Q, 13° 40' 0" 



+ 7' 27" 



h= 13° 47' 27" 

L= 42° 26' 0" 

J) = 107° 50' 28" 

2S= 164° 3' 56" 



Index cor., — 1' 8' 
Semi-dlam., + 16' 16' 
Dip, - 3' 55' 

Refraction, — 3' 55' 
[^ Parallax, + 0' 9" 



Jan. 29 6 53 49 




3's dec. 17° 56' 7.1" S. 


40.43 


4' 39.0" 


6.90 


17° 50' 28" S. 


278.97 


90° N. 





log sec = 

log CSC = 



0.13191 
0.02141 



S= 82° 1'57" log cos = 9.14180 

R= 68° 14' 30" log sin = 9.96790 

2 )19.26302 

logsmi«= 9.63151 

it = 25°20'42" 



1)= 107° 50' 28" N. 
Equation of time. 

m. 8. 

13 20.81 

3.10 

13 23.91 



0.435 
6.90 



3.10 



t = 50° 41' 24" = 3 h. 22 m. 46 s. 



d. h. m. 8. 

Jan. 29 3 22 46 

13 24 

Jan. 29 3 36 10 

Jan. 29 6 53 49 

3 17 39 

49° 24' 45" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 
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6. 1896, March 31, a.m., at ship, latitude 26** 9^ K; observed altitude 
Q, 29° 10' 20''; height of eye 26 ft.; time by chronometer 31 d. Oh. 4m. 
608., which was 68 m. 68 s. fast for mean noon at Greenwich, Nov. 20, 
1894, and on December 31, 1894, was Ih. 2 m. 66.8 s. fast for mean time 
at Greenwich. Required the longitude. 

Chronometer. 

h. m. 8. 

Nov. 20 fast 68 68 

Dec. 31 fast 1 2 65.8 

41 ) 3 67.8 

6.8 

90. 

8 42.0 





d. 


h. 


m. 8. 


Mar. 


31 





4 60 




- 


-1 


2 66 




- 




8 42 


Mar. 


30 22 63 12 



Q. 29° 10' 20" 



+ 9' 26" 



29° 19' 46" 
26° 9' 0" 
86° 60' 67" 



h = 
L = 

P = 

2 5= 141° 19' 43^ 
S= 70°39'6r 
R= 41° 20' 6' 



Index cor., + 0' 0' 



Semi-diam., 
Dip, 

Refraction, 
Parallax, 



+ 16' 2' 

- 6' 0' 

- 1'44' 
+ 0' 8' 



0'sdec. 4° 10' 8.3" N. 
1' 6.6" 



4° 
90° 



9' 3" 



log sec = 
log csc = 



0.04690 
0.00114 



' log cos = 9.61996 

' log sin = 9.81984 

2 )19.38784 

logsini«= 9.09392 

i<=29°37'6" 



1)= 86° 60' 67" N. 
Equation of time. 



4 16.13 

0.86 

4 16.99 



t = 69° 14' 10" = 3 h. 66 m. 67 s. 



Mar. 



d. h. m. 

30 20 3 
4 



Mar. 30 20 7 19 

Mar. 30 22 53 12 

2 45 63 

41° 28' 15" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



58.06 
1.13 



66.61 



0.768 
1.13 



0.86 



7. 1895, May 22, a.m., at ship, latitude 43° 25' N.; observed altitude O 
32° 8' ; index correction + 1' 28" ; height of eye 15 ft. ; time by chro- 
nometer 51 d. 21 h. 6 m. 10 s., which was slow 12.6 s. for mean noon at 
Greenwich, Feb. 24, and on April 1 was 2 m. 45 s. fast for mean noon at 
Greenwich. Required the longitude. 
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Chronometer. 

m. •. 

Feb. 24 slow 12.6 
Apr. 1 fast 2 45.0 
3< 02 67 .6 
4.93 
51 



^ 32® 8' (T' 



+ 12' 5"- 



L = 

P = 

2.S = 
S = 
R = 



32° 20' 6" 
43° 26' 0" 
60° 37' 40" 



4 11.4 
f Index cor., + 1'28" 
Semi-diam., + 15' 50" 
Dip, - 3' 48" 

Refraction, - 1'33" 
Parallax, + 0' 8" 



d. h. m. 1. 

May 21 21 6 10 
-2 45 

-4 11 

May 21 20 50 14 



0'8dec.2O°23'39.O"N. 
1'20.1" 



20° 22' 10.8' 
90° 



29.59 
3.01 



89.07 



log sec = 

log CSC = 



0.13884 
0.02806 



145° 22' 64' 
72° 41' 27' 
40° 21' 22' 



log COS = 9.47363 

log sin = 9.81126 

2 )19.45168 

logsini«= 9.72584 

J<=32°8'6". 

d. h. m. •. 

May 21 19 42 55 
3 35 



p = 69° 37' 49" N. 
Equation of time. 



3 34.66 

0.55 

3 35.21 



0.182 
3.01 



0.55 



« = 64°16'12" = 4h. 17m. 58. 



May 21 19 39 20 

Ma y 21 20 59 14 

1 19 54 

19° 58' 30" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



8. 1895, Aug. 24, a.m., at ship, latitude at noon 37° 59' N.; observed 
altitude Q, 37° 13' 30"; index correction + 2' 44"; height of eye 18 ft. ; 
time by chronometer Aug. 23 d. 18h. 13 m. 24 s., which was Im. 5 s. fast 
for mean noon at Greenwich, August 1, and on August 10 was Om. 42 s. 
slow for mean time at Greenwich; course (true) since observation N.N.W. ; 
distance 22.4 miles. Required the longitude at noon 
Chronometer. 

d. h. m. 8. 

Aug. 23 18 13 24 
+ 42 

+ 2 44 



Aug. 1 fast 1 5 

Aug. 10 slow 42 

9 )1 47 



11.89 

13. 76 

2 43.00 



Aug. 23 18 10 60 



i' = 37°59' 0"N. 
Ld = 20' 41" 

L = 37° 38' 19" N. 
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37^ 13' 30" 



+ 13' ir 



h = 


S70 26' 47" 


L = 


37° 38' 19" 


P = 


78° 48' 19" 



r Index cor., + 2' 44" 
Semi-diam;, + 15' 52" 
Dip, - 4' 9" 

Refraction, — 1' 17" 
Parallax, + 0' 7" 



0'sdec. IP 



6'46.7"N. 
4' 53.9" 



11° 11' 40.6' 
90° 



61.38 
5.72 



293.89 



log sec = 
log esc = 



0.10134 
0.00834 



2S= 153° 53' 25' 
S= 76° 56' 42' 
i2= 39° 29^55' 



' log cos = 9.35389 

'< log sin = 9.80350 

2jl9.26707 

logsini«= 9.63353 

i« = 25°28'18" 



p= 78° 48' 19" N. 
Equation of time. 



2 16.42 

3,78 

2 20.20 



0.661 
6.72 



3.78 



t = 60° 66' 36" = 3 h. 23 m. 46 s. 



Mer. Ld=2e.l\ log= 1.41664 
C=22°30'|log tan= 9 .61722 



logXd =1.03386 
Xd= 10.811 
= 10'49"W. 



Aug. 



d. h. m. B. 

23 20 36 14 
2 20 



Aug. 23 20 38 34 
Aug. 23 18 16 50 



2 2144 

35° 26' 0" 

10' 49" 



Local appar. ast. time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
E. Long, at sights. 
W. Long, since observ. 



36° 15' 11" E. Long, at noon. 



9. 1896, Jan. 29, p.m., at ship, latitude 28° 45' N. ; observed altitude Q. 
17° 46' 30"; index correction —3' 18"; height of eye 16 ft., time by 
chronometer January 28 d. 16 h. 31 m. 30 s., which was 1 m. 16.5 s. fast 
for Greenwich mean noon, December 17, 1894, and on January 1, 1896, 
was Im. 38. slow for Greenwich mean time; course (true) since noon 
N.W. by W.; distance 20 miles. Required the longitude at the time of 
observation, and also at noon. 





Chronometer. 








m. 


8. 


1894, 


Dec. 


17 fast 1 


16.6 


1896, 


Jan. 


1 slow 1 


3. 






16)2^ 


19.6 
9.30 
28.02 



Jan. 



d. h. m. 8. 

28 16 31 30 
+ 1 3 

+4 21 

Jan. 28 16 36 64 



4 20.69 
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SI 17° 46' 30" 



+ 6' IV 



h= 17° 62' 41" 
L= 28° 45' 0" 
p= 108° 0' 5" 
2S=154°37'46" 
S= 77° 18' 53" 
U= 5«°26'12" 



'Index cor., 
Semi-diam., 

Dip, 

Refraction, 

Parallax, 



log aec = 
logcsc = 



- 3' 18' 
+ 16' 10' 

- 3' 55' 

- 3' 0' 
+ 0' 8' 

.05714 
.02179 



^'s dec. 17° 55' 7.1" S. 
4' 58.4" 



18° 
90° 



0' 5.5" S, 

N. 



40.43 

7.38 



298.37 



log COB = 9.34163 

log sin = 9.93504 

2 )1935560 

log sin J < = 9. 

i« = 28°26'18". t 



l)=10b° 0' 5.5"N. 
Equation of time. 

m. B. • 

13 20.81 

3.21 

13 17,60 



0.435 

7.38 



3.21 



Xd=ll'7 
Mer.Ld=12.6 
C=56° 15 



log= 1.10037 
log tan= 10.17511 



L67780 
56° 52' 36"= 3 h. 47 m. 

d. h. m. B. 

Jan. 29 3 47 30 
13 18 



30 s. 



logXd= 1.27548 
Xd= 18.857 
= 18'51"E. 



Jan. 
Jan. 



29 4 48 
28 16 36 54 



1123 54 

170° 58' 30" 

18' 51" 

171° 17' 21" 



Local appar. ast time. 
Equation of time. 
Local mean ast. time. 
Greenwich mean time. 
Difference in time. 
E. Long, at sights. 
W. Long, since noon. 
E. Long, at noon. 



10. 1895, Aug. 31, P.M., at ship, latitude 0°; observed altitude 45° 
5' 30"; index correction — 2' 4"; height of eye 15 ft. ; time by chronom- 
eter Aug. 31 d. 9h. 11 m. 28 s., which was 5 m. 208. fast for mean noon 
at Greenwich April 15, and on June 16 was fast 2 m. 43 s. on mean time 
at Greenwich. Required the longitude. 
Chronometer. 

d. h. m. 8. 



April 15 fast 5 20 




Aug. 31 9 11 28 




June 16 fast 2 43 




-2 43 


62)2 37 




+ 3 12 


2.53 




Aug. 31 9 11 57 


76 




3 12.28 




Q. 45° 5' 30" 


r Index cor., - 2' 4" 


0'sdec. 8° 38' 66.1" N. 


54.11 




Semi-diam., + 15'53" 
Dip, - 3' 48" 


8' 17.8" 


9.20 


+ 9' 9"J 


8° 30' 38.3" N. 


497.81 




Refraction, - 0'58" 


90° N. 


A = 45° 14' 39" 


Parallax, + ( 


y 0" 


p= 81° 29' 22" N. 
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h = 


45° 14' 39'' 






L = 


0° 0' 0" log sec = 0.00000 


Equation of time. 




P = 


81° 29' 22" log CSC = 0.00481 


m. B. 




25 = 


126° 44' 1" 


16.51 


0.77' 


8 = 


63° 22' 0" log cos = 9.66155 


7.11 


9.20 


B = 


18° 7' 21" log sin = 9.49283 

2)19.14919 

log sin it = 9.67459 


8.40 


7.11 




i< = 22°3'16". 


t = 44° 6' 30" = 2h. 66m. 26s 




d. h. m. g. 








Aug. 31 2 66 26 Local apparent astronomical time. 






8 Equation of time. 






Aug. 31 2 56 34 Local mean astronomical time. 






Aug. 31 9 11 57 Greenwich mean time. 






6 16 23 Difference in 


time. 






93° 60' 45" W. Longitude. 





11. 1895, April 15, A.M., at ship, latitude 48° 52' N.; observed altitude 
22° 18' ; index correction — 3' 54" ; height of eye 17 ft. ; time by chro- 
nometer April 14 d. 22 h. 30 m. 42 s., which was Om. 4 s. slow for mean 
noon at Greenwich January 1, and on January 12 was fast m. 2 s. 
Required the longitude. 



Chronometer. 

m. B. 

Jan. 1 slow 4 

Jan, 12 fast 2 

ll )0 6 



0.546 
93 



Apr. 



d. h. m. B. 

14 22 30 42 
-0 2 

- 51 

Apr. 14 22 29 49 



Q, 22° 18' 0" 



+ 5' 49" 



h = 
L = 

P = 

2B= 151° 30' 34" 
S=z 75° 46' 17" 
B= 53° 21' 28" 



22° 


23' 49" 


48° 


62' 0" 


80° 14' 45" 



60.69 
Index cor. , — 3' 54' 
Semi-diam., + 16' 58' 
Dip, - 4' 2' 

Refraction, — 2' 21' 
Parallax, + 0' 8' 



O's dec. 



9° 46' 35. 6' 
1'20.4' 



N. 



9° 45' 15.1' 
90° 



53.58 
1.50 



80.37 



log sec = 

log CSC = 



0.18190 
0.00632 



' log COS = 9.39107 

' log sin = 9.90438 

2)19.48367 

logsmi<= 9.74183 

J« = 33°29'41' 



1)= 80° 14' 45" N. 
Equation of time. 



1.59 

0.93 

2.62 



0.619 
1.50 



0.93 



t = 66° 59' 22" = 4 h. 27 m. 57 s. 
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d. h. m. 

April 14 19 32 



April 14 19 32 6 

AprU 14 22 29 49 

2 57 43 

44^^ 26' 45" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



12. 1895, Aug. 28, p.m., at ship, latitude 5"^ S.; observed altitude 
^ 38®; index correction 4- 5' 27"; height of eye 21 ft. ; time by chronom- 
eter Aug. 27 d. 22 h. 20 m. 30 b., which was 10 m. Os. slow for mean noon 
at Greenwich Feb. 19, and on May 30 was 2 m. 20 s. slow on mean noon 
at Greenwich. Required the longitude. 
Chronometer. 

m. ■. d. h. m. B. 



Feb. 19 slow 10 




Aug. 27 22 20 30 




May 30 slow 2 20 




+ 2 20 




100)7 40 




-6 64 




4.6 




Aug. 27 22 16 66 




90 






6 54 




, 


38<> O' 0" 


Index cor., + 5' 27" 


O'sdec. 9° 43' 13.4" N. 


63.02 




Semi-diam., + 15'53" 
Dip, - 4-29" 


1'31.7" 


1.73 


+ 15'44"- 


9°44'45.1"N. 


91.72 




Refraction, — 1' 14" 


90° S. 






Parallax, + 0' 7" 


p = 99° 44' 46" S. 




h= 38° 15' 44" 






L= 5° 0' 0" log sec = 0.00166 


Equation of time. 




p= 90° 44' 45" log esc = 0.00632 


m. fl. 




2S= 148° 0' 29" 


1 9.63 


0.729 


S= 71° 30' 14" log cos = 9.50189 


1.26 
1 10.89 


1.73 


R= 33° 14' 30" log sin = 9.73891 


1.26 


2)19.24828 






logsini«= 9.62414 






it = 24° 53' 20". 






< = 49° 46' 40" = 


= 3h. 19m. 7i8. 




d. h. m. a. 






Aug. 28 3 19 7 Local appare 


nt astronomical time. 




1 11 Equation of 


time. 




Aug. 28 3 20 18 Local mean i 


istronomical time. 




Aug. 27 22 15 56 Greenwich n 


lean time. 




5 4 22 Difference of 


time. 




7 


8° 5' 30" E. Loui 


jitudc 


. 


• 
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13. 1895, Sept. 22, a.m., at ship, on the equator, observed altitude 
170 20^ 40''; index correction — V 9"; height of eye 20 ft; time by 
chronometer Sept. 22d. 4h. 69 m. 168., which was 158. slow for Green- 
wich mean noon, April 30, and on June 1 was 10.6 s. fast for mean time 
at Greenwich. Required the longitude. 



Chronometer. 

m. 

April 30 slow 
June 1 fast 
3250] 



15 
10.6 



25.6 



0.8 
113.2 

1 30.6 



Sept. 22 



h. m. B. 

4 59 16 
- 10.6 
-1 30.6 



Sept. 22 4 57 35 



17^20' 40" 



-24' 37'' 



r Index cor., - 1' 19" 
Semi-diam., -15' 59" 
Dip, - 4' 23 



Refraction, — 
Parallax, + 



O'sdec. 



0*^18' 41.2' 
4' 50 .1' 
0° 13' 51.1' 
OO*' 



N. 



58.48 
4.00 



N. 290.06 

N. 



16° 56' 

O*' 0' 

89° 46' 



3" 
0" 
9" 



h = 
L = 

P = 

2iS=106°42'12" 
S= 53° 21' 6" 
R= 36° 25' 3" 



log sec = 

log CSC = 

log cos = 
log sin = 



0.00000 
0.00000 

9.77590 
9.77354 



2)19.64944 
logsmi«= 9.77472 
i«=36°31'67" 



1) = 89°46' 9" N. 
Equation of time. 

m. B. 

7 15.58 
4. .32 



7 19.90 



0.807 
4.96 



4.32 



t = 72° 3' 54" = 4h. 48m. 16s. 



d. h. m. B. 

Sept. 21 19 11 44 

7J0 

Sept. 21 19 4 24 

Sept. 22 4 57 36 

9 53 11 

148° 17' 45" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude. 



14. 1895, Aug. 5, A.M., at ship, latitude at noon 30° 30' N.; observed 
altitude Q, 35° 6'; height of eye 15 ft. ; time by chronometer 6 d. 8 h. 
39 m. 22 s., which was fast 29 m. 32.4 s. on Greenwich mean noon, July 8, 
and on July 20 was fast 30 m. s. on Greenwich mean noon ; course 
(true) till noon W.; distance 48 miles. Required the longitude at 
2^noon, 
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Chronometer. 

m. ■. 

July 8 fast 20 32.4 

July 20 fast 30 0.0 

12 )0 27.6 

2.3 

16.4 

37.7 



d. h. m. B. 

Aug. 5 8 39 22 
-30 
- 3& 

Aug. 6 8 8 44 



Q, S5P 6' 0" r Index cor., + O' 0'' 0's dec. 16<» 69^19.9" N. 



h = 
L = 



+ 10'45" 



36° 16' 45" 
30° SO' 0" 
73° 6' 11" 



Semi-diam., 
Dip, 

Refraction, 
^ Parallax, 



+ 15' 49" 

- 3' 48' 

- r23 
+ 0' 7^ 



5' 30.9" 



2S= 138° 52' 56" 
8= 69° 26' 28" 
iJ= 34° 9' 43" 



log sec = 

log CSC = 

log cos = 
log sin =_ 



0.06468 
0.01916 

9.54552 
9.74938 



2 j 10. 37874 
log8ini«= 9.68937 

i« = 29°16'46" 



t = 68° 33' 32" = 3h. 64m. 14s. 



Aug. 



d. h. 

4 20 



6 46 
5 47 



Aug. 
Aug. 



20 11 33 

8 8 44 



11 57 11 

179° 17' 45" 

48 miles = 56' 43" 



180° 13' 28" 
= 179° 46' 32" 



Local apparent astronomical time. 

Equation of time. 

Local mean astronomical time. 

Greenwich mean time. 

Difference in time. 

W. Longitude at sight. 

W. 

E. Longitude at noon. 



40.60 
8.15 



16° 53' 49.0" N. 

90^ N. 

1) = 73° 6' 11" N. 

Equation of time. 

m. 8. 

5 48.79 

2.04 

5 46.75 



330.89 



0.250 
8.15 



2.04 



15. 1896, Nov. 12, a.m., at sea, in latitude 7° 10' N.; four observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

Obs. alt. O 21° 8' 40" 2 66 48 
11' 60" 66 

14' 50" 56 13 

17' 30" 56 26.6 
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Index correction + 31"; height of eye 18 ft.; correction of watch by 
chronometer — 5 h. 12 m. 2.1 s. Required the longitude. 







h. m. 8. 








2P 8' 40" 




2 66 48 


0's declination. 






ir 50" 




66 


17° 43' 11.1" S. 




40.67 


14' 50" 




66 13 
56 26.6 


1' 33.3" 




2.27 


17' 30" 


17° 41' 37.8" S. 


93.32 


62' 60" 




224 27.6 


90° N. 






21° 13' 12.6" 




2 56 6.9 
-6 12 2.1 


p =107° 41' 38" N. 










21 44 4.8 


Index correction, 


+ 


0' 31" 








Semi-diameter, 


+ 16' 12" 








Dip, 


— 


4 9" 








Refraction, 


— 


2' 29" 








Parallax, 


— 


0' 8" 


+ 10' 13" 








+ 10' 13" 


h= 21° 23' 26" 












L= 7° 10' 0" 


log sec = 0.00341 


Equation of time. 






p= 107° 41' 38" 


log CSC = 0.02104 


m. B. 






2 5 =136° 15' 3" 






15 44.88 




0.324 


S= 68° 7' 31" 


log cos = 9.67122 


0.74 




2.27 


R= 46° 44' 6" 


log sin =9.86224 


16 46.62 




0.74 






2)19.45791 








log sin 


it= 9.72895 












i< = 32°23'38". 












t = 64° 47' 16" = 


= 4h. 19m. 9s. 






d. 


h. m. 


8. 








Nov. 11 


19 40 61 Local appare 
16 46 Equation of 


nt astronomical time, 
time. 






Nov. 11 


19 26 


6 Local mean 


astronomical time. 






Nov. 11 


21 44 


6 Greenwich n 


lean time. 








2 19 


Difference in 


time. 







34° 46' 0" .W. Longitude. 

16. 1896, Nov. 13, a.m., at sea, in latitude 9° 30' N.; five observed 
altitudes of the were taken at the times (by watch) standing opposite, 



Obs. alt. 





h. m. 8. 


18° 68' 40" 


2 69 2 


19° 1'20" 


13 


3' 30" 


28 


7' 30" 


46 


11' 0" 


57.6 
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Index correction + 32"; height of eye 18 ft. ; correction of watch by 
chronometer — 5 h. II m. 68.4 s. Required the longitude. 







h. m. 1. 








Q. 


18° 68' 40" 


2 69 2 


0'8 declination. 








190 rao" 


13 


17° 69' 18.1" S. 




39.90 




3' 30" 
7' 30" 


28 
46 


1' 28.2" 




2.21 




17° 67' 49.9" S. 


88.18 




11' 0" 


67.6 


90° N. 








22' 0" 


145.6 


p= 107° 67' 60"' N. 








190 4/24" 


2 69 29.1 












-6 11 68.4 


Index correction, 


+ 


0' 32" 






21 47 30.7 


Semi-diameter, 


+ 16' 13" 








Dip, 


— 


4' 9" 








Refraction, 


— 


2' 48" 








Parallax, 


+ 


0' 8" 




+ 9'56" 






+ 


9' 56" 


h = 


19° 14' 20" 










L = 


9°30' 0" 


log sec = 0.00600 


Equation of time. 






P = 


107° 67' 50" 


log CSC = 0.02171 


m. 8. 






2S = 


130° 42' 10" 




16 36,66 




0.361 


S = 


68° 21' 6" 
49° 6' 46" 


log 008= 9.56692 
log sin = 9.87862 


0.80 
16 37.46 




2.21 


K = 


0.80 






2)19.47316 










log8ini«= 9.73667 












i« = 33°2'22". 












t = 66° 4' 44" = 


4h. 24 m. 19 s. 








d. 


h. m. 8. 










Nov. 12 


19 36 41 Local appare 
16 37 Equation of 


,nt astronomical time 
time. 








Nov. 12 


19 20 4 Local mean 


astronomical time. 








Nov. 12 


21 47 31 Greenwich n 


lean time. 










2 27 27 Difference ii 


I time. 








36° 61' 45" W. Longitud 


le. 







17. 1895, Nov. 17, a.m., at sea, in latitude 16°36'N.; five observed 
altitudes of the O were taken at the times (by watch) standing opposite, 
viz.: 





h. 


m. 8. 


Obs. alt. 23° 66' 0" 


4 


12 31 


24° 0' 0" 




66 


4' 0" 




13 2.6 


6' 10" 




14 


10' 0" 




28.6 
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Index correction + 31''; height of eye 18 ft. ; correction of watch by 
chronometer — 6 h. 11 m. 43.6 s. Required the longitude. 





h. 


m. B. 










23^66' 0" 


4 12 31 


0*8 declination. 






24° (T (K' 




46 


19° 0'34.2" 


S. 




36.63 


4' (/' 




13 2.6 
14 


36.9" 






0.98 


Q'W 


18° 69' 68.3" 


"s! 


36.90 


10' 0" 




28.6 


90° 


N. 






16' 10" 




65 2 


p = 108° 59' 58" 


N. 






24<' 3' 14" 


4 


13 0.4 












-6 


11 43.6 


Index correction, 




+ 


0' 31" 




23 


1 16.8 


Semi-diameter, 




+ 16' 13" 








Dip,. 




— 


4' 9" 








Refraction, 




— 


2' 10" 








Parallax, 




+ 


0' 8" 


+ 10' 33" 










+ 10' 33" 


h= 24° 13' 47" 














L= 16° 35' 0" 


log sec = 


= 0^01627 


Equation of time. 






p = 108° 69' 68" 


log CSC = 


= 0.02433 


m. B. 








2iS=148°48'46" 






14 66.18 






0.603 


S= 74° 24' 22" 


log cos = 
log sin = 


= 9.42946 
= 9.88637 


0.49 
14 65.67 






0.98 


B= 60° 10' 36" 


0.49 




2)19.36543 










log sin ^ < = 


= 9.67771 












it = 


= 28° 26' 66". 












t- 


= 66° 61' 60" = 


:3h. 47m. 27s. 








d. 


h. m. 8. 












Nov. 16 20 12 33 


Local appare 


nt astronomical time 








14 66 


Equation of 


time. 








Nov. 16 


19 57 37 


Local mean i 


istronomical time. 








Nov. 16 23 1 17 


Greenwich m 


lean time. 










3 3 40 


DifEerence in 


time. 








46° 65' 0" 


W. Longitud 


e. 









18. 1896, Nov. 18, a.m., at sea, in latitude 16° 26' N.; five observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.; 

h. m. s. 

Obs. alt. 18° 13' 30" 3 52 42 

16' 10" 63.6 

19' 20" 63 6.6 

22' 30" 23 

26' 30" 38 
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Index correction + 32"; height of eye 18 ft.; correction of watch by 
chronometer — 6h. Tl m. 39.9 s. Required the longitude. 







h. m. %. 








Q, 18« 13' 30" 




3 52 42 


0*s declination. 






16' 10" 




53.5 


19M5' 3.2" S. 




35.77 


19' 20" 




53 6.5 
23 


46.9" 




1.31 


22' 30" 


19° 14' 16.3" S. 


46.86 


25' 30" 




38 


90° N. 
p= 109° 14' 16" N. 






97' 0" 


265 43 




l^ 19' 24" 




3 53 8.6 












-5 11 39.9 


Index correction, 


+ 


0' 32" 






22 41 28.7 


Semi-diameter, 


+ 16' 14" 








Dip, 


— 


4' 9" 








Refraction, 


— 


2' 54" 








Parallax, 


+ 


0' 8" 


+ 9' 51" 








+ 


9' 51" 


h= 18° 29' 15" 






t 






L= 10° 26' 0" 


log 


8ec= 0.01808 


Equation of time. 






p= 109° 14' 10" 


log 


csc= 0.02493 


m. B. 






2 8=144° 8'3i'' 






14 42.70 




0.637 


8= 72° 4' 16" 


log 
log 


cos= 9.48832 
sin= 9.90565 


0.70 
14 43.40 




1.31 


R= 53° 35' 0" 


0.703 



Nov. 



2 )19.43698 
log8ini«= 9.71849 

i« = 31°31'67". 
« = 63° 3' 54"= 4h. 12m. 168. 

d. h. m. 8. 

17 19 47 44 Local apparent astronomical time. 
14 43 Equation of time. 

Local mean astronomical time. 
Greenwich mean time. 
Difference in time. 
W. Longitude. 



Nov. 
Nov. 


17 19 33 
17 22 41 


1 
29 






3 8 28 
47° 7' 0" 



19. 1895, Dec. 4, a.m., at sea, in latitude 36°10'N.; five observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

h. m. B. 

Obs. alt. O 13° 0' 30" 6 27 14 

3' 10" 29.6 

6' 40" 49 

8' 60" 28 6 

12' 0" 23 
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Index correction + 32"; height of eye 18 ft. ; correction of watch by 
chronometer — 6h. 10 m. 47.1 s. Required the longitude. 



13^ 



13*= 



0'30" 


S'W 


5' 40" 


8' 50" 


12' 0" 


30' 10" 


6' 2" 



h. 

6 



-5 



27 14 
29.5 
49 

28 5 
23 

139 0.5 
27 48.1 
10 47.1 



1 17 1 



+ 8' 43" 
h= 13° 14' 45" 
i= 36° 10' 0" 
J? = 112° 16' 3" 
2 5=161° 40' 48" 
S= 80° 50' 24" 
B= 67° 35' 39" 



log sec = 

log CSC = 

log cos = 
log sin =_ 



0.09296 
0.03366 

9.20192 
9.96591 



0*8 declination. 
22° 15' 37.3" S. 

25.7" 
22° 16' 3.0" S. 

90° K 

|)=112°16' 3" N. 



20,10 
1.28 



25.73 



Index correction, + 0' 32" 



Serai-diameter, 
Dip, 

Refraction, 
Parallax, 



+ 16' 16" 

- 4' 9" 

- 4' 5" 
+ 0' 9" 
+ 8' 43" 



' 2 )19.29445 
logsmi«= 9.64722 

i« = 26°20'55". 
t = 52° 41' 50" : 



Equation of time. 

m. B. 

9 40.05 

1.30 

9 38.75 



:3h. 30m. 47s. 



d. h. m. 8. 

Dec. 3 20 29 13 
9 39 



Local apparent astronomical time. 
Equation of time. 
Dec. 3 20 19 34 Local mean astronomical time. 
Dec. 4 1 17 1 Greenwich mean time. 
4 57 27 Difference in time. 
74° 21' 45" W. Longitude. 



1.013 

1.28 

1.30 



20. 1895, Dec. 4, p.m., at sea, in latitude 36° 36' N.; four observed 
altitudes of the were taken at the times (by watch) standing opposite, 
viz.: 

h. m. B. 

Obs. alt. 16° 31' 10" 1 7 26.5 



30' 0" 


35.5 


28' 30i' 


46 


27' 20" 


56.5 
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Index correction + 30"; height of eye 18 ft. ; correction of watch by 
chronometer — 5 h. 10 m. 46.1 s. Required the longitude. 





h. m. ■. 








Q, leosrw 


1 7 26.5 


0's declination. 






30' (T' 


35.5 


22° 15' 37.3" S. 




20.10 


28' 30" 


46 
56.6 


2' 39.8" 




7.95 


27' 20" 


22° 18' 17.1" S. 


159.79 


117' 0" 


164.5 


90° N. 






16^29' 16" 


1 7 41.1 
-5 10 46.1 


p= 112° 18' 17" N. 








7 66 55 


Index correction, 


+ 


0'30" 






Semi-diameter, 


+ 16' 16" 






Dip, 


— 


4' 9" 






Refraction, 


— 


3' 14" 






Parallax, 


+ 


0' 8" 


+ O'Sl" 






+ 


9' 31" 


h= 10<'38'46" 










L= 36^36' 0" 


log sec = 0.09538 


Equation of time. 




' 


p=: 112° 18' 17" 


log CSC = 0.03377 


m. ■. 






2 5=165° 33' 3" 




9 40.05 




1.013 


8= 82° 46' 31" 


log cos = 9.09955 
log sin = 9.96116 


8.05 
9 32.00 




7.96 


iJ= 66° 7' 46" 


8.05 




2)19.18986 


• 






log8mi<= 9.59493 










i<=:23°10'18". 










t = 46° 20' 36" = 


:3h. 6m. 228. 






d. 


h. m. 8. 








Dec. 4 


3 5 22 Local appare] 
9 32 Equation of t 


Qt astronomical time. 

ime. 

astronomical time. 






Dec. 4 


2 55 50 Local mean a 




Dec. 4 


7 56 55 Greenwich m 
5 15 Difference m 


ean time, 
time. 






75 


° 16' 15" W. Longitud 


e. 
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MATHEMATICS. 



A Treatise on Plane Surveying. 

By Daniel Carhabt, C.E., Professor of Civil Engineering in the West- 
ern University of Pennsylvania, Allegheny. Illustrated. 8vo. Half 
leather, xvii -f 498 pages.- Mailing price, $2.00; for introduction, $1.80. 

n^HIS work covers the whole ground of Plane Surveying. It 
illustrates and describes the instruments employed, their ad- 
justments and uses ; it exemplifies the best methods of solving the 
ordinary problems occurring in practice, and furnishes solutions 
for many special cases which not infrequently present themselves. 
It is the result of twenty years* experience in the field and in tech- 
nical schools, and the aim has been to make it extremely practical. 



W. A. Hoody, Prof, of Mathemat- 
ics, Bowdoin College : I consider the 
book exceptionally fine in execution, 
subject-matter, and arrangement. 



Wm. Hooyer, Prof, of Mathe^ 
matics, Ohio University: It is in- 
deed a superior work, and merits 
the widest adoption. 



A Field Book for Oiuil Engineers, 



Department of Special Publioation. — By Daniel Carhart, C.E., 
Dean and Professor of Civil Engineering, Western University of Penn- 



sylvania. 4^x7 inches. Flexible morocco, 
price, $2.60 ; for introduction, $2.00. 



xii + 282 pages. Retail 



n^HIS book shows how to locate a railroad ; it gives the organ- 
ization and describes the outfit of the transit, level, and topo- 
graphic parties ; it indicates the wor£ of the construction corps ; 
tells how slope stakes are set ; culverts, trestles, and tunnels staked 
out ; quantities calculated ; and frogs, switches, and wyes located. 
About one hundred diagi*ams aid in explaining the formulas, and 
numerous examples of a practical character supplement these. It 
contains, among many others, tables of all the natural trigono- 
metric functions. It is written for students of civil engineering, 
and to satisfy the demand of field engineers for a manual con- 
venient in size, containing the desired information, systematic- 
ally arranged, fully illustrated, and easy of reference. 



Engineering News: We are dis- 
posed to regard this book on the 
whole as among the very best field 
manuals which exist. 

Thos. Bodd, Chief Engineer, 



Pennsylvania /?./?. Co,, Pittsburg: 
1 have gone over Carhart*s Field 
Book with care, and think it a valu- 
able contribution to railroad engi- 
neering. 
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Academic Trigonometry . 



Bv T. M. Blaksleb. Ph.D. (Yale), Professor of Mathematics in Des 
Moines College, Iowa. ''' ^ .. ^^ . ._ 



12mo. Cloth, 
cents ; lor introduction, 26 cents. 



Plane and Spherical. 

ithemai 

Mailing price, 30 



pages. 



'pHE Plane and Spherical portions are arranged on opposite pages. 

The memory is aided by analogies, and it is believed that the 

entire subject can be mastered in less time than is usually given to 

Plane Trigonometry alone, as the work contains but 29 pages of text. 

The Plane portion is compact, and complete in itself. 

Examples of Differential Equations, 

By Georor a. Osborne, Professor of Mathematics in the Massachu- 
setts Institute of Technology, Boston. 12mo. Cloth, yii + 50 pages. 
Mailing Price, 60 cents; for introduction, 50 cents. 

A SERIES of nearly three hundred examples with answers, sys- 
'^ tematically arranged and grouped under the different cases, 
and accompanied by concise rules for the solution of each case. 

Selden J. Coffin, Prof, of Astron- 1 ance is most timely, and it supplies 
omy, Lafayette College : Its appear- 1 a manifest want. 

Determinants. 

The Theory of Determinants: an Elementary Treatise. By Paul H. 
Hanus, B.S., recently Professor of Mathematics in the University of 
Colorado, now Assistant Professor, Harvard University. 8vo. Cloth. 
viil + 217 pages. Mailing price, $1.90; for introduction, $1.80. 

rjlHIS book is written especially for those who have had no pre- 
vious knowledge of the subject, and is therefore adapted to 
self-instruction as well as to the needs of the class-room. The 
subject is at first presented in a very simple manner. As the 
reader advances, less and less attention is given to details. 
Throughout the entire work it is the constant aim to arouse 
and enliven the reader's interest, by first showing how the various 
concepts have arisen naturally, and by giving such applications as 
can be presented without exceeding the limits of the treatise. 

William G. Peck, late Prof, of T. W. Wright, Prof, of MathemaP- 
Mathematics, Columbia College, ics, Union Univ., Schenectady, N.Y,: 
N,Y, : A hasty glance convinces me ^^ ^^ admirably a vacancy in our 
that it is an improvement on Muir. mathematical literature, and is a 

very welcome addition indeed. 
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Elements of Plane Analytic Geometry. 

By John D. Bunklb, Walker Professor of Mathematics in the Massa* 
chusetts Institute of Technology, Boston. 8 "" ' 
Mailing Price, $2.25 ; for introduction, $2.00. 



TN this work, the author has had particularly in mind the needs 
of those students who can devote but a limited time to the 
subject, and yet must become quite familiar with at least its more 
elementary and fundamental part. For this reason, the earlier 
chapters are treated with somewhat more fulness than is usual. 
For some propositions, more than a single proof is giveu, and par- 
ticular care has been taken to illustrate and enforce all parts of 
the subject by a large number of nimierical applications. In the 
matter of problems, only the simpler ones have been selected, and 
the number has in every case been proportioned to the time that 
the students will have to devote to them. In general, propositions 
have been proved first with reference to rectangular axes. The 
determinant notation has not been used. 

Descriptive Geometry, 

By Linus Faunce, Assistant Professor of Descriptive Geometry and 
Drawing in the Massachusetts Institute of Technology. 8vo. Cloth. 
54 pages, with 16 lithographic plates, including 88 diagrams. Mailing 
Price, $1.35; for introduction, $1.25. 

TN addition to the ordinary problems of Descriptive Greometry, 
this work includes a number of practical problems, such as 
might be met with by the draughtsman at any time, showing tlie 
application of the principles of Descriptive Greometry, a feature 
hitherto omitted in text-books on this subject. AU of the prob- 
lems have been treated clearly and concisely. The author's sole 
aim has been to present a work of practical value, not only as a 
text-book for schools and colleges, but also for every draughtsman. 
The contents are: Chap. I., Elementary Principles ; Notation. 
Chap. II., Problems relating to the Point, Line, and Plane. Chap. 
III., Principles and Problems relating to the Cylinder, Cone, and 
Double Curved Surfaces of Revolution. Chap. IV., Intersection of 
Planes and Solids, and the Development of Solids; Cylinders; 
Cones ; Double Curved Surfaces of Revolution ; Solids bounded by 
Plane Surfaces. Chap. V., Intersection of Solids. Chap. VI. Mis- 
cellaneous Problems. 
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Wheeler's Plane and Spherical Trigonometry. 

Bv H. N. Whbblbb, A.M., fonnerly of Harvard University. 12mo 
Cloth. 211 pages. Mailing price, 31.10; introduction, $1.00. Piereo'i 
Mathematical Tables are included. 

rpHE special aim of the Plane Trigonometry is to give pupils a 
better idea of the trigonometric functions of obtuse angled 
than they could obtain from any book heretofore existing. 

In the treatment of Spherical Trigonometry special pains has 
been taken to present applications to Geometry and Astronomy, 
and problems involving these applications. 

Adjustments of the Compass, Transit and Level. 

By A. V. L&NB, C.E., Ph.D., formerly Associate Professor of Matlio- 
maties, University of Texas, Austin. 12mo. Cloth, v + 43 pages. 
Mailing price, 33 cents ; for introduction, 30 cents. 

Principles of Elementary Algebra. 

By H. W. KsiawiK, Teacher of Mathematics, Norwich Free Academy, 
Norwich, Conn. 12mo. Paper, ii + 41 pages. Mailing and introduction 
price, 20 cents. 

rpHIS little book is intended as an outline of thorough oral 
instruction, and is all the <<text" which the author has 
found it necessary to put into his pupils' hands. It should, of 
course, be accompanied by a good set of exercises and problems. 

Metrical Geometry. An Elementary Treatise on Mensuration. 

By Gborgb Bruce Halsted, Ph.D., Professor of Mathematics, Univer- 
sity of Texas. Austin. 12mo. Cloth. 246 pages. Mailing price, $1.10; 
for introduction, $1.00. 

rPIIIS work applies new principles and methods to simplify the 
measurement of lengths, angles, areas, and volumes. It is 
strictly demonstrative, but uses no Trigonometry, and is adapted 
to be taken up in connection with or following any elementary 
Greometry. A hundred illustrative examples are worked out in the 
course of the book, and at the end are five hundred carefoUy 
arranged and indexed exercises, using the metric system. 



